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PREFACE TO TENTH EDITION 


Compared to the preceding edition of this work the present 
edition includes the following changes: 

1. Additional material in Chapter I on continuous girders, includ¬ 
ing further illustrations of the application of the moment-area method 
of beam analysis and additional material on the effect of shear on 
deflection. 

2. The elimination of a considerable amount of material on sus¬ 
pension bridges. Due to the availability of other literature on this 
subject it was thought unnecessary to retain some of the details of 
the development given in the former edition. 

3. Addition of a chapter on the application of the slope-deflection 
method to the analysis of unbraced frames such as used in buildings, 
concrete trestles, portals, etc., and to the calculation of secondary 
stresses. This method of analysis is undoubtedly the most convenient 
for many of the problems relating to unbraced frames and has advan¬ 
tages in the calculations of secondary stresses. In the treatment of 
building frames an effort has been made to demonstrate methods of 
approximate solution which will give results of sufficient accuracy 
for all practical purposes and where an exact solution is quite imprac¬ 
ticable. 

F. E. T. 

W. S. K. 

Madison, Wis., September, 1929 . 




PREFACE TO FIRST EDITION 

In the arrangement of material in the present edition of this work, 
Part I has included, for the most part, the analysis of such structures 
as are statically determinate, or which can be closely analyzed by the 
application of the usual methods of statics. In the last chapter of 
Part I there was also given a brief treatment of the calculation of 
deflections of ordinary trusses, and a general explanation of the method 
of determining stresses in redundant members based upon deflection 
formulas. 

The present volume, Part II, treats, in the main, of structures 
which are statically indeterminate, but it also includes the analysis of 
cantilever bridges, which is generally a statically determinate problem. 
However, on account of other elements of analysis, such as the use of 
influence lines, and the relation of the cantilever bridge to the con¬ 
tinuous girder, it seemed more convenient to include this subject in 
Part II than to place it in Part 1 . Furthermore, the cantilever without 
suspended span becomes a statically indeterminate structure. 

As compared with the corresponding chapters of the former 
edition, the present work has been greatly extended in scope and en¬ 
tirely rewritten. The analysis of the different types of structures 
considered has been made much more complete, and two chapters 
have been added covering various problems in statically indeterminate 
structures and the subject of secondary stresses. The general method 
of influence lines has been freely used in many of the problems, both 
as an aid to clear treatment and for purposes of convenient calculation. 
Other graphical methods have also been used wherever they seemed to 
be advantageous. 

Chapter I gives a brief general treatment of the continuous girder 
for both constant and variable moment of inertia. This is followed 
by Chapter II on swing bridges, where both approximate and exact 
methods are fully explained. In Chapter III the cantilever bridge is 

vii 
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briefly discussed, and in Chapter IV the various types of arches are 
analyzed by the usual methods. Chapter V contains a relatively 
extended treatment of the suspension bridge. The space given to 
this subject is, perhaps, hardly warranted, inasmuch as such structures 
are of infrequent occurrence, but the relative inaccessibility of material 
on this subject, that is adequate for the treatment of important 
structures, led the author to develop this chapter to a considerable 
extent. The so-called “exact theory” (Art. 222) is based upon the 
work of Melan, “ Eiserne Bogenbriicken und Haengebrticken.” This 
theory was fully developed by Mr. L. S. Moisseiff of the Department 
of Bridges of the City of New York, and used in the calculations of the 
Manhattan suspension bridge, and later by the author, with various 
modifications, in the recalculations of this structure, for Mr. Ralph 
Modjeska and given in his report to the City of New York, 1909. (See 
Engineering News, Vol. 62, page 401, Engineering Record, Vol. 60,* 
page 372.) In this treatise this theory has been further extended and 
a study made of the errors involved. The detailed development of the 
methods employed and the preparation of the same for publication 
have been almost entirely the work of Professor W. S. Kinne, to whom 
the author is also indebted for assistance in proof-reading and in many 
other valuable details. 

Chapter VI includes several general problems of importance per¬ 
taining to statically indeterminate structures. These are grouped 
under five divisions, namely, multiple intersection trusses, lateral truss 
systems, quadrangular or open frames of four sides, trussed beams, 
and beams on multiple elastic supports. Under quadrangular frames 
are discussed several problems pertaining to portal bracing, viaduct 
bents, and towers. The last-named division includes the common 
problem of determining the maximum load on a single transverse 
element of a railroad bridge floor. Some of the problems included in 
this chapter are of relatively small importance and are introduced more 
to illustrate methods of analysis than for their direct practical value. 

In Chapter VII the author has endeavored to present the analysis 
of secondary stresses in such detail as to enable it to be readily followed 
and adapted to any ordinary problem. Especial care has been taken 
to systematize the calculations so as to reduce the labor involved to a 
minimum, and it is believed that a little familiarity with the method 
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will enable any good computor to completely analyze an ordinary 
single intersection truss for secondary stresses in less than two working 
days. The fundamental theory of the subject was developed many 
years ago by German writers, and the present work contains nothing 
new in that direction. In the lengthy calculations involved, however, 
the scheme of arrangement is very important and, in this respect, it is 
thought that the treatment herein given presents features of value 
which will aid in bringing this very important subject to a better work¬ 
ing basis than has hitherto been the case. In addition to a full 
explanation of the methods of analysis employed, several illustrative ex¬ 
amples are given, and also general calculations, which indicate, to a cer¬ 
tain extent, the relative secondary stresses in various types of trusses. 
In addition to the secondary stresses in main trusses due to rigid 
joints, several interesting problems of more or less practical importance 
are discussed, and at the end of the chapter the subject of impact 
stresses is briefly treated on the basis of the experimental work done 
by the Impact Committee of the American Railway Engineering and 
Maintenance of Way Association. 

The thanks of the author are due to many engineering friends for 
suggestions received with reference to practical problems of analysis 
arising in their practice. It is hoped that the present work will be of 
assistance to engineers as well as to students in acquiring a working 
knowledge of the methods of analysis applicable to statically inde¬ 
terminate structures. 

F. E. Turni;aure. 

Madison, Dec., 15110. 
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THEORY AND PRACTICE 


IN THE DESIGNING OF 

MODERN FRAMED STRUCTURES 


PART II 

STATICALLY INDETERMINATE STRUCTURES 
SECONDARY STRESSES 

CHAPTER I 

CONTINUOUS GIRDERS 

SECTION L—deflection OF STRAIGHT BEAMS 
THE AREA-MOMENT METHOD OF ANALYSIS. 

I. The Elastic Curve.—Let A J?, Fig. i, be any portion of a horizon¬ 
tal beam subjected to certain bending moments and shears due to the 
action of vertical forces. The curvature due to bending is only slight, 
and it is assumed that the length of any part may be taken equal to 
its horizontal projection. Assume the following notation: 

M = bending moment at any section, assumed as positive when 
causing compression in the upper fibres; 

V = shear at any section due to loads which cause M. 
w = uniform load per unit of length. 

x^y = coordinates of any point N referred to an origin at 0 , the 
axis of X being tangent to the beam at -4 (y is also the deflection of 
point N from its original position); 

<t) = inclination of tangent at A, = angular change in the beam 
at N due to stress; 

.11.—I. 
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d<i) = angular change over the length d x\ 

I = moment of inertia at any section; 

E — modulus of elasticity, assumed as constant; 
p = radius of curvature at N, 



It is shown in treatises on mechanics that, neglecting the distor¬ 
tion due to shear, the differential equation of the elastic curve is 


d^y _ M 
dx^ El 


(i) 


The radius of curvature is given by the formula 

i = ^ = 

p dx^ El .^ 

Since the rate of change of moment at any point is equal to the 
shear at that point, we have 


dM _ y 
dx 


( 3 ) 


M 


-/ 


Vdx. 


(4) 


or dM = Vdx and 
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The rate of change of shear for uniform loading is equal to the load 
p>er unit of length, that is, 


II 

... (5) 

Then 


’'-j”"'* . 

... (6) 

Placing V from eq. (6) in eq. (4) 


M — dx dx. . . . 

... (7) 

Combining eqs. (3) and (5), we have 


_dV _ d /dM\ _d^M 
^ dx dx\dx} dx^ 

... (8) 


On combining eqs. (2) and (3), we have 

and likewise from eqs. (5) and (9) 


The elastic relations expressed by eqs. (ly to (10) will be found 
useful in the analysis of problems in statically indeterminate structures. 

2. Angular Change at Any Point.—Integrating eq. (ii) between 
A and any point N of Fig. i, we obtain the value ol d y/d x or <l> for 
this point. This angular change, referred to the tangent at . 4 , is 
therefore expressed by the general equation 


d y 



M 

El 


d X, 


(ii) 



(12) 


and for point B 
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Equation (ii) may be determined from Fig. i (c), which shows the 
beam element at N, Fig. i (a). The dotted lines in Fig. i (c) show 
the position of the face of the element due to the deformation caused 
by the bending moment. Then d<t> = S/c. But 5 = deformation 
of an extreme fibre under bending moment. Hence 5 = / dx/E. 
With/ = M c/I, we have 


d<t> = fjdx, 

and 

From Fig. i (b) it can be seen that M dx oi eq. (ii) is an element 

of the moment diagram area. Then | M dx is the area of the 

•In 

moment diagram from N to B. Hence we have the following impor¬ 
tant principle: 

Rule 1 .—The angle between tangents at any two points on the 
elastic curve of a beam is equal to the area of the moment diagram for 
the applied loading between these two points, divided by E /. 

Problems involving the determination of the angles between 
tangents to the elastic curve of a beam may be solved by direct 
integration from eq. (ii) or by means of a semi-graphical method 
based on Rule i. Applications of eq. (n) and Rule i are given in 
Art. 4. 

3. Deflection of Any Point with Respect to a Tangent at Another 
Point.—In Fig. i it can be seen that if the tangents to the elastic 
curve at the ends of the element at N are produced to an intersection 
with a vertical axis Y through point B, the intercept on axis Y is 

dy = xd<f>, 

and for tangents at A and B 
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Substituting the value oi from eq. (12), we have 


yi 



(13) 


When the tangent at A is known to be horizontal, as shown in Fig. 
I (a), yi of eq. (13) gives directly the deflection of point B with 
respect to A. 


The term 




of eq. (13) may be written in the form 


— I {M dx)x. As shown in Fig. i (i), Mdx is an element of 

Ja 


the moment diagram area and x is the distance from the center of this 
element of area to the axis on which the intercept yi is measured. 
We then have a second important principle, which is 

Rule 2 ,—The intercept y on any vertical axis cut by the tangents 
at any two points on the elastic curve is equal to i/EI times the 
statical moment about the given axis of the moment diagram area 
between the two tangent points. Applications of eq. (13) and Rule 2 
are given in Art. 4. 

Equation (13) can also be readily derived from eq. (26), Art. 217, 
of Part I, which expresses the deflection in terms of work. For point 


B this becomes y\ 



M d X 

El 


•w, in which m is the bending moment 


at any point due to a load unity acting at point 5 . 


tn — Xy hence we have yi 



xd Xy diS in eq. (13). 


In this case 


4. Methods of Application.—Many problems in the determination 
of the deflection of beams and the slope of the tangent to the elastic 
curve may readily be solved by the principles stated in the preceding 
articles. Applications of these principles give a convenient method 
of analysis for continuous girders, arches, and many other problems 
involving the deflection of beams. 

Two general methods of solution may be used in the determination 
of deflections and slopes based on the principles stated in the preceding 
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articles. One method, which will be called the Algebraic Method, 
consists in direct substitution in eqs. (ii) to (13). The other method, 
which will be called the Semi-graphical Method, makes use of Rules i 
and 2. Moment diagrams are constructed for the given conditions 
and the area or statical moment of the moment diagram is determined. 

In general the second, or Semi-graphical Method, is probably best 
adapted to the needs of the average engineer, for the desired results 
may be determined by dividing the moment diagram into simple 
figures whose areas and statical moments may readily be determined. 
The first, or Algebraic Method, requires an application of integral 
calculus, which, although not diflSicult, is avoided wherever possible 
by the average engineer. 

Problems illustrating both methods are given in the following 
articles. 

5. Algebraic Application of the Area Moment Method.—The 
application of eqs. (ii) and (13) will be illustrated by the solution of 
several typical problems. 



Fig. 2. 


I. Cantilever, supporting a load P, Fig. 2. Required the deflection of 
point B and the inclination at this point. Assume E and I constant. 

Here M = P x and the deflection is 


yi = 



M xdx 
El 



p /3 

ZEI- 


The angular change at B is 


<^i 




p/2 

2 EI' 


2. Required the deflection and inclination at B, Fig. 3, the load P being 
applied at a distance a from B. Measuring * from B we have M = P (* — 0) 
and 
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p fi p 

JTj (x- a) X dx = (2 - 3 a 

.■\lso <f>i = JTr f (x — a)dx = (I — af. 

I J a 2 h 1 

This is the same as the value of <f> at point C, the Ijcam being straight from 
B to C, 



Fig. 3. 


3. Beam loaded as shown in Fig. 4. Required the deflection of the centre 
point C. As the tangent at C remains horizontal the desired deflection will be 
found by calculating the upward movement of B with respect to C, Fig. (c)r 



Fig. 4. 


From B to D the value of M of eq. (13) is Px and = 

P zij I PP r r> . n nr P^ , x d x 

Ell From P to C, M = p and = 

p I c. p p , 

—' / X d X — 77-;. The total deflection is therefore, 

216 a/ 

^ Ui 216 / K / ~ 648 E r 


In a similar manner we find for the inclination at B^ 

I PP 


9 £/* 

Essentially the same calculations are required by the use of the general 
expression y = j ‘ "b noted in Art. 3. Applying this method to 

problem (3) the calculations are as follows: 





8 


CONTINUOUS GIRDERS 


From B to D: M = P x\ m = \ x-, 

I Pl^ 


Mdx 

X 


m 


P x-^dx 


162 E I' 


IT n, r M 1 C" Mdx PI . 

From Z> to C: M - —\m \x\ I •w = — I xdx ^ 

^ Jd Jl/z 

5 Pl^ 

432 £/* 

Adding these and multiplying by two, to take account of the left half of 


23 P /3 


the beam, we have yi = 2 | —|—— ) > as found before. 

\i62 432/£/ 648 P./ 

Except for comparatively simple cases, as here illustrated, the general 

/ M d X 

^ ^ will be the easier of application. 


1.000# 



Fig. 5. 


4. Beam loaded as shown in Fig. 5. Required the deflection of the 
center point C. E = 29,000,000 and I = 100 in.^ 

To determine the deflection at C, Fig. 5, we calculate first the intercepts 
yA and ya between the tangent at C and the vertical axes at A and B, Then 
yci the required deflection, may readily be determined from similar tri¬ 
angles. 
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From eq. (13), we may write 

ya = — |j^ {T ^ox) x d x^ [250 (240 - a:)] Ja;| 


252,000,000 

El 


and 


^M(240 -a:) i f \,j 1 144,000,000 

y«=J -= 250(240-a;). 

Then 

, / , X 288,000,000 288,000,000 . 

yc \{yA + yn) = —^^-= 0.0683 m. 

fi J o r\r\r\ 


2,900,000,000 


In this case the solution for y/i may be shortened somewhat by trans¬ 
ferring the origin for M to the right end of the beam. Then M = 250 xi 
and 

^120 ^120 

I M Xidx = I 2^0 xi^ d X = 144,000,000. 

•y o o 

5. Determine the point of maximum deflection in the beam of Fig. 5. 
At the point of maximum deflection, the tangent to the elastic curve is 
horizontal. Then yK and yz>, the intercepts of this tangent on vertical axes 
through A and /^, Fig. 5, arc equal. Assume D of Fig. 5 to represent the 
location of the point of tangency and assume its distance from A to be 
240 ky where ky the unknown to be determined, represents some fractional 
portion of the span length. Values of y^ and yo niay be determined from 
eq. (13) in terms of k. 

Thus 

/ \f if ^240* \ 

^ .r J .Y = — I (750 x) X d .V -f- j 250(240 - x)] X dx I 

yE = (— 4,608,000 P -f 6,912,000 k'^ — 144,000), 


and 


J.V = ^ j (250 Yi) Xdx 


= (4^608,000 — 13,824,000 k -b 13,824 000 — 4,608 000 k^) 

E I 

On equating these values of ys and yo, collecting terms, and solving for fe, 
we have — 2 k + 0.6875 o, from which k = 0.441 and therefore 
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2^ok = io6 ins. Hence the maximum deflection occurs at a point io6 ins. 
from the left support. The value of this deflection, found by substituting 
k in the expressions for ys or y^, is 0.0693 

When values of and ya, as calculated in example 4, are available, the 
solution may be made by the following method. Let 0 = angle between 
the tangents at C and Z), Fig. 5. Then, since the tangent at D is horizon¬ 
tal, <t> may be determined from the values given in example 4, and we have 

, ^ ~~ yB ^ 252,000,000 — 144,000,000 __ 450,000 

240 240 El El' 

Also, since <#> is equal to the moment diagram area from C to D divided by 
El (see Rule i), we may write from eq. (ii), Art. 2, 

<t> = \ = 250 = ^[43,200 + 57,600(^2 

./d ‘>'120 

Equating these values of 0, and solving for we find k = 0.441, which 
checks the value given above. 

6. Semi-Graphical Application of Area-Moment Method.—Prob¬ 
lems similar to those given in Art. 5 will now be analyzed by the semi- 
graphical method. 


p 



I. Fig. 6 represents the beam and its moment diagram. Determine the 
maximum deflection and the slope of the tangent to the elastic curve at 
point B. 

From Rule i. Art. 2, 




Area 


a a' 6 

“eT 


1 

2 Ef 
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The deflection at B, from Rule 2, Art. 3, is 

Moment of area aa' b about B i „ 2 , _ , 

- El - --jPx-i*Er 

iPP 
s El- 

These results check those found in Art. 5. 



2. (Fig. 7.) The angular change at C or J 5 = (Area a a' c) El — 

P ^ deflection at .6 = (Moment of area a a' c about B) ^ El 

2 E I 

= li P (; - a )2 X (a + § (f - a))] -f £ / = (2 - 3 a + ^s). 


P P 



3. (Fig. 8.) The moment diagram has ordinates at D and E equal to 
— . The inclination at £ = (Area c c'b) Sr EI = The deflection is 

equal to the sum of the moments about B of the areas c c' d'd and d d' b, 
divided by £ I. Mom. of area c c'd'd = ^ £ (- + —^ E E, and 

mom. of area d d' 6 = ^ P X ^ ^ Hence the deflection 
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.±\P£ 

216 81/ El “ 648 £/• 


4. Beam loaded as in Fig. 9. Determine the deflection of the center 
point C. £ = 29,000,000 and / = 100 in^ 



As in Example 4, Art. 5, from Rule 2, Art. 3, 


and 


yA 


Moment of area acde, Fig. 9 (6), about A 
El 


ys 


Moment of area def, Fig. 9 (6), about B 
El 


The area-moment required for the determination of Ja may be obtained 
by dividing area acde into three triangles, as shown in Fig. (6). Distances 
from A to the centers of gravity of these triangles are shown on Fig. 9(6). 
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Then 
yA = 


yA = 


(Area ah c) (Area ch d) 2 >o (area h de) 100 
El 

\ ( 45 >QQQ) (60) (40) + h ( 4 $>QQo) (60) (80) + \ ( 30 >ooo) (60) (100) 


El 


252,000,000 


JB = 

Hence, 


(Area def)So 
El 


I (30,000) (120) (80) 
El 


144,000,000 

£7 


, - . , 2i;2,000,000 + 144,000,000 . 

yc-ifa+y.)- ^ - 


5. Determine the position of the point of maximum deflection in the 
beam of Fig. 9. Let D, at a distance x from C, represent the point of 
maximum deflection, and let </> = angle between the horizontal tangent at 
D and the tangent at C, the center point of the beam 
From Fig. 9 (a) and Example 4, 


yA — Vft 252,000,000 — 144,000,000 _ 450.000 
^ ” 240 240 El El 

From Rule 1, Art. 3, 

Area abed, Fig. 9 (c) 

^ 

From Fig. (c), 

45,000 


Then 


<!> = 


cd = 30,000 + ■ X = 30,000 + 250 X, 

^ [(30,000 -\- 250 x) -f 30.000] _ 30,000 .T -f 125 


El 


El 


(a) 


ib) 


Equating eqs. (a) and (6), and reducing, we have x^ + 240 x = 3,600, from 
which, a: = 14 ins. 

The point of maximum deflection is then 120 — 14 = 106 ins. from the 
left support, which checks the result given in example 5, Art. 5. 

6. Determine the maximum deflection of the girder shown in Fig. 10. 
Fig. (c) shows the moment diagram for the applied loads and Fig. {d) 
showrs the I-diagram, which represents the variation in moment of inertia 
of the girder section. Fig. (c) gives values of M/I at critical points. These 
values were obtained by dividing the 3f-values of Fig. (c) by the correspond¬ 
ing /-values of Fig. (rf). ... 

To determine the maximum deflection for the beam m question, we 
first determine the values of the intercepts Va and Vb of Fig. (6) with respect 
to a tangent at some convenient point, which in this case will be taken as 
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the center point C. Then as in the latter part of example 5, the maximum 
deflection may readily be determined. 



Values of and ys may be determined from Rule 2 of Art. 3. To aid 
in determining these values of ja and y/?, Fig. {e) has been divided into tri¬ 
angles. The location of the center of gravity of each triangle has been 
indicated on the figure. 
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Then from Rule 2, 

^ [i (810) <72) (48) + i (450) (36) (84) + i (67 s) {36) (96) 

+ i (75) (108) (144) + § (1050) (108) (180)] 

18,701,280 
E 

B [i (990) (72) (48) + i (550) (36) (84) + i (825) (36) (96) 

+ i (825) (108) (144) + J (1050) (108) (180)] 

20,589,120 
£ 

From Fig. (b), 

^ 20,589,120 - 18,701,280 4,370 

(36) (.2) E .<“> 

In a beam unsymmetrically loaded, the maximum deflection will occur at 
a point between the beam center and the position of the resultant of the 
applied loads. For the loading conditions shown in Fig. (a), the resultant 
is to the right of the center of the beam. Assume the point of maximum 
deflection to be at D distance x to the right of the beam center. 

From Fig. (e) and Rule i, 

• 

Area abed (2,100 — 20,833 x) x ... 

-- 7e .. 

Equating the two values of <t) and solving, we find x - 4,2 ins. 

The maximum deflection at £>, which is yo of Fig. (6), may be determined 
by adding to y^, as determined above, the intercept yen, which is equal to 
the moment of area ab cd oi Fig. (e) taken about point A, Values of the 
ordinates and lever arms, determined for x = 4.2 ins., are shown on Fig. (e). 
Then 


yA = 

and 

yn = 

yB = 


ycD 

ycD 


^ (1050) (4-2) (217.4) + I (1041.25) (4.2) (2i8.81 
£ 

957.801 

£ ■ 


Hence 


yo = 


18,701,280 + 957,801 
29,000,000 


0.678 in. 


7. Beam fixed at the ends. Consider the beam A B, Fig. ii, fixed at 
A and B and supporting a load P applied at a distance kl from A . Required 
the values of the end moments Ma and Mb- 

The unknowns are F^, and 7 ij,of Fig. (b). Four condition equa¬ 

tions are required for the determination of these unknowns. Two equa- 
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tions based on static equilibrium may be obtained by writing S JIf «= o and 
Z V = o for the beam considered as a free body. Two additional equa¬ 
tions may be obtained by calculating the total angular change from ^4 to ^ 
and the deflection of B with respect to the tangent at A, Since the beam 



is fixed at the ends, it is evident that both of these quantities must be equal 
to zero. Hence four condition equations are available and the unknowns 
may be determined. 

Fig. II (d) shows the moment diagram for the given conditions. For 
the purposes of this analysis it is convenient to represent the moment 
diagram in the form shown in Fig, (c). The triangle A D B represents the 
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effect of the applied load considered as acting on a simple beam of span /, 
and the trapezoid A B F E represents the effect of the end moments Ma 
and Mb- For the present all moments are considered as positive. 

As stated above, the total angular change from /I to is zero. From 
Rule I, Art. 2, 


<t>AB = o 


I 

El 


(area of moment diagram, Fig. ii (c)) 


2 (moment areas) = (i — k) kP -i- \ {Ma + Mb) 1] = o. (a) 


Again, as stated above, the deflection of B with respect to the tangent at 
A is zero. From Rule 2, Art. 3, 

_ _ I /Moment of moment diagram areaA 

- o - ^ ^ ^ Fig. II (c), taken about point B/ 


2 (area moments) = 


El 


~ P (i — k) k P X - (2 — k) 

2 3 

+ -MaI X-1 + -MbI 

2 32 3J 


(b) 


Eqs. (a) and (b) form a pair of simultaneous equations in terms of Ma and 
Mb- On solving these equations: 


- P (i - ^ / 1 

and \ .(^4) 

Mb - P {i - k) kn ] 


li M' - P {i — k) k I = moment in a simple beam, w^e may write 
Ma = -M'(i ~)t) ] 

and f .(^5) 

Mb = - M'k J 


That is, the bending moments at A and B may be considered as equal to the 
moment at C in a simple beam, divided between A and B inversely as the 
distances k I and (i — k) /, or as the reactions of a simple beam. Finally, 
Fig. II (d) shows the true moment diagram. 

Values of Fm and Vb may readily be determined by means of the two 
conditions of static equilibrium mentioned above. 
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If more general expressions for the end moments of the beam of 
Fig. II are desired, we may draw the moment diagram of Fig. ii (c) 
in the manner shown in Fig. ii (e). Here the portion of the moment 
diagram above line ^4 B is intended to represent simple beam moment 
due to any loading condition instead of the single load shown in 
Fig. II (a). 

Equation (a) then becomes 

(Ma + Mj,) ll = o, 


<f>AB = o = -=rj I a: — 


and eq. (b) becomes 


ye = o = 



M'xdx + - Ma/2 + ^ MbIA=o. 
3 6 J 


On solving these equations as before, we have 


and 


^=-ijr M' iix-Ddx 

fl = - I r M' {2 I - sx)dx 

•y o 


In eqs. (i6) the value of Ma may be written in the form 


M, 


= -t,M' xdx - 


-iju' 


d X 


f M'xd: 
f M’dx 

Jo 


- 1 


• (16) 



DEFLECTION OF STRAIGHT BEAMS 


19 


Now 




M' xdx 


M'dx 


M' dx = F = area of the moment diagram and 


= X2 = distance from B, Fig. (c), to the center of gravity 


of the moment diagram area, 
form 


and 


Ma =- 

Mb =- 


Hence eqs. (16) may be written in the 


2F, - 


1) 


~{2l - iXi) 


(17) 


Equations for the end moments in a fixed beam expressed in the 
form of eqs. (14) to (17) will be found useful in the work to follow. 
When the variation in moment A/' is readily expressed in the form of 
an equation, eqs. (16) may be used and values of Ma and Mb obtained 
by direct integration. When the value of M' is not readily expressed 
by an equation, or where several equations must be used because the 
law of variation of may change, as for a concentrated load system, 
then eqs. (17) wall be found useful and the desired results may be 
obtained by the semi-graphical process described above. 

7. Table of Moments, Stresses, and Deflections.—The table on pp. 
20-23 gives values of moments, stresses, and deflections for various 
commonly occurring cases of beams, both simply supported and con¬ 
tinuous. The values of deflection in terms of maximum fibre stress 
are very useful in problems in w^hich the deflection may be the known 
factor. 

8. Deflection Due to Shear.—In the theory of flexure presented in 
the preceding articles the effect of shearing strains has been neglected, 
the equations of the elastic curves being derived from a consideration 
of compressive and tensile strains only. In the case of beams of the 
usual proportions the deflection due to shear is small and generally 
negligible, but for very short beams it requires consideration. It is 
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384 £ / (/at centre) (/ at end) 
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also important that the influence of this factor be recognized in dealing 
with trusses by means of the formulas developed for solid beams. 


« I 

h- —c ->1 



The deflection of any point C of the beam of Fig. 12 (a) due to 
shear is equal to the sum of the deflection S of Fig. 12 (6) for all beam 
elements from A to C, Fig. (a), or between the limits x and o. Then, 


if y» 


deflection at C due to shear, y. 



6 . 


To determine 3 , the internal work due to shearing strains may 

be equated to the external work done by the shear V during the 

deflection 3 . From Mechanics, the internal work of the shearing 

. I * 1 ^ . . 

strain is - — per unit of volume, where v = unit shearing stress and 
2 


= shearing modulus. 11 d A = element of area of section on 
which shearing stress = v, and d x = length of a beam element. Fig. 
( 3 ), we have 


Internal Work = 



1 

2 


d A dx. 


If F = external shear on each face of the beam element of Fig. ( 3 ) 
and the deflection across the element is 3 

External Work = ~ F 3 . 

2 
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Equating these values of internal and external work and solving for 5 , 
we have 

Therefore 

. 


Two cases of shearing stress variation will be considered: {a) shear¬ 
ing stress uniform across the section, (6) shearing stress variable 
across the section. The first case includes plate girder and I-beam 
sections, for, as shown in Chapter VII, Part III, the shearing stresses 
in these sections are practically uniform across the section. The 
second case covers rectangular and circular sections. 

(a) Uniform Shearing Stress. —In this case v = VIA, where 


A — area of the section. 



Then 



Vdx. 


(19) 


From eq. (4), Art. 



Vdx = Me, 


where Me — moment at C, 


Fig. 12 (a) due to the applied loads, hence. 


y> = 


J/r 

A E. 


(20) 


Therefore the shearing deflection at any point, with respect to the 
point where M = o, is equal to i/A E, times the bending moment at 
that point due to the applied loading. This relation offers a very 
simple method for the calculation of shearing deflection in simple 
beams. 
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(J) Variable Shearing Stress .—From Mechanics, the shearing 
stress V at any plane distance y from the neutral axis of the beam 
section, Fig. 12 (c), is 

Vm 


in which V = external shear, m = statical moment, about the neutral 
axis, of the portion of the section outside the shear plane, b = width of 
section at shear plane, and I = moment of inertia of section. Then 

y 

V = — I zc a z 

j 

and from eq. (18), noting that dA = b dy 


I r F 12 

_^[nX “■''J 


For a beam of uniform cross-section this may be written in the 
form 


Eq. (21) is divided into two parts. The first part j Fdo:, is a 

^ 0 


function of the loading conditions which, as given above, is equal to 
Me, the moment at C due to the applied loads. The second part of 
eq. (21) is a function of the cross section of the member. Let 


N 




• . (22) 


Equation (21) may then be written 
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As soon as the form of the cross section of the member is known, the 
value of N, eq. (2^), may be determined. Thus for a rectangle of 
width b and depth h, we have c = b, hi = + h/2, hi =— /t/2, A — b h, 
and I = b h^/i2. Then 


N = 




Thus the shearing deflection for a rectangular section imder variable 
shearing stress is 20 per cent greater than for the same section under 
uniform shearing stress. For a circular section, N = 10/9 A. 

For restrained and continuous beams, where the end moments are 
not zero, the value of y, of eq. (20) or (23) is the deflection of any 
point with reference to a straight line joining the points of inflection 
on either side of the given point. At the supports this deflection is 
upwards and to get the deflection of the given point with respect to 
the supports due allowance for this condition must be made. The 
resulting total deflection will be found to be the same as in a simple 
beam. 

The following examples illustrate the application of the methods 
given above to the calculation of shearing deflection for a few typical 
cases. 


I. Determine the deflection at point D, Fig. 5, due to shearing stress. 
Assume E, = 12,000,000 and A = 9.0 sq. in. The shearing stress is 
assumed to be uniformly distributed across the beam section. 

From Fig. 5 (6), Md = 250 X 134 = .33,500 in. lb. Then from eq. (20), 


yo 


Mn 
A E, 


33.500 

9 X 12,000,000 


0.0003102 in. 


Note that the deflection due to shear is 0.45 per cent of the deflection 
due to moment as calculated in Example 4, Art. 5. 

2. Determine the deflection due to shear in the cantilever beam loaded 
as shown in Fig. 6. Ma ~ PI and 

PI 

“ A e; 


3. Determine the maximum deflection due to shear in a simple beam 
carrying a concentrated load at the center. 
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Since the bending moment is a maximum at the beam center, the shear¬ 
ing deflection will also have its maximum value at this same point. Then 


and 



PI 

4 A e; 


4. Determine the maximum deflection due to shear in a simple beam 
carrying a uniform load. 


and 


Me 


pP 
8 ‘ 


_± 

SAE, 


5. Determine the shear deflection for point C of Fig. ii. Fig. (d) is 
the moment diagram, hence McN/E» is the downward deflection of C 
with respect to a line joining the points of inflection, and Ma N/Es and 
MsN/EsSiTe the upward deflections at the supports. The downward 
deflection of C with respect to the supports is therefore 

y. = [Mc + {MA-MB)k]N/E., 

This will be found equal to M'NJE^, where M' = moment at C for a 
simple beam. 

The deflection curve due to shear is a straight line where V is 
constant and a parabolic curve where V varies uniformly. 

The relative effects of shear and moment may be illustrated by 
comparing the results for the two cases of a single concentrated load, 
and a uniformly distributed load. If ym = deflection due to moment 
and y, = deflection due to shear we have: 

For a concentrated load at the centre 


y, _ 12 E I 


For a uniform load 
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for steel is approximately 0.4 E, and IjA = r*. Hence for 
the two cases 24 ^ respectively. For plate gird¬ 

ers r == one-half the depth, and for a ratio of depth to span of 1:10 
the values of yjy^ become equal to 7.5% and 6% respectively; that 
is, the deflection due to shear is in these cases 7.5% and 6% of that 
due to moment. In deeper beams the ratio is larger, and in ordinary 
trusses it reaches a proportion too large to be neglected. 

Section II.—Continuous Girders 

9. Definition.—A continuous girder is a beam or truss which is 
supported at more than two points. In such a case the reactions depend 
upon the form of the structure as well as upon the loads and cannot be 
determined from the princij)lcs of statics alone; it is necessary to take 
into account the dimensions and material of the structure itself. All 
supports in excess of two are redundant, in the sense employed in Chap. 
VII of Part I, and methods of analysis must be applied similar to those 
used in that chapter. 

In the analysis and design of continuous girders it is necessary to 
assume certain proportions or dimensions before the stresses can be 
determined. If the girder is to be made of uniform section the problem 
is relatively simple, but if it is to vary from point to point an exact 
solution is very laborious and generally not fully accomplished. In 
such cases an approximate solution is made to sufTice. In the follow¬ 
ing analysis, certain formulas will first be derived for beams of solid 
section; the application of these formulas to trusses will be considered 
subser[ucntly. 

10. Shear and Bending Moment in Any Span.—Let A BC D, Fig. 
13, be a continuous girder of any number of spans and loaded in any 
manner. Consider any span, as .4 By passing sections /?and q, close to 
the reactions. Fig. 14 shows this span separated and all forces in¬ 
dicated. M, and Mo are the bending moments at the two supports, 
F, the shear on the right of A and F/ the shear on the left of B, P is 
any load distant k I from A. Taking moments about A we have 

M, - ^Pkl 
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any other part of the structure. This theorem will be derived, first, 
for concentrated loads, and secondly, for uniform loads. 

12. Concentrated Loads. —Fig. 15 shows the two spans in question, 
separated by sections passed close to the supports at A and C. The 
supports are numbered i, 2, and 3 and the span lengths are l^ and 



Fio. 15. 


The centre reaction is /?j and the end moments arc Af, and M,. 
These are shown as positive in order that the signs will be correctly 
given in applying any resulting formulas. 

Consider first a single load P on each sjian. Let /fe, /, = distance 



Fig. 16. 


of P, from A, and /j ---= distance of Pj from B, the coefficient k 
representing the ratio of k Ijl in general for any load. Fig. 16 repre¬ 
sents the curved form of the elastic line, and A' C' the tangent at B. 
The deflections at A and C with respect to the tangent arc y\ and y,. 

From eq. (5), Art. 3, y, == j'^ B I ' M is the bending 

moment at any point N. Substituting the value of M from eq. (3), 
integrating from A io D and from D to B, and finally replacing F, by 
Us value given in eq. (2), we derive 

y. 6£7 • • 

In a similar manner we find for span B C, origin at C, 

M, 7 *-1-2 M,-F P,(2- 3/fe*-f P) 

6 EI 


II.—2 


. . ( 6 ) 
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If the supports zX A, B and C remain at a fixed level then, with due 

-y y 

attention paid to sign, wc have = —p, whence we derive from 
(5) and (6) the relation 

If there arc several loads on each span a similar equation may l)e 
written out for each load and, by addition, we have the general equalion 
of three moments for any number of concentrated loads. 


13. Uniform Loads. —If the spans are loaded with a uniformly dis¬ 
tributed load of and per unit length, respectively, then in cq. (8) 

P may, in general, be replaced hy p d x and k by . Then integrating 

i 

each of the terms in the second member from o to / we have, for uniform 
loads 


M, h + 2 ^^2 (^ + /.) + 3/3 p, - i p, //. . (r)) 



X4. Effect of Movement of Supports. —In Fig. 16 the elevation of 
the supports was assumed as fixed. If, however, their relative elevation 
changes, due to unequal settlement or imperfect adjustment, the values 
y, and yj will be modified accordingly. In Fig. 17 let ^ 4 , fl and C 
represent the initial position of the supports. Suppose that the su{)port 
at A settles a distance A,, the support slI B sl distance Aj and that at C 
a distance A3. Unless these movements arc equal or proportional the 
beam will be bent out of its original form by such settlement. This effect 
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may be measured by the ordinate y' at A', from the support A' to the 
straight line A" B' C drawn through B' and C'. By similar triangles 


y + h^- /tj K - /13 

lx 


(10) 


whence 

y = {K - h^Y + - hi. . . . . (ii) 

y — y' y 

Then, as in Art. 12, — - - =^- — Substituting the values of 

^ I ^2 

and ^3 from (5) and (6) we derive, finally, for any number of loads 
Mill + 2 M, {li + /,) + A/3 1, = 

- I Pi ii^ (k -P) - 1' p, ly (2 k - + k^) 



+ 


h„ - /I2 


0 


(12) 


as the equation of three moments which takes account of a settlement 
of supports. 

Generally we speak of the supports as being level or out of level, but 
if the sup[)orts are fixed and the beam is built to conform to their eleva¬ 
tion, even though they be at different levels, there will be no stress 
resulting from such variation. It is only a variation in level from the 
original or normal position that is significant. The fact that such a 


1 _ 2 i 13 i _ b _J 

f—h-^1-4 

Fi.;. 18. 


variation or settlement of sup[X)rts causes large stresses in a continuous 
girder constitutes a serious objection to its use in practice. 

15. Calculation of Moments at Supports. —^The theorem of three 
moments enables the bending moments due to any given loading to be 
calculated in any continuous girder of any number of spans. This is 
accomplished by the successive application of the theorem to each 
group of two consecutive spans, this process furnishing as many equa- 
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tions as there are unknown moments. Thus, for a girder of five spans, 
Fig. i8, the theorem written out for spans i and 2, 2 and 3, 3 and 4, 4 
and 5, gives four equations. The moments at i and 6 being zero, there 
are but four unknown moments, which are readily found by solving 
these four equations. The moments at the supports being determined 
the moments and shears at intermediate sections are derived as in Art. 
to. 

In the case of fixed ends, the theorem may still be applied by con- 



Fig. 19. 


sidering the fixed end as equivalent to an additional span of length zero. 
Thus let A Bj Fig. 19, be a beam fixed at the ends and sup{X)rting a 
single load P. Fig. 20 shows this as a three-span continuous girder, 

_ij 

+[.-0-- 

Fig. 20. 

the values of and /g being indefinitely small. Applying eq. (8) we 
have, for spans l^ and (noting that M, = o, and /, = o), 

2 3 /,/, + 3 /, /, = - P 1,^(2 k - 3 + it*). . . (a) 

And appl)dng to spans 2 and 3 (noting that = o and /, = o), 

3 /, /, + 2 3 /, /, = -Pl*{k- ...(b) 

Solving (a) and (b) for 3 /, and 3 /, we have 

3 /, = - PI (k - 2 k' + k*)\ 
and 3 /, = - P / ()t* - yt*) ’ ‘ ‘ 

These results are the same as given in eq. (lo), Art. 6, the value of 
M' of that article being equal io PI {k — 

i6. General Formulas for Moments at Supports. —^The result of the 
application of the theorem of three moments in the manner explained 
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above, to a girder of any number of spans, may be expressed in a 
general formula for the moment at any given support. Such a formula 
will be here given for both uniform and concentrated loads, spans all 
equal. 

Let n = whole number of spans; 

m = number of support in question, counting from the left; 
r = number of any span in which a load occurs; 
c = a coefficient, tabulated below. 

(a) Uniform Load on Any Span .—For the case where one or more 
spans arc uniformly loaded with a load p per unit length, the bending 
moment at the wth support is 


pP 

(For loaclcj spans on left.) (For loaded spans on right.) 


The following valtaos arc to be used for the c coefficients: 


Cl— o 
Cj = + I 

= - 4 

^^4 ^ + 15 


Ci - - 56 

Cj - + 209 

Cj - — 780 

<■'» + 2,911 


c, = — 10,864 
C,o =- + 40,545 

<^u - i 5 i > 3 i 6 

--- + 564,719 


following the law that ^ — 4 , 

O TTl — I fft — 2% 


As an example, let it he required to find the value of M2 for a girder of 
four equal spans, loaded as shown in Fig. 21. Here w — 2, n — 4. P'or 


P 

r ! 1 


Fig. 21. 


1> 


loads on the left of the 2nd sujiport, r -- i, and for loads on the right, r = 2 
and 4. Eq. (14) then becomes 

- [(Cl + C,) Cl + (Cl + f,) c, + (c, + Cl) c,]. 

4 v^s "h 4 ^ 4 / 

27 

Substituting the values of c we have 3 /, = — — p 
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(b) Uniform Load on All Spans ,—For this case eq. (14) reduces to 

M = -f , (Cm + I - l) - (Ch 4- . - l) "! Pf 

^ L I J 12 

This formula is evaluated in the following diagram for all supports 
for girders of seven spans or less. 


MOMENTS AT SUPPORTS ; TOTAL UNIFORM LOAD ; SPANS ALL EQUAL. 
COEFFICIENTS OF ( - /> P). 


o 

A 


I 


I 

8 


A 


2 o 


o 


A 


I 

10 

TT 


2 


I 

10 

"a^ 


3 


o 


A 


o I 


A 


28 

2 

78 

28 

A ” 


’"'a' . 

^A 


o 


A 


o 


A 


±. , JL . A. . A, 

38_ 38 38 ^ _^8 

”a A A A 



II 8 8 II 

104 ^ 104 ^ 104 ^ 104 ^ 104 

__ _ _ _ 


o 

A 


l< II 12 12 II ^IS 

o I —^ 2 - 3 - 4 - 5 - 6 —^ 7 o 

142 142 142 142 142 142 

_ _ _ __ ^ ^ 


(c) Concentrated Loads on any Span, —E'er the case where one or 
more spans are loaded with concentrated loads, 

- I I 4 ^n 

(For loaded spans on left of wth supjxirt.) 

+ + + • (16) 

(For loaded spans on right of wth support.) 

If both uniform and concentrated loads are found upon the same 
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span, then both (14) and (16) must be used. When more than one span 
is loaded, the data must be worked out for each, and the sum taken, as 
indicated by the primary signs of summation. The secondary summa- 

t 

Fig. 22. 




c__ 






tion signs for concentrated loads signify the summation for the several 
concentrated loads in any one span. 

17. General Formula for Reactions.—It is convenient to find the 
reactions directly from the moments at the supports. Fig. 22 repre- 



Fio. 23, 


sents any two consecutive spans. I>et R2 = reaction at the middle 
support. Tn Fig. 2^^, R, -- T/ + 1 %. By eq. (i), V/ = 

-f Px ky and by ecp (2), Tj - -f- (i — k)y whence 

*3 

-j'G + ¥^^{1 + p,k + p, (I - k). . (17) 

/, <2 


Note tliat the lust two terms of (17) give the total reaction at B for 


two simj)lc spans. For uniform loads these terms become 

2 




and 


The following gives the shears on each side of the supports for the 
case of uniform load over the entire girder. The supporting force is 
the sum of the two .shears at that support. 
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SHEARS AT SUPPORTS; TOTAL UNIFORM LOAD; SPANS ALL EQUAL 
COEFFICIENTS OF (/>/). 

I 

o I 1 1 I O 

2 2 

1 _2_ 

O I 3 5 I 5 n o 

8 8 8 

» _ a 3 _ 

O n 6 I 5 £r6 4 lo 

lO lo lO lO 

I _2_3_ 4 

oRr 17 I JS »3 I 13 LS I 17 n I o 

28 28 28 28 28 

t _2_3_4_ 5 

o I t5 23 I 20 18 I 19 19 I 18 20 I 23 15 I o 

38 38 3S 38 3S 38 

I _2_ 3 _ _4 _ 5 _ 6 

o I 41 63 I 55 49 I S» 53 I 53 5 1 I 40 55 I 63 41 I o 

104 104 104 104 104 i 04 104 

I _2_3_4_5 6 ^7.. 

o I 56 I 75 67 I 70 72 I 7 1 71 I 72 7 0 I 6 7 75 _l_^ 56 J o 

142 142 142 142 142 142 142 142 

18. Continuous Girder of Two Equal Spans.— Uniform Load on 
Both Spans. —(Fig. 24.) For a uniform load of p per unit length on 


both spans we have from eq. (9), noting that = o, Mg == o and 
Px-P 2 - P. 

^ yip P .(18) 


Then we readily find 

Ri ^ ^ H Ph 

^2 ^ ^ P h 

The bending moment at any distance x from A is 

•^* = -^1 ^ = I (3 ^ ^ - 4 . • • (20) 

2 o 

-The shear is, 

V, = Ri - pX - S x) .(21) 
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The variation in moment and shear is shown in Figs. 24, (b) and (c) 
The maximum positive moment occurs for zero shear, or for ^ ^ 

and zero moment for x = L 

19. Uniform Load on One Span. —(Fig. 25.) Applying eq. (9), 



— o, and the value of M2 is one-half that given by (18), or 


Then, as before. 





J 


(22) 


(23) 


The variation in moment and shear is represented in Fig. 25. Maxi- 

mum moment occurs for .v — L and zero moment for .v = li L 

16 

20. Single Concentrated Load on One Span. — Reactions. —(Fig. 26.) 
For a single load P on the first span we find, from eq. (7), noting that 
= o, Afg == o, Pj == o, and /^ == /j = /> 

PI 


( 24 ) 
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and from this we derive 

= - (4 - 5 * + 
4 

R^=l{^k- k^), 

i?3 = - ^ (A - k^). 
4 


(25) 


Moments, The moments vary as shown in Fig. 26 (/;). Between 
A and Z>, M = .r, and is always positive. 


From D to B, M ^ R, x - P (.v - kl) ^ P{k I - '' k x + ^ k^ x). 

4 4 

This value varies from positive to negative, becoming zero at K for a 
value of X given by the equation 


In the second span the moment is negative throughout. 

For larger values of k the point of inlleetion, K, lii‘s farther to the 



right, being located always between the load and the centre support; 
for smaller values of k the point E lies farther to the left, the least value 
of of eq. (26) being 0.8 /. 

Shears, The shears are readily deduced from the value of J?,. 
They are represented in Fig. 26 (c). 
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21. Influence Lines for Moments and Shears, (a) Moments .— 
The position of moving uniform loads for maximum moments can 
readily be deduced from the preceding eejuations. It will be of assist¬ 



ance, however, to construct inlluence lines for two or three points. 
Such lines are almost in(lis{)ensable if calculations are to be made for 
concentrated loads. 

In Fig. 27 consider any section D in the first span, whose distance 



from A is less than 0.8 1 . For a load on span BCy Mjy = a. The 
value of is given by the expression for in eq. (25), in which kl 
is to be measured from C. Hence A/p = - % P {k — k^) a. This 







42 


CONTINUOUS GIRDERS 


moment is represented by the curve C'F S', Fig. (b). For a load 
between B and D, is directly given by cq. (25), and Mp = R^a 


= ■^(4-5*+^*). 

4 


This moment is represented by the curve 


jB' D^y a continuation of the curve F J?'. On the left of Z>, ^ a 

— P {a — kl), Eq. (25) gives i?,. The curve D" A' represents 
this moment, thus giving the complete influence line C' F B' A\ 
Note that since the reactions arc functions of the third degree with 



respect to k the influence line is no longer a scries of straight lines, as 
in the case of simple structures, but consists of arcs of curves. 

If the point D lies near By so that j > 0.8, then, as shown by cq. 

(26) and Fig, 26, the moment at D will be zero for a certain position of 
the unit load. When the load is on the left of such position the moment 
at D will be negative and when the load is on the right it will be positive. 
Take a point G such that the distance yl C = 0.9 1 . The influence 
line is shown in Fig. 27 (c). For loads between G and A it will be found 
that at some point H the moment at G' will be zero, and for loads to 
the left it will be negative, giving the form of influence line as shown. 
The value of k, such that the moment at G will be zero, may be found 








CONTINUOUS GIRDERS 


43 


by placing « 0.9 1 in eq. (26) and solving for k. This gives 
k = >/s/9 •745* Notice the relatively small effect of the load 

from A to H, The influence line for moment at B is given in Fig. 
27 (d). 

The relative values of the maximum bending moments are well 
shown by the areas of the influence diagrams. For uniform moving 
loads they give directly the correct positions and values; for con¬ 
centrated loads the method of determining positions and maximum 
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Fi(j. 29.—■Moments in a Two-Span Continuous Girder. 


moments by trial is tlic most expeditious. This is illustrated in the 
next chapter. 

{b) Shears, —Influence lines for shear arc given in Fig. 28. The 
curve A" B' C' is the influence line for and the curve A' B^ is 
drawn a unit distance below. The complete influence line for any 
point D is then given by the curves A' J 9 "' and />" C'. The con¬ 

struction shows clearly the position of moving loads for maximum 
values. 

22. Maximum Momefits and Shears Due to Fixed and Moving 
Uniform Loads, —Fig. 29 shows graphically the greatest positive and 
negative moments at all sections of a continuous girder of two equal 
spans, due to dead and live loads, considered as uniform loads. The 
numerical ordinates are the coefficients of p P, The deaddoad curve 
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is the same as given in Fig. 24. The positive live-load moments for all 
sections, excepting those that are nearer the centre than 0.8 /, are given 
by loading one span fully, as shown in Art. 19, and Fig. 27 (6). For 
sections near the centre a partial load gives the maximum positive 
moment as shown in Fig. 27 (c). For maximum negative moment at 
all sections to the left the 0.8 point, the second span only is loaded 
(Fig. 27 (b )); for sections near the centre a portion of the beam at the 
left end is also loaded (Fig. 27 (c )). For point B the entire span is 
loaded. If the partial loadings for sections near the centre are neglected, 



Fig. 30.—Shears in a Two-Span C'onlinuous (jiriier. 


either one or both spans being fully loaded, the resulting curves will be 
as shown by the dotted lines in Fig. 29. 

Fig. 30 shows the maximum .shears at all sections due to a fixed and 
a moving uniform load, the values being coefiicients of p 1 . 

23. Continuous Girder of Two Spans, Spans Unequal. —If the span 
lengths are unequal the calculations of reactions, moments, and shears 
will be but slightly modified. 7 'he .same general jiosition of moving 
loads will be required for maximum values, but the point of inflection 
noted in Art. 20 will be shifted somewhat. 

24. Continuous Girder of Three S^SLns.— Uniform Load on All 
Spans ,—Assume a girder having equal end spans, but a centre span of 
any length, Fig. 31. Let I ^ length of end spans and nl length 
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of centre span. This type of girder is often used in swing-bridge con¬ 
struction and is occasionally met with elsewhere. 

For a uniform load extending over the entire girder of f per unit 
length we have, from eq. (9), for spans i and 2, noting that -= M^, 

2M^{1 -V nl) + M^nl ^ % pi? - y' pnU\ . (27) 

whence 


From this is readily derived, 


% pP (1 + «") 

2 + 3M 


(28) 


=^4 


pj 

4 

PJ 

4 


[ 

[ 


3 4- 6 n — 
2 4 - 3 » 



5 4 - 10 n 4 - 6 4 - n 
2 4 - 3 « 



(29) 

(30) 


The moments and shears are found at intermediate points as ex- 


f_B _C_& 



f:- 

.. j- 

1 

1 

! 

X 

n 

|P 

.Jiki 

—--i. 

iitilliW 


1 

1 

1 

1 

1 

1 lllil^^ „„ j 




Fk;. 


plained before. Fii^. represents the variation in moments and 
shears throughout the girder. 

25. Single Load on First Span. (Fig, 32.) A load P is placed a 
distance k I from A. Substituting in eq. (8) for spans i and 2 we have 

2 M, (/ F ;/ /) F 3/3;/ / - P P {k ~ P), . . {a) 

and again for spans 2 and 3 

M,nl F 2 M,(nl F /) = o. (b) 
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-^-^Plik-k^ .( 31 ) 

M,^^Pl{k-k^), ...... (32) 

in which iV'==4 + 8nH-3n^ 

Thence the reactions are 

R,=P{i-k) -k^, 

I- • . ( 33 ) 

R, = ^P{k-k^). 

In a similar manner the moments and reactions for a single load on 
the second span may be found. The variation in moments and shears 



Fig. 32. 


for a single load in the first span is shown in Fig. 32. It will be noted 
that there is a point of inflection in both the first and second spans 
showing, as in Art. 20, that for certain distances near the centre supports 
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the moments may be either positive or negative, depending upon the 
position of the load. 

26. Influence Lines for Moments and Shears .—In Fig. 33 are shown 
the influence lines for moments at the centre point E of the first span, 
(Ji = J), the point F {k = 0.9), and the centre point G of the second 
span. The length of span 5 C is taken at one-half oi A B (n = J). 



figures show clearly the relative effect of loads on the several spans and 


particularly the small effect of loads in the third span upon the stresses 
in the first span. The influence line for Mp brings out the same t» ii- 


ditions as to loading as shown in Fig. 27 for the two-span girder. 
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37. Mazimiun Moments and Shears in a Continuous Girder of 
Three Equal Spans.—^Fig. 34 gives graphically the moments due to a 
fixed uniform load, and the maximum positive and negative moments 



— — Fixed Load 

— Load 


Fig. 34.—Moments in a Three-Span Continuous Girder. 

due to a moving uniform load, the ordinates being the coefficients of 
p P, where p = load per unit length. 

Fig. 35 gives the maximum shears for the same kind of loading. 
It is to be noted that the shears do not vary greatly from those in a 
simple span, the maximum being 0.6 p I for fixed load and 0.62 p I for 
moving load. 

28. Continuous Girders of Several Spans.—It is seldom that a 



———————•ssMovlajr Load 

Fig. 35. —Shears in a Three-Span Continuous Girder. 


continuous girder of more than three spans is employed for bridges, 
but in modem building construction, especially where reinforced con¬ 
crete is used, continuous beams of numerous spans frequently occur. 
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While an exact solution of such cases is seldom necessary, it is important 
to know the possible maximum stresses which may be caused by moving 
loads. The determination of moments is of more importance in this 



case than that of shears, as the shears do not differ greatly from 
those in simple beams. 

29. Influence Lines for Moments and Shears .—Assume a girder of 
six equal spans. To illustrate the effect of loads on various spans 
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upon the bending moments, influence lines have been drawn in Fig. 
36 for moments at the centres of spans 1-2 and 3-4, and at supports 
2 and 4. A maximum moment at the centre of a span requires each 
alternate span to be loaded, and a maximum moment at the support 
requires the two adjacent spans to be loaded and then each alternate 
span. Tlie small effect of loads on remote spans is to be noted. 

^^8- 3 ^y (f) (g)y shows influence lines for shears in spans 1-2 
and 3-4. The general rule of loads in alternate spans is seen to hold 
true as for moments, but the effect of remote loads upon maximum 
shears is relatively less than in the case of moments. 

30. Maximum Moments fo§ Uniform Fixed and Moving Loads ,— 
To assist in estimating the probable maximum moments due to uni¬ 
form loads, calculations have been made of the maximum moments 
at supports and at centres of spans, for continuous girders of from two 
to seven equal spans, and the results arc given in the following table. 


COEFFICIENTS OF p l\ FOR MAXIMUM MOMENTS IN CONTINUOUS 
GIRDERS FOR UNIFORM FIXED AND MOVING LOADS. 


Intermediate Spans and Supports. 


End Span and Second Support. 


No. of Spans. 


At Centre of Span. 
( + ) 


Fixed. 


Moving, 


Two. 



Three . 

.025 

•075 

Four . 

.036 

.081 

Five. 

.046 

.086 

Six. 

•043 

.084 

Seven. 

.044 

.084 


At Support. |i AtCentreof Span. At Support. 

(-) ii (+) I (-) 


Fixeti. 

1 .Moving, j 

! Fixed. 

Moving. 

Fixed. 

Moving. 

.i 


.070 

•095 

i 

•'25 

•125 

1 


.080 

.100 

. 100 

.117 

.071 

.107 

.071 

.0(;8 

.107 

.120 

.079 

.III 

.072 

.oc )9 

•^05 

.120 

.086 

.116 

.072 

.099 

.106 

.120 

.085 

.114 

.072 

•099 

. 106 

. 120 


It is found in general that for all spans, excepting the end span and 
the adjoining support, the maximum positive and negative moments 
do not vary greatly in the several spans. For the end spans and 
adjacent supports the maximum are considerably higher. The re.sults 
are, accordingly, arranged in two groups in the table. For the inter¬ 
mediate spans the greatest value for the several spans is given in each 
case. The quantities are the coefficients of p P. It is to be noted 
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that for girders of five or more spans the maximum moments are but 
little affected by the number of spans. 

31. Continuous Girders with Variable Moment of Inertia.—If the 
moment of inertia varies, then in the expression for deflection, eq. (5), 
Art. 3, the quantity I must be left under the integral sign. It is then 
possible, as in Art. ii, to develop a relation between three consecutive 
moments and the loads in the two included spans, in which the various 
integrals containing I arc solved by substituting in detail the values 
of this quantity. It is unnecessary, however, to derive such general 
formulas, as the cases arising in practice can more readily be solved by 
direct methods. 

32. Reactions for a Two-Span Continuous Girder with Variable 
Moment of Inertia. —It will be convenient to derive at once the formula 
for one of the reactions, as i?„ for any load P on one span (Fig. 37). 



Fig. 37. 


This may be done by the application of the theory of deflection or of 
redundant members, explained in Part I, Chapter VH. Considering 
the reaction 7?, as the redundant force, the conditions require that the 
total effect of this reaction, and of all other forces (P, 7 ?j, and R^, must 
be such as to cause zero deflection at A. 

If M = bending moment at any section due to all the given forces, 
and m = bending moment due to a reaction P, = i, then, as in Art. 
222, Part I, for zero deflection at A, 

Mdx , . 

.m ^ o .(34) 



As in the case of redundant members, the moment M may be con 
sidered in two parts: a part M' due to the given loads, with the suppoit 
at A removed, and a part M" due to P,. Then we have M"= R^ X 
m, and hence 


f^Mdx (^M'mdx , ^ 


dx 

"Ar 


(35) 
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From which (E being assumed constant), 


R, = 


I^M'tndx 
Ja I 

f^tn^dx 

Ja I 


( 36 ) 


This expression is general for spans of any length and for any value of L 
To illustrate the use of eq. (36) consider the case of two equal 
spans. It will be necessary to perform some of the integrations in¬ 
dicated in three parts, namely, from A io D, D to 5 , and B to C. The 
values of M' and m for these sections are as follows: 


Section 

M' 

m 

M'm 

A to D . 

0 

X 

0 

D to B . 

- P(x - kl) 

X 

- P{x‘-klx) 

U to C (origin at C). 

- P(i - k)x 

X 

- /'(i - k)x' 


Therefore 


and ^ f - = ‘2 f —j-—; whence from (36), 

•fA 1 '' o 1 

r‘(x^ - kl x) d X 

Jkl I 


1 ^ [(I - ^) + 


r‘x^dx 

Jo I 


(37) 


For constant /, eq. (37) reduces to the value given in eq. (25). Note 
that in eq. (36) the numerator is the deflection of A for load P, the 
support being removed, and the denominator is the deflection of this 
point for a load unity acting at i 4 . In applying eq. (37) the values of / 
would be taken as constant for short lengths along the girder and the 
integration performed in parts (or as a summation). 

For a girder of three spans the redundant reactions are two in 
number and the two desired equations are obtained by placing equal 
to zero the deflections at two supports and expressing all moments M' 
in terms of the loads, with the two redundant reactions being removed, 
exactly as in the solution of two redundant members. For an example, 
^ Art. 77. 
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33. Example. —Plate girder with variable Moment of Inertia, Assume the 
following data: two equal spans of 60 ft.; dead load = 1,200 lbs. per ft. per 
girder; live load, including impact, =9,600 lbs. per ft. per girder. The moments 
will first be calculated on the assumption of uniform moment of inertia, using 
the result of Art. 22. The maximum dead- and live-load moments are given 
in Fig. 38, and the total maximum, irrespective of sign, by the upper full line 


4 - 



Suppose, now, the moments of inertia of the girder be made to fit this maximum 
curve in the manner shown by the heavy stepped line, varying the flanges in 
four sections. 

We will now proceed to calculate the true reactions for a uniform load of 
one pound per foot over the entire .structure. For this purpose each span will 
be divided into ten sections as numbered, and the integrations of eq. (36) 
performed as summations. Let be assumed as the redundant force. 
Then Af' of eq. (36) will be the bending moment at any section in the 120-ft. 
girder under the load of one pound per foot and with R2 removed; m will be 
the moment due to a one-pound load at the centre of the 120-ft. span. For 
the purpKjse of this calculation the values of / need be known only relatively 
The I for sections i and 2 will therefore be called unity, that for sections 3-^ 
will be 1.38, for 7 and 8, i.is» and for 9 and lo, 1.92. The value of dx: = 6 ft 
The complete calculations are as follows: 
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Section. 

I 

dx 

1 

M * 

nt 

M ' mdx 

I 

m^dx 

I 

I. 

1.0 

6.0 

175 

I -5 

1,600 

13 

2 . 

1.0 

6.0 

499 

4-5 

13,500 

121 

3 . 

00 

4.33 

OC 

7-5 

25,600 

244 

4 . 

1.38 

4.33 

1,039 

10.5 

47,300 

478 

5 . 

1.38 

4-33 

1,255 

13 -5 

73,500 

789 

6 . 

1.38 

4-33 

1,435 

16.5 

102,700 

I .'79 

7 . 

1.15 

5.20 

1,580 

19-5 

160,200 

'.977 

8 . 


5-20 

1,687 

22.5 

197,400 

2,632 

9 . 

1.92 

3-12 

1,760 

25-5 

140,000 

2,030 

10. 

I .Q 2 

3.12 

1,795 

28.^ 

156,200 

2,530 





y 

918,000 

i \,993 _ 


764; 7 ?, = 60 - 76.4/2 = 21.8. 

^ ^>993 


The value of for uniform moment of inertia is 5/4 X 60 = 75.0. The true 
bending moment at the centre for unit load = 21.8 X 60 — 60 X 30 == — 492, 
whereas, for uniform I the value of = — J P — 440, a difference of 

about 10%, The maximum positive moment for x is 21.8 X 22.5 — 

o 


22 - 5 * 

2 


237, while for uniform I this moment = 253, a difference of about 2%. 


The effect of a settlement of support will be also determined, 
is 8 ft. deep its moment of inertia will be about 200,000 in^. 


If the girder 
The centre 
I P P 

deflection for a concentrated load of 1,000 lbs. is given by the formula — — 

40 P 1 


and amounts to .00104 in. A settlement of the centre support of .001 in. would 
therefore decrease the centre reaction by 1,000 lbs.; a settlement of 0.4 in. 
would decrease it by 400,000 lbs., which is one-half the total dead and live load 
reaction. 

34. The Analysis of Continuous Trusses.—^Thc methods of analysis 
of this chapter have been based on the theory of the deflection of solid 
beams, in which the effect of shearing distortion is so small compared 
with that from flexural stresses as to be negligible. In the analysis of 
trusses the same formulas are generally applied, but in this case the 
errors due to shearing strains (web strains) are much greater and in 
many cases are too large to be neglected. Then, again, if the formulas 
for constant / be employed still further errors are introduced in case the 
moment of inertia is made variable. The usual formulas must there- 
















CONTINUOUS GIRDERS 


55 


fore be considered as only roughly approximate and suitable only for 
a preliminary design. Such a design being made, an exact solution 
may be worked out by the principle of deflections, in a manner similar 
to that explained in Art. 32. The analysis of two- and three-span 
trusses is considered in detail in the next chapter. 

35. The Moment of Inertia of a Truss. In applying to a truss 
various formulas derived from solid beams it becomes necessary to 
determine the value of the moment of inertia, or its equivalent, for the 
truss. This equivalent is found by considering the chord members 
only, as the bending moments concerned are fully resisted by the chord 
members. The web members offer no aid in resisting these moments, 
and hence they do not strengthen the truss against bending moment as 
here considered. In getting the moment of inertia for purposes of 
calculating reactions, etc., the gross-sections of the chords should be 
taken, as the stiffness of the structure is under consideration and this 
depends on gross rather than net sections. Due allowance should be 
made for long splice plates. If the two chords differ much in cross- 
section the centre of gravity of the two opposite segments may be 
found and the correct value of / determined with respect to this centre 
of gravity. The effect of web members is not to make the truss more 
rigid by adding to its moment of inertia, but less rigid by reason of the 
distortion due to shear or web stresses as noted in Art. 8. Variable mo¬ 
ment of inertia can be taken account of by using corresponding for¬ 
mulas developed from the solid beam, but web distortion can be taken 
account of only by the method of deflection as explained later (Art. 63). 

36. Use of Continuous Girders. —Continuous girders are now very 
rarely built excepting in the form of swing bridges, a type fully discussed 
in the next chapter. Compared with a scries of simple spans a contin¬ 
uous girder shows some saving in material, as the average bending mo¬ 
ment is less. The shears arc, however, about the same. Thus, in the 
two-span girder. Fig. 29, the total positive moment area for one span, for 


fixed load, is J {R^ x — yi p x^) d x == p P, and the negative 

11 

moment area = — yi p oc^) d x ^ p P. The total area, 


neglecting sign,« -^pP* For a simple span the moment area = 


12 


pP, 
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The total moment area for the continuous girder is therefore only 60% 
of that of the simple span. This represents approximately the relative 
chord sections required for a fixed load. 

. For moving loads the average moments are nearly as great in the 
continuous girder as in the simple span. In the two-span girder the 
average maximum live load moment = .070 pP while for the simple 
span it is .083 p P, Considering the reversal of stress which occurs in 
the continuous girder and which calls for additional material, the sav¬ 
ing is very little or nothing. 

For the three-span girder the saving will be somewhat less in the end 
spans, but more in the centre span, than in the case of the two-span 
girder. 

It will be seen from the foregoing that the economy of the continuous 
girder may well be considered where the fixed loads arc relatively large. 
The continuous girder possesses also an advantage in the fact that it 
may be erected conveniently without the use of false work by building 
out from the portion already in place. This form of construction has, 
however, serious disadvantages which generally outweigh its advan¬ 
tages. Chief of these is the effect upon the stresses of a slight settlement 
of supports, or a variation of temperature among the different members 
of the structure. Convenience of erection, as well as economy of 
material in certain cases, is substantially secured by the cantilever 
bridge (Chapter III), which is constructed as a continuous structure, 
but is afterward modified so that hinged joints are introduced at suit¬ 
able places, thus breaking up the continuous structure into a series of 
simple trusses. The stresses in the structure are then no longer affected 
by unequal settlement of supports. 
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SWING BRIDGES 

Section I.—General Considerations 

37. General Arrangement.—Swing bridges arc built as continuous 
girders or trusses, arranged to turn on a centre pier. When closed, 
they arc supjx)rtcd to a greater or less extent at the two ends, bul 
designs differ considerably in the arrangement of details, both at the 
centre pier and at the end supports. 

38. Arrangements at Centre Support.—With respect to the centre 
support there are two general arrangements, the centre-hearing and the 
rim-hearing structure. In the first, the entire weight of the bridge, 
when open, is carried by a centre pivot P (Fig. i), the weight of the 



two trusses being transferred thereto by a cross-beam or beams, c c\ 
The centre bearing at P may consist of a pivot or a nest of conical 
rollers. In either case the bridge is known as a centre-bearing bridge. 
When the structure is open it is prevented from tipping on the pivot 
by means of a few guide or balance wheels, attached to the frame of 
the structure and bearing on a circular track placed on the pivot pier. 
These wheels are not intended to carry any considerable load and are 
neglected in the calculations of the stresses in the main trusses or 
girders. When the bridge is closed, wedges are generally inserted at c 
and c' in such a manner as to support the trusses or girders directly, 
and so relieve the pivot of most or all of the weight of the live load. 

57 
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In the rim-bearing structure the trusses or girders arc supported 
by a large circular girder or drum, which, in turn, rests and turns upon 
a series of closely spaced rollers moving on a circular track below, 
f ig. 2 illustrates this type of turn-table, and four methods of trans' 
ferring the load from the trusses to the drum. In (b) the load is trans 
ferred to the drum at four points, while in (c) it is transferred at 8 
points by the aid of the short beams, efjgh, etc. In cither case the 
supports of each truss at the centre pier are two in number, c and rf, 
c' and d'. The panel or span c dis equal to the width, centre to centre 



Fig. 2. 


of trusses, and may or may not be equal in length to the other panels of 
the structure. The arrangement here described is known as a mw- 
bearing turn-table. 

In the rim-bearing structure it is necessary to place a pivot at the 
centre to guide the structure when in motion and to resist the action 
of the wind, but in the forms shown in Figs. 2 {b) and (c) this pivot 
carries no vertical load. On some accounts it is advantageous to 
transfer a part of the load to this pivot. This may be done to any 
desired extent by the use of radial girders, as shown in Figs, (d) and 
(e), upon which the truss is .supported. This arrangement is known as 
part rim and part centre bearing, but as regards the trusses the supports 
are at c, rf, c', and (f', exactly as in Figs, {b) and (c). In either case, 
therefore, the main girder or truss is to be considered as having four 
supports. 
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39. Arrangements of End Supports.— The arrangement of end 
supports must be such that when ready to turn the bridge will be free 
and clear from its bearings. When closed and ready for traffic the 
ends may (i) be left free, or (2) be latched down to prevent hammer¬ 
ing, or (3) be raised by wedges or other mechanical device so that some 
of the dead load is carried by the end support. For ordinary highway 
bridges the first method is often used, but for railway structures, and 
preferably in all cases, cither the second or third arrangement is em¬ 
ployed in order to prevent hammering at the ends and to secure a better 
continuity of roadway. The third method is the one generally used. 
The various details of these arrangements are discussed in Part III, 
but their effect upon stress calculations is fully explained in the follow¬ 
ing articles. 

40. Application of Continuous Girder Formulas in Stress Calcula¬ 
tions. —In the analysis of swing bridges the formulas derived in the 
preceding chapter arc, to a greater or less degree, applicable. When 
the structure is closed and the ends held in place, either by latching 
down or by raising sufficiently to prevent them from lifting, any live 
load coming upon the structure affects all the reactions; that is to say, 
the bridge, under live load, acts as a continuous structure over three or 
four supports, as the case may be. The resulting reactions must be 
determined on this basis and in their calculations use is made of the 
formulas of Chapter I. Generally the formulas for solid beams of 
constant moment of inertia arc used for all cases, whether the structure 
is a plate girder or a truss bridge. The results are therefore only 
approximate but arc usually sufficiently accurate for all practical pur¬ 
poses. After the design is completed more exact values of the stresses 
can be determined, if desired, by the use of the methods already men¬ 
tioned in Art. 34 These methods will be illustrated in the following 
articles and the errors of the usual approximate method will be deter¬ 
mined in certain cases. 

41. Loads. —The dead load for railway swing bridges is approxi¬ 
mately equal to the weight of a fixed span of the same length, less the 
weight of the turn-table, or the portion supported directly by the center 
pier. 

The Live Load ,—In the case of continuous bridges the inaccuracies 
in the calculations, due to approximations in assumptions and to tern- 
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perature effects, are very considerable, so that the refinements of the 
wheel-load method of analysis are quite unwarranted. The use of an 
equivalent uniform load is to be preferred, the amount of which may 
be selected by a consideration of the forms of the influence lines, as 
explained later. If the wheel-load method of calculation is preferred, 
the use of influence lines is the most convenient method of procedure. 
This is illustrated in Art. 57. 


Section II.—Tee Oentre-Bzarino Swing Bridge 


42. Formulas for Reactions.—Applying the theorem of three 
moments, as in Art. 20, we derive the following values for the reactions, 
for a single load P on the first span: 


Rj ^ P - - R3 .(3) 

For equal spans 

= 7 (4 - 5 ^ .(4) 

4 

R, = ^(3k-l^, .( 5 ) 

- 7 (* - ^*).(6) 

4 


To assist in the calculations, values of Ri and R3 are given in the follow¬ 
ing table, for P = 1,000 lbs., for various values of k, for trusses of equal 
spans and for various numbers of equal panels from two to ten in each 
span. For f?, use the relation R^ + R^ + R^ — P. The table may 
also be readily used for girders by dividing the span into a convenient 
number of equal divisions, such as 8 or 10, and treating the points of 
division as load points. From this table the total reactions for any 
series of joint loads or concentrations can readily be obtained. 
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TABLE No. 2 

CONSTANTS FOR REACTIONS, P =» 1,000 POUNDS, FOR BEAM CONTINUOUS 
OVER THREE SUPPORTS, WITH TWO EQUAL SPANS 


(For loads on the left span only.) 


No. of Equal 
Panels in Each 
Span. 

Values of k. 

+ 

Ri 

2. 

I 2 

4 - 406.25 

- 03-75 

f 

^ ^3 

592.6 

74-1 

3 . 

2 

240.7 

92.6 



i’j?, = + 833.3 

J 7^3 = - 166.7 


I ~ 4 

6 ) I 4 

58.6 


2 “ 

406 3 

03.8 

4 . 

3 

168.0 

82 .0 


• 

J 4- 1265.7 

J R-, = - 234.4 


1-^5 

752 .0 

48.0 


2 

516.0 

84 .0 


3 “ 

304 0 

96 0 

5 . 

4 “ 

128 0 

72.0 



2 ' = 4- 1700 0 

i* = - 300.0 


I -H6 

792 .8 

40.5 


a “ 

592.6 

74.1 


3 “ 

406 25 

93 75 

6 . 

4 “ 

240 -75 

92 .60 


5 “ 

103.0 

63.70 



I R^ = 4 - 2135.4 

= - 364.65 


1 7 

822.2 

35 0 


2 “ 

648.7 

6s.6 


3 “ 

484.0 

87.5 


4 “ 

332 4 

96.2 

7 . 

5 " 

i()8.2 

87-5 


6 " 

86.0 

50.0 

• 


J = 4- 2571.5 

R — — 428.7 


I -r 8 

844 -3 

305 


2 " 

6qi .4 

s8.6 


3 " 

544-5 

^.6 


4 “ 

406.3 

93-8 

8 . 

S " 

279.8 

Q 5-2 


6 “ 

168.0 

82 .0 


7 " 

73-7 

51-3 



i* R, 4- 3008.0 

- ^3 = - 4 Q 2.3 
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TABLE No. 2— {Continued) 


No. of Equal 
Pannels in Each 
, Span. 

Values, of 

Ri 

+ 




I ~9 

861.5 

27-5 



2 “ 

725.0 

52.8 



3 “ 

592.6 

74-1 



4 “ 

466.4 

89.2 



5 “ 

348 '4 

96.0 

9 . 


6 “ 

240.7 

92.6 



7 

145-4 

76.8 



8 “ 

64 5 

46.7 




2 R, = -f 3444 -5 

- ^3 — 555-7 



i 10 

875 25 

24-75 



2 “ 

752 0 

48.0 



3 “ 

631 75 

68.25 



4 " 

516.0 

84.0 



5 “ 

406 25 

93-75 

10. 


6 “ 

304.0' 

g6.o 



7 “ 

210.7? 

^.25 



8 

128.0 

72 .0 



9 " 

57-25 

42.75 




.i’ ^1 = + 3881.25 

2/?, =. - 618.7s 


43. End Conditions Assumed in Calculating Stresses.—Where the 
customary practice is followed of raising the ends after closing, so as to 
cause some dead-load reaction, the amount of this uplift is usually 
determined on the basis that it shall be sufficient to prevent hammering, 
or what amounts to the same thing, that the end reaction shall never 
become negative under partial live load. This requires the temper¬ 
ature variations to be considered as well as the deflections, questions 
which are. discussed in Art, 65. The net result is that the ends arc 
usually lifted an amount which, under uniform temperature conditions, 
will develop dead-load reactions of about one and one-ha!f times the 
maximum negative live load reaction, without impact. Tempera¬ 
ture differences among the various members of the truss will then cause 
considerable variations in reactions, and to provide for this in the 
design it is generally assumed that the reactions under dead load may 
vary anywhere between zero and a value equal to one and one half 
times the maximum negative live load reaction as mentioned above. 
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In calculating dead-load stresses, therefore, two cases are considered: 
Case I, bridge open, or bridge closed and ends just touching, and 
acting as a double cantilever; and Case II, bridge closed and ends 
raised, bridge acting as a continuous girder. The stresses resulting 
from either case are then to be combined with the live-load stresses to 
give maximum results. 

In calculating live-load stresses, the conditions giving rise to maxi¬ 
mum or minimum total stress should be kept in mind. In getting 
positive live-load moments and positive shears (considering the first or 
left-hand span), it is to be noted that the corresponding dead-load values 
of positive sign are a maximum with maximum uplift. For this case 
the structure is then to be assumed as lifted at the ends a maximum 
amount, and therefore as acting as a continuous girder under live load. 
For live-load negative moments and shears a minimum uplift is the 
most unfavorable condition and therefore for these calculations the 
bridge is generally assumed as just touching the supports under dead 
load. This being the case, when the live load extends over one arm 
only, the other arm is free or just touching, and the live-load stresses 
in the first arm are calculated as for a simple span. When both arms 
are loaded the ends come to a bearing and the structure is again a con¬ 
tinuous girder so far as the live loads are concerned. In either case 
the dead-load stresses are the same as for bridge swinging free, or Case 
I. Considering the position of live loads producing maximum positive 
and negative moments and shears, as shown by the influence lines of 
Art. 26, it will be found that the analysis may be separated into the 
following cases. 

Case I.—Dead load, bridge swinging, cantilever action. 

Case II.—Dead load, bridge closed and ends raised, continuous- 
girder action. 

Case III.—Live load on first span for maximum positive moments 
and positive shears, bridge acting as a continuous girder. 

Case IV.—Live load on both arms for negative moments and 
negative shears, both ends bearing, bridge acting as a continuous girder. 

The maximum results under Case IV, as shown by the influence 
lines of Art. 26, will generally require loads to be applied on two separate 
parts of the structure, or the use of broken loads.” This may or may 
not be a reasonable assumption, depending upon the location of the 
n.—4 
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bridge. If broken loads are not to be considered then the negative 
shears, excepting for sections near the centre, will be a maximum 
with loads on one span only, which condition, with minimum dead-load 
uolift, will cause the opposite end to rise and the first span to act as a 
simple span. We then may include an additional case: 

Case V.—Broken loads not considered. Live load on first span for 
negative shears, opjiosite end free, first span acting as a simple span. 

For sections near the centre the maximum negative values will be 
caused by a fully loaded bridge, Case IV. 

The maximum combined stresses are then found by combining 
Case II with Case III, and Case I with either Case IV or Case V. 

If the ends arc not raised but are simply latched down, the dead-load 
stresses are determined by Case I. These are then to be combined with 
those of cither Case III or Case IV. In this case the effect of tempera¬ 
ture variations should be separately allowed for. 

44. Plate Girder Bridge of Two Equal Spans.—Assume the follow¬ 
ing data: I == 80 ft.; dead load = 1,200 lbs. per ft. per girder; live 
load = equivalent uniform for moment in an 80-ft. span for Cooper^s 
£-60 loading, Fig. 3. 

From Fig. 4 we find for this loading, and a span of 80 feet, an 
equivalent uniform load for the quarter point of 3,450 lbs. per foot, 
hence for £-60 the loading will be 3,450 X 6/5 = 4,140 lbs. per ft. 
per girder. Broken loads will be considered as possible. The loads 
will be assumed as concentrated at points 10 feet apart. The dead- 
load concentration will be 12,000 lbs., and the live-load concentration 
41,400 lbs. The dead-load concentration at the end will be taken at 
6,000 lbs., and the moments and shears will be determined for the first 
span. Fig. 5 {a) shows the load points in this span. 

45. Case 7 . Dead Load^ Bridge Swingings Cantilever Action, —The 
calculation of moments and shears for this case requires no explana¬ 
tion. The results are shown by the curves marked I in Figs. 5 {b) 
and (c). In the curves of Fig. (c) the shears between consecutive load 
points are plotted as ordinates midway between loads and the points 
so found are connected by straight lines. 

46. Case IL Dead Load, Bridge Closed, Ends Raised, Continuous- 
girder Action. —^For this case the value of 7 ?^ is readily determined from 
the table on p. 47, using the 8-panel span. The total value of i?i for 
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a fully loaded bridge (i,ooo-pound joint loads) is + 3,008 — 492 = 
2,516 lbs. Hence for Case II, = 2,516 X 12 = 30,200 lbs. The 
moments at the several points are then found as for a single span. For 
point b, M = 30,200 X 10 = 302,000 ft.-lbs.; for point c, M = 30,200 
X 20 — 12,000 X 10 = 484,000 ft.-lbs., etc. The results arc shown by 
curve II, Fig. 5 (J). The shear in section a — b = = 30,200 lbs. ; 

shear in 6 — c = 30,200 — 12,000 = 18,200 lbs., etc. These shears 
are given by curve II, Fig. 5 (c). 

47. Case III, Live Load Positive Moments and Shearsj Continuous- 
girder Action, —In accordance with the principles explained in Art. 21, 
Chapter I, the first span is fully loaded for all moment centres excepting 
in the fifth part of the span next to the centre support. This part will 
include only the load point h. Hence for all other points the first span 
is fully loaded, and the second .span is not loaded. It will be assumed 
that the ends are fully raised before the live load comes on, as this 
condition gives greatest positive or least negative dead-load moments 
and shears. The combination of live- and dead-load effects under 
these conditions will therefore give maximum values. 

For first span fully loaded, Table 2, p. 61, gives R^ = 3,008 X 
41.4 = 124,500 lbs. The moments arc then found up to point g, in¬ 
clusive, as in Case II, and are shown in Fig. 5 (b) by curve III, For 
point h some of the loads should be omitted, determined as follows: 
The position of a single load which will cause zero moment at h is found 

by substituting in the formula ^ (sec Art. 20, eq. (26)). Here 

X 

-j- = 7/8, whence k is found to be 0.65. Therefore, a load placed 

0.65 / from a will give zero moment at h; loads placed on the right of 
0.65 I will cause positive moments at h and loads placed on the left will 
cause negative moments. As the 0.65 point comes between / and g, 
then for maximum positive moment at h joints g and h should be 
loaded. Loading these joints, Table No. 2 gives f?, = (168 + 74) X 
41.4 = 10,000 lbs. 10,000 X 70 — 41,400 X 10 = 286,000 ft.- 

Ibs. 

For the first span fully loaded the moment at h is o, and that at i is 
negative. The dotted line III a in Fig. 5 {b) shows the moments 
arising from a fully loaded condition. 
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For maximum positive shears the first span is loaded from the 
section in question to the centre. The shear in section a — h — ^ 

124,500 lbs. For section b — c, load from c to A, inclusive. Table 3 



gives = (3,008 — 844) X 41.4 = 89,500 lbs. This is also the 
shear. The results are given in Fig. 5 (c), curve IIL 

48. Case IV, Live Load Negative Moments and Shears, Continuous- 
girder Action, —^The maximum negative moments at all points except 
h will occur when the second span is fully loaded and the first span un¬ 
loaded. Case I, dead load, will need to be combined with this case, 
but it is to be noted that for Case I the dead-load end reaction is zero. 
Hence a live load on the second span only will lift the end at a free 
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from the support and the girder will not act as a continuous structure. 
It is assumed, however, in this analysis, that the live load may be 
divided into two or more separate portions (“broken loads’^? if 
necessary to produce maximum stresses. In this case, therefore, it 
will be assumed that the point a is also loaded, which will be sufficient 
to hold this end down. The second span will be fully loaded. 

The reaction is given in Table 2 (under R.^) and is — 492 X 41.4 = 

— 20,400 lbs. From this value the negative moments from b\.o g are 
determined. For point h it has already been shown under Case III 
that loads from 6 to / cause negative moments at h. Hence these 
points, in addition to the second span, should be loaded. The value 
ofi?i is [3,008 — (168 + 74) — 492] X 41-4 = 2,274 X 41.4 = 94,200 
lbs., and == 94,200 X 70 - 41,400 X 5 X 40 "== ~ 1,700,000 ft.-lbs. 
For point i both spans are fully loaded and the value of M is 

— 3,280,000 ft.-lbs. These moments are shown by curve IV. 

The value of 4/^, if loads from h io f are omitted, is equal to — 20,- 
400 X 70 — 1,428,000 ft.-lbs. This is shown by the dotted extension 

of curve IV. For hoih sj)ans fully loaded the moments at gy h, and i 
are shown by the dotted line IV a. The moment at h is the same as 
for second s])an only loaded. 

The diagram illustrates clearly the fact that the moments at h are 
but slightly increased by the use of the broken loads, over the values 
determined for one or both spans fully loaded. 

For negative shears the second span is fully loaded and the first span 
from the left end up to the section in question. The results are given 
in Fig. 5 (c), curve IV. 

49. Maximum Total Moments and Shears. —Assuming that the 
dead-load stresses when the bridge is closed may be either those of 
Case I or Case II, these stresses are to be combined with the live- 
load moments and shears of both kinds to arrive at the maximum 
positive and negative values. The results are shown by the full 
lines in Fig. 6. 

Fig. (a) shows that for the loads assumed, positive moments 
cannot exist at points nearer than 10 ft. from the centre; negative 
moments may occur at any point. Except for this distance of 10 ft. 
near the centre all flange stresses arc therefore subject to reversal. 

In the case of shears no positive shears are possible nearer than 
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about 30 feet from the centre; negative shears may occur at any 
point. 

50. Impact Allowance .—^In Fig. 6 the dead- and live-load moments 
and shears have been directly added, and the total stresses taken for 



/ iff 


4,000,000 


5,000,000 


-Maximum and Minimum Moments and Shears. 


the maximum or minimum. Under most modem specifications, how¬ 
ever, the live-load stresses would first be increased by a certain per¬ 
centage to allow for impact, or dynamic effect, before being combined 
with the dead-load stresses. The amount of such allowance is dis- 
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cussed in Chapter VIL Whatever this may be, it would be applied 
directly to the results for live load given in Fig. 5 and then combined 
with the dead-load curves. The resulting curves would vary con¬ 
siderably from those given in Fig. 6 and would cross the axis at different 
points, thus affecting not only the maximum stresses but the range over 
which a reversal is possible. 

51. Reversal of Stress .—^The reversal of stress indicated by the 
curves of Fig. 6 is based not only upon the varying effect of live load 
but also upon a changed condition of end supports, it being assumed in 
the one case that the ends are fully raised and, in the other case, that 
they are not lifted at all. The change due to live load may occur quite 
rapidly, but that due to a change in condition of the supports can 
hardly occur during the passage of a particular train. This circum¬ 
stance is commonly recognized in specifications by providing that in 
determining the sections of members subject to reversal only such 
reversal need be considered as may occur during the passage of a 
train. During such passage, therefore, the condition of end supports 
is to be considered constant and may be cither fully raised or not raised. 
The effect of this assumption is considered in detail in the example of 
Art.* 54. 

52. Effect of Unbroken Loads .^^—In the analysis represented in 
Fig. 5 it has been assumed that the live load may be divided into two 
or more parts (“broken loads’^). This assumption may or may not 
be legitimate, depending upon local conditions. Such a distribution 
of load would not occur except at very low speeds which would eliminate 
the question of impact. 

Positive moments and positive shears are not affected by this 
question, as the loading assumed for these values has been unbroken. 
For negative moments, however, if unbroken loads are assumed, the 
left end cannot be assumed as held down, and the live-load moments 
caused in the first span by loading the second will be zero. If both 
spans are loaded the resulting moments are as given by the dotted curve 
IV a, Fig. 5 (ft), and these are the maximum negative moments desired. 
These are then to be combined with Case I, dead load, giving the 
dotted curve of Fig. 6 (a), for the maximum total negative moments. 

Negative shears will be caused by loading the first span from the 
left end to the section in question, the second span being unloaded. 
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With this loading it is assumed that the right reaction is zero and there¬ 
fore that the first span acts as a simple beam. The shears for this 
condition are given by curve V, Fig. 5 (c). For sections near the centre, 
negative shear also exists when both spans are fully loaded, continuous 
girder action. These shears are given by curve IV a. Fig. 5 (c), and 
are seen to be greater than those of Case V for points on the right of e. 
Combining Case I, dead load, with Cases V and IV a gives the dotted 
line of Fig. 6 (6), as representing maximum negative shears with un¬ 
broken loads. 

53. Ends Latched Down .—If the ends are not raised but are simply 
latched down, then in the use of unbroken loads negative reactions will 
occur. For negative moments the results will be the same as for broken 
loads, excepting for point /i, which maximum will now be given by the 
dotted line /F, or IV a. Fig. 5 (6). For negative shears a full load on 
the second span will give a negative reaction at a, equal to 492 X 41.4 = 
20,400 lbs. This will be the greatest negative shear up to the point 
where the shear for a fully loaded bridge (curve IV a) gives a greater 
result, or to point d inclusive. 

Where the ends are latched down the dead-load stresses are those 
of Case I, but temperature variations need to be taken into account 
by a separate allowance. This may be done by adding the stresses 
resulting from a certain positive or negative end reaction, calculated on 
the basis of assumed temperature variation, as explained in Art. 66. 
These stresses will be plus or minus and should be added to all com¬ 
binations of dead- and live-load stresses. Where the ends are raised, 
as described in Art. 43, the combination of both Case I and Case II, 
dead load, with the live-load stresses, makes adequate allowance for 
these temperature variations. The possible amount of such variations 
is discussed in Art. 66. 

54. Centre-Bearing Truss Bridge of Two Equal Spans. —Assume a 
truss of the dimensions given in Fig. 7. The dead load above the turn¬ 
table is assumed to be 1,200 lbs. per ft. per truss, and all applied at the 
lower joints. The joint load at a, bridge open, is taken at 18,000 lbs. 
The live load assumed is the engine loading of Cooper’s £-50 class. 
The method of influence lines will be used in getting live-load stresses. 
Unbroken loads will be assumed. 

55. Case I. Dead Load, Bridge Swinging .—^The stresses for this 
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condition are readily found, either graphically or algebraically. Fig. 
7 (d) gives the stress diagram and in Table p. 63, the stresses are 
given in Col. (2). 

56- Case //. Dead Load, Ends Raised .—In this case the load at a 
need not be considered. The value of i?i is given in Table 2 on p. 47, 
for the 4-panel truss. It is equal to (1,266 — 234) X 36 = 37,150 lbs. 
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The diagram of Fig. 7 (e) is then readily drawn. The stresses are given 
in Col. (3) of the table of stresses. 

57. Case IIL Live Load on First Span Only^ Maximum Positive 
Moments and Positive ShearSy Continuous-girder Action ,—This case 
gives maximum tension in lower chord, maximum compression in up¬ 
per chord, and maximum stresses in the web members resulting from 
positive shears. For member D e the vertical component will be con¬ 
sidered instead of the shear, as the chord D E takes part of the shear. 

The influence lines for moments at i, c, J, and e are given in Fig. 
7 (b). These are constructed for unit loads, using the reactions given 
in Table 2. Thus for joint c the bending moments due to load unity, 
placed successively at the several joints, are calculated as follows: 


Position of Unit Load. 

Value of Ry. 

Moment at c. 

b 

.691 

.691 X I xti == 

c 

.406 

.406 X2d = 24.36 

d 

.168 

. 168 X2d = 10.08 

f 

— .082 

— .082 X 2rf = — 4.92 

g 

-.094 

“ .094 X2d ~ —5.64 

h 

-059 

-.059X2</ = - 3.54 


For joint d the work may be shortened by noting that the moments for 
unit load at </,/, gy and h are each equal to 3/2 times the corresponding 
moment at c, as the only change is in the lever arm of R^, For point 
b the moments due to loads at c, dy /, gy and h are one-half those at 
joint c. 

Having the influence lines drawn the maximum moments are 
found by trial for the given wheel-loads concentrations. For this pur¬ 
pose the influence lines may conveniently be drawn on profile or cross- 
section paper so that the ordinates can be read off directly. Then the 
wheel loads should be laid off on a strip of paper to the same scale. 
The locomotive may be headed in either direction but the second span 
is not to be loaded. On this strip should be drawn circles indicating 
relative weights of wheels, and the weight of each wheel written in 
the circle. To get any desired moment or web stress for any given 
position of the loads, place this strip in the given position on the base 
line of the influence line, read off the ordinate above each load, and 
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sum the products of the loads times ordinates. Two or three trials 
will usually serve to determine the maximum value of a moment or 
stress. The principle stated in Art. 123, Part I, that maximum 
values are caused only when a load is placed under a convex point 
on the curve, will aid in selecting the proper position of loads. 
The similarity of the influence lines to those for simple bridges will 
also aid in finding this position. The calculations can be shortened 
by dividing the loads into convenient groups, then read off the or¬ 
dinate above the centre of gravity of such group, and multiply by 
the total weight. Only those wheels under a single straight seg¬ 
ment of the influence line can be so grouped. 

The accuracy of this method of computation is much greater than 
that of ordinary graphical methods. Errors are compensating rather 
than cumulative. If the lines are drawn to such a scale that the 
larger ordinates are two or three inches in length, results may easily 
be obtained within one per cent of the correct values. 

In Fig. 7 (c) arc shown the influence lines for shears in the panels 
a by b Cj and c d, and for the vertical component of the stress in D e. 
In this case members D E and d Cy produced, intersect at a, so that 
the stress in ^ is the same as in a simple span. Continuous-girder 
action is here assumed. The maximum positive shears are deter¬ 
mined by trial, train headed toward the left and the second span not 
loaded. This assumes a single locomotive or two locomotives present, 
as the case may be. The small amount of load which might nec¬ 
essarily come upon the second span is neglected, as the effect in any 
case is small. 

From the results for positive moments and positive shears, the 
chord and web stresses arc calculated and these are given in Col. (4) 
of the table of stresses. The compression in c 7 > is small and much 
less than the dead-load tension. 

58. Case IV. Maximum Live-Load Negative Moments and Nega¬ 
tive Shears, Continuous-girder Action. —^These moments and shears 
are determined from the influence lines of Figs. (/;) and (c) in the 
manner already described. For negative moments the second span 
only is loaded, excepting for point e, which requires a load extending 
over both spans. For negative shears three conditions of loading 
may need to be considered, the first span loaded on the left of the 
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panel in question, the second span fully loaded, and both spans 
loaded. For panel b c the area a 6" of the influence diagram, 
as compared to area e g' k shows the relative effect produced by the 
first two positions mentioned. The large positive area, c' e shows 
that the third position need not be tried in this case. For panel c d, 
a load extending from a to will evidently cause greater shear than 
a load on the second span, but the positive area Wj rf' e being small, 
it is possible that the greatest shear will occur for a load on both 
spans. For stress in D e both spans should be loaded. The several 
results arc given in Cols. (5) and (6) of the table. For Ben load 
on the first span gives a stress of 36,700 lbs., while a load on the 
second span gives a stress of 32,300 lbs. For c D the maximum 
stress is caused by loading the first span only. 

59. Case V. First Span Fully or Partially Loaded, Bridge Acting 
as a Simple Span. —When the ends of the truss are not fully lifted, 
a load on one arm is assumed to cause no reaction at the far end, in 
which case the loaded arm will act as a simple span. This condition 
will give maximum negative shears in some of the panels, as shown 
in the previous problem. It will also give information required in 
determining reversal of stress during the passage of a train. The 
stresses are determined exactly as for a simple span, but both kinds 
of web stress should be found for members B c and c D. Influence 
lines for these moments and shears are shown in Fig. 7 by dotted 
lines. Resulting stresses are given in Col. (7) for all members, but 
it will be found that many of these arc not needed in the combinations. 

60. Maximum and Minimtun Stresses. —In Cols. (8) and (10) 
are given the maximum and minimum stresses as determined by 
combining Case II with Case III, for stresses caused by positive 
moments and shears, and Case I with IV or V for stresses caused by 
negative moments and shears. In the latter combination it is to be 
carefully noted whether Case IV or Case V is to be used. Case IV 
is to be used only when both arms are loaded (Col. (6)), for when 
only one arm is loaded, with ends not raised, the far end will be lifted 
and the loaded arm becomes a simple span. Case V is then to be 
used. Member D Eis the only chord member having a tensile stress 
(negative moment at e) for Case IV, both spans loaded. This stress 
is given in Col. (6). In the case of the web members, B Cy cDy 
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and D e, the greatest of the values in Cols. (6) and (7) due to 
negative shear are to be combined with Case I. The results in Cols. 
(8) and (10) give full information regarding the greatest and the least 
stresses in all the members. 

If, in addition to the absolute maximum and minimum stresses, 
it is desired to know the greatest range of stress during the passage 
of a single train, then the maximum and minimum live-load stress 
must be combined with each of the dead-load cases, keeping in mind 
whether the structure is acting as a continuous girder or a simple 
span. The additional combinations for minimum values occurring 
during a single-train movement, the condition of the end supports 
remaining fixed, are given in Cols. (9) and (ii). In Col. (9) are 
combined the stresses under Case II, with the live-load stresses from 
maximum negative moments and shears. As the structure of Case II 
acts always as a continuous girder, the live-load stresses to be he^e con¬ 
sidered are therefore to be taken from either Col. (5) or (6), whichever 
is the greater. In Col. (ii) the dead load is Case I, and the structure 
acts as a continuous girder only when loaded on both arms. The 
live-load stresses are therefore to be taken from Col. (6) or (7). The 
stresses shown in Cols. (9) and (ii) will be needed in the design only 
when of opposite sign from those in Cols. (8) and (10) respectively. 
When this is the case then the member will be designed for either 
combination of stresses, the combination given in (8) and (9) or that 
given in (10) and (ii). Thus member BDy for example, will be 
designed for a maximum compression of 184,800 lbs., with a reversal 
to 7,300 lbs. tension; and also for a compression of 118,200 lbs., with 
a reversal to 72,000 lbs. tension, using the greater of the two areas 
thus found. Similarly B c will be designed for a tension of 72,200 
lbs., and compression of 35,100 lbs., or a compression of 105,000 
lbs., and tension of 20,800 lbs., using the greater area. 

Impact allowances made to live-load stresses are made directly 
to the stresses given in Cols. (4), (5), (6), and (7). The resulting 
values are then to be combined with the dead-load stresses in the same 
manner as here described. 

61. Use of Influence Lines for Determining Position of Loads.— 

If desired, the influence lines may be used to determine only the 
position of loads for maximum and then the value of the maximum 
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itself may be exactly determined‘from panel concentrations, calculated 
as explained in Part I, Art. 148. For example, the influence line for 
moment at c, Fig. 7, is very similar to that for moment at c in the 
simple span a-e. The position of loads will therefore be determined 
very closely if we use the position for moment at in a simple span 
a-e. This is found by the usual criterion to be with wheel No. ii 
at c. With this position of loads, the panel concentrations may then 
be calculated and the moment found by multiplying these loads 
by the ordinates to the influence line given on p. 59 and adding the 
results. Or, the position having been determined by applying the 
criterion for a simple beam, the moment may still be found by using 
the influence line directly, summing up the products of ordinates 
times wheel loads. 

For moment at d notice that the influence line approximates to 
that for moment at in a simple span m e. 

The influence line for shear may be used in the same way, but in 
this case there is less likely to be any error in the selection of the 
position for maximum values. 

62. Use of Equivalent Uniform Loads.—The influence lines may 
also be used to select a suitable equivalent uniform load, in the same 
manner as explained in Art. 173 of Part I. Thus for moment at d 
the dotted straight line d'm may be substituted for the broken line, 
giving the approximate influence line m-d'-e. The proper equivalent 
load is then the uniform load for moment at c/ in a beam m e which 
is at the 0.3 point in a loo-ft. beam. This is found by Fig. 4 to be 
3,340 lbs. per foot. This load, then, multiplied by the area of the 
true influence line, a-d'-e, will give the desired moment. The ordi¬ 
nates to this influence line are 2.19, 6.54, and 15.12, respectively, and 
the area = 715.5. The moment at (/ = 715.5 X 3,340 = 2,390,000 
ft. lbs., and the stress in c-d-e = 79,700 lbs. The value obtained 
from the concentrated loads was 79,800 lbs. 

Again, the influence line for positive shear in panel b c \s c' e. 
This is of nearly the same form as that for moment at in a beam 
or at the 0.2 point in a beam 77 ft. long. From Fig. 4 this is 
found to be 3,500 lbs. per ft. The area of the influence diagram 
is 14.58 and the stress in B c is therefore 14.58 X 3,500 X 1.414 == 
72,200 lbs. The value given in Table A is 70,600 lbs. 
n.—s 
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A convenient way to carry out this method is to calculate all 
stresses for a uniform load of unity per foot and then to multiply the 
stresses so found by the proper equivalent load determined for each 
member. 

63. True Reactions Calculated from Deflections. —It was noted 
in Art. 34 that in the application of the usual beam formulas to 
trusses there are two sources of error: (i) that due to the assump¬ 
tion of a constant moment of inertia and (2) that due to the neglect 
of the web distortions. The first can be avoided by the use of formulas 
for variable moment of inertia, but the latter only by the application 
of the theory of deflections or of redundant members as explained in 
Chap. VII, Part I. Generally it is found that the two sources of 
error mentioned tend to compensate, so that if correction is made for 
variable moment of inertia and not for web distortion, the result is 
apt to be more in error than when both are neglected. If, therefore, 
It is desired to employ a more exact method than the usual one, 
the method of redundant members should be used. While the usual 
methods give results accurate enough for most purposes it is de¬ 
sirable to know in general what the range of error may be, and in 
some cases to make a detailed analysis by the exact method. 

As the theory of redundant members requires a knowledge of the 
cross-sections of all the members, it is necessary, before this method 
can be applied, to determine these sections from calculations based on 
the usual beam theory, or some other approximate method. The 
sections being known the exact stresses may then be found. If the 
preliminary sections are too greatly in error they can be corrected 
accordingly. Such a change in section will cause some change in 
the reactions and the stresses, but not generally enough to require 
a second calculation. 

In the application of the method of redundant members it will be 
convenient to consider the centre reaction R2 as redundant. Then, as 
in Art. 32, the value of R2 is given by the equation 
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in which 

5 ' = stress in any member due to the given loads, with the 
structure supported at the two ends; 

u = stress in any member due to one pound upward load applied 
at the centre; 

I and A = length and cross-section, respectively, of any member. 

By the application of eq. (i) for a unit load at each of the loaded 
joints, the influence line for can be drawn, which can be utilized very 
readily in the construction of the true influence lines for moments and 
shears. The labor of the calculations will be reduced if two loads of 
unity be assumed, symmetrically spaced. Thus in Fig. 7, to determine 
/?2 for a load at c, assume a load unity at both c and g and determine 
the value of for these two loads. For a symmetrical load such as 
assumed the stresses S' need be calculated for one-half only. Also 
the stresses u need be calculated for one-half only. Then substituting 
in (i) the result will be the reaction for the two loads. But the 
reaction for the two loads is equal to twice that for one of them, 
hence the result obtained by using summations for one span only 
is twice the correct value for i?2 for a single load. 

The graphical method is very convenient in such problems as 
these. A single displacement diagram for the bridge supported at the 
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ends, and loaded with unit load at the centre is all that is required. 
From this diagram the deflection curve of the lower chord joints is 
drawn. Let Fig. 8 represent such deflection curve. Then by the 
principles explained in Arts. 220 and 223, Part I, the deflection at c 
caused by a unit load at any other point d is equal to But a unit 
load (or reaction) at e causes a movement of 3 ^, hence the reaction at 
fcdue to a unit load at d is equal to 3 ^j 3 ^, or, in gefteral 
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in which 8 is the deflection of any given joint due to one pound at 
bridge considered supported at the ends only, 8 ^ is the deflection at 
joint e, and R2 is the center reaction due to one pound placed at the 
given joint. The influence line for i?2 is therefore obtained by 
plotting the deflection curve to such a scale that 8 ^ is unity, or by 
replotting the values 8 / 8 ^. 

64. Application to the Truss of Fig. 7. —The method of redundant 
members will be applied to the truss of Fig. 7 and the true influence lines con¬ 
structed. The graphical method will be used. The lengths, cross-sections, 
stresses, and values of al/A for unit load at e are given in the table below. 
As the direction of R2 is not in question the unit load at e will be taken as 
acting downward. 


Member. 

Length 

1 Cross-section 

A. 

u . 

74 

a-b~c 

720 

17-3 

+ .50 

4- 20.8 

c-d-e 

720 

i () .8 

+ 1.50 

+ 54-6 

B - C-D 

720 

28.0 

— 1.00 

- 25-7 

a B 

506.0 

36.1 

- .707 

- 9.9 

Be 

506.0 

19.8 

0 

-f 

“f" 18.1 

cD 

506.0 

21.4 

- .707 

— 16.7 

D e 

506.0 

44.8 

0 


D E 

379-4 

27.9 

~ 1.58 

- 21.5 

Ee 

480 

33-4 

+ 1.00 

+ 14-4 


The quantities in the last column, divided by are the deformations to be 
used in constructing the displacement diagram. The quantity K may be 
omitted as only relative results are needed. The diagram may be started at 
the centre vertical, the point e being assumed stationary. The diagram is 
shown in Fig. 9. One-half only is drawn. From this diagram the vertical 
movement of all joints wath respect to a horizontal line a-k may be measured. 
Dividing each deflection by the deflection of joint e and plotting the results, 
gives the influence line for R2 shown in Fig. 10 by the full line a e' k. For 
convenience the ordinates are plotted above the axis. The numerical values 
of the ordinates, or values of i?2» follows: 


Point Loaded. 

b 0.354 

c 0.685 

d 0.940 

e I. 000 


, By the approximate method previously used the corresponding values of 
are: 0.368; 0.688; and 0.914, respectively. 
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Having the influence line for other reactions, and the moment and 

shear at any section for a load at any point can be determined and any desired 
influence line drawn. Or, we may proceed more quickly as follows: Consider 
the moment at Fig. 10. A load P placed on the structure at any point, 
as r, will cause a moment at h which may be 
calculated in two parts, (i) the moment which 
would result if the structure were supported ‘ 
at the ends only, and (2) the moment due to 1 \ 

the centre reaction i?2* The moment due to (i) | \ 


is equal to 


P (2 I - kl) 


P (2 

X a = —^ 


and that due to R2 is equal X ^ . If yc 
= ordinate cc'y then R2 — P yc, ^i^d the total 


moment 


nate c d' 


P [ (2 ~ k) - y, ] ' 


But ordi- 


2I- kl 


~2 ~ ky hence dd* 


= (2 — yc- Therefore if d P' be mul¬ 
tiplied by aj 2 the result will be the moment 
at b for a unit load at c. Likewise for a load 
at any other joint, the ordinate at the joint be¬ 
tween the straight lines a If — P' ky and the 
curve a d k, if multiplied by the constant a/2, 
will represent the moment at h. The shaded 
area therefore serves as the influence area for 
moment at b. 


The influence diagram may be recon- yio. q. 

structed to a horizontal base and true scale by 

plotting the ordinates d b^y d cfy etc., multiplied by a/2. The replotted 
diagram will be similar to the diagrams of Fig. 7 {b). 

For the other points, c and </, the influence lines arc obtained by drawing 
the straight lines a r" and a df. The true ordinates are then equal to the 
ordinates between these lines and "the curve for Pj? niultiplied in each case 
by a/2, where a is the distance of the moment centre from the left end of 
the span. 

The true influence lines being thus drawn the exact stresses can be deter¬ 
mined in the same manner as the approximate values; but a comparison of 
the two methods can readily be made by comparing the curves for the approxi¬ 
mate and exact values of Pj- I^ Fig. 10 the dotted curve ad k gives the values 
by the approximate method, corresponding to the analysis already made. 
The error in stresses is clearly indicated by the area enclosed between these 
two curves as compared to the area of the influence diagram for any particular 
moment (or shear). In this case the errors are seen to be very small. For 
example, the influence areas for positive moments (multiplied by a/2), are as 
follows: 
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Exact. 

Approximate. 

Per Cent Error. 

Mb 

113-5 

113.8 

+ 0.3 

Me 

137-0 

137-7 

+ o.s 

Md 

70-5 

71.6 

+ I-S 


For shears a similar method of constructing influence lines may be used. 
Consider the shear in panel h r, Fig. lo. For unit load at c, truss supported at 



the shear due to Rz = R2/2 = —. The t ^tal shear = [ (2 “ i) — X 

2 

^ The ordinate c'c" = (2 - k) — Vr,' ' e the shear — c" X i- The 
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ordinates of the shaaeo arer in general, multiplied by will therefore give the 
true influence line for shear in panel b c. The line a b" ' k' is parallel to k] 
and the line ab^' (f k has double the ordinates of the influence line for shear 
in a simple truss. The shear influence lines for the other panels are drawn as 
indicated. 

The method of constructing influence lines here described may of course 
be used in the usual approximate analysis. The curve for is first con¬ 
structed, after which all the influence diagrams are drawn without further 
calculation. They may then be redrawn, if desired, on a straight base line 
and to a correct scale. The method here used will be found of general utility 
also in the analysis of arches and suspension bridges. 


65. Deflection under Dead Load and Amount of Uplift Required.— 

In order to design the end-lifting mechanism it is necessary to know 
the amount of uplift required and the force necessary to produce it. 
The full dead-load deflection, bridge swinging, is given by the general 
S ti I 

formula A == T where S = dead-load stress, bridge swinging, 


and u = stress for i pound applied at the end. The amount of 

I 

upward deflection produced by a i-pound force \s d ^ I 


total force required to remove all the dead-load deflection (the true 


dead-load reaction for a continuous girder) is therefore I 


Sul 

EA 


V 


u^l 

ITa' 


exactly as found in Art. 63 for the centre reaction Ro. If the ends are 
10 be lifted only sufficiently to prevent the live load from raising the 
end from its support, then the movement required must be sufficient 
to develop a reaction equal to the maximum negative live-load reaction. 
If this be then the required movement = 0 R\ If any other de¬ 
sired amount of reaction is to be obtained, the distance to be moved is 
readily determined in the same manner. 


In the truss of Art. 64 the value of A 


Sul 

EA 


for the dead load. 


Case I, is found to be 1.47 in., which is the full deflection from 
normal position, and is the uplift required if the ends arc to be 

u^l 

fully lifted. The value of I —— == 0.0000268 in. The resulting 

reaction (true dead-load reaction) = 1.47 0.0000268 = 54^700 lbs. 

The maximum negative live-load reaction = 22,800 lbs. (stress in 



86 


SWING BRIDGES 


ahc \n Col. (5), Table A). To prevent hammering, therefore, the 
uplift must be at least 22,800 X 0.0000268 = 0.612 in. In practice, 
the uplift would be made somewhat greater than this in order to pro¬ 
vide for variations in temperature (Art. 66), and imperfect adjustment. 

66. Effect of Temperature Variations. —A very important question, 
and one of especial significance when discussing the accuracy of work¬ 
ing formulas, is that of the effect of a variation of temperature between 
different members of a swing bridge. The effect on reactions of any 
given difference of temperature can very quickly be found in the same 
manner as the true reactions for loads. 

Let t -= change of temperature of any member; cd = coefficient of 
expansion, = .0000065 per i® F.; I = length of member. Thena>// = 
total change of length of any member. The deflection of the end ot 
the truss due to the change of length of this member will be u oj tl, 
where w has the same significance as in the previous calculations. For 
a change of temperature in any number of members the end deflection 
will be 

= 2’ W / /.(3) 

The reaction necessary to produce a like deflection, or the reaction 
caused by the assumed temperature changes, will be 

= .(4) 

For example, suppose the lower chord of the bridge of Fig. 7 drop 
in temperature 10” below that of the remaining members. In this 
case (jjtlioT each chord member = 0.0234 in. and I u = & (one pound 
at a), whence the deflection = 0.187 in. and = 0.187/0.0000268 = 
6,960 lbs. 

Observation of the variation in deflection of swing bridges indicates 
that the differences in temperature may readily amount to 30®, thus 
giving rise to variations in reaction of as much as 50 per cent of the 
normal dead-load reaction. 

The great effect of temperature variations evidently renders useless 
any great refinement in calculations and indicates that the ordinary 
formulas are accurate enough for all ordinary cases. 

67. Counter-balanced Swing Bridges. —^Frequently in the case of 
narrow channels it is necessary to avoid the construction of a pier in the 
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channel. In such a case the pivot pier must be built at the margin and 
a single arm of the swing span made of the length required for the open¬ 
ing. The other span is needed only for balancing the channel span 
and is made as short as convenient, and weighted with pig-iron or other 
heavy material. It may or may not support a panel of the live load. 
The stresses are found by the application of the general formula for 
unequal spans (Art. 23), and involves no new principles. 


Section III.— The Rim-bearino Swing Bridge 

68. Rim-Bearing Swing Bridge,—Truss Continuous over Four 
Supports.—A method of construction formerly quite general is shown 
in Fig. II. The central panel is fully braced and the truss is continuous 
over four supports. 

With some writers it has been customary to apply to this form of 
truss the formulas for a continuous beam of four supports,—formulas 
based on the assumption of uniform moment of inertia and a neglect 
of deflection due to shearing stresses. These formulas give results 
closely approximate for beams and long-span trusses, and fairly good 
results for two-span swing bridges; but their application to trusses of 
such short spans as here considered leads to very erroneous con¬ 
clusions. With only one span loaded large negative reactions are 
obtained at B or C, reactions much greater than can ever really 
occur, and which greatly exceed the dead-load positive reactions. 
To furnish these negative reactions some form of anchorage would 
have to be provided at B and C, a thing quite impracticable in 
a swing bridge. 

Again, the central span 5 C is so short that the effect of the web 
distortions (neglected in the beam theory) becomes of great importance 
and an exact analysis will show that the resultant dead- and live-load 
reaction at 5 or C will never be negative (the negative live-load reaction 
will never be large and always much less than the dead-load positive 
reaction). An example will be given showing the results obtained by 
the two methods of calculation. 

69. Calculation by Continuous-girder Formulas ,—Considered as a 
beam continuous over four supports, and with equal end spans, the 



88 


SWING BRIDGES 


reactions due to a single load on the first span are given by the following 
formulas derived in Art. 25: 


R,-P(i-t) - - f) 

R, - P t + F it - IP) 


n 




. . (i) 


in which n = ratio of centre to end span and N — 4 + S n + ^ n^. 
Assume, for example, a truss of the same span lengths as the 



Fig. II. 


structure of Art. 76, and suppose this to be rigidly braced in the centre 
panel and to be treated* as a beam continuous over four supports 
(Fig. 13). Assume a dead joint load of 30,000 lbs., and a live joint 




Fig. 12. 

load of 75,000 lbs. The value of w = 0.107 and N = 4.89. Applying 
eq. (i) we find, for dead load, 56,100 lbs., and R2 = 

^3 ^ + 93,900 lbs. The value of for full live load on the first span 
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is by eq. (i), i?, = - PI {k - k^, in wLch I {k~k^ 

is the summation for the several load points on the first span. From 
this we find i?3 = — 486,000 lbs. The total reaction at h is therefore 
— 486,000 4- 93,900 = — 392,100 lbs. To provide this amount of 
negative reaction would require a strong and rigid anchorage, an 
arrangement of much difliculty. It is further to be noted that if i?3 is 
negative, is at the same time positive. One assumption sometimes 
made is that whenever the net reaction at h becomes negative this point 
rises slightly from the support and the bridge becomes a two-span 
structure with supports at a, and n. Such action would probably 
occur, but would also be objectionable as it would cause a very unequal 
distribution of load on the drum and turntable. It will be shown, 
however, that the true reaction at h is never likely to be negative. 

70. CalculaHon by Method of Redundant Members ,—Applying the 
theory of redundant members to the truss of Fig. 11, it is noted that the 
structure is doubly indeterminate. The two redundant forces may 
conveniently be taken as the reactions R2 and R^* With these removed 
the truss is a simple span, the stresses in which arc readily calculated 
for any given loading. As developed in Art. 225, Part I, let 

5 ' = stress in any member due to the given loads, truss supported 
at A and D only; 

u = stress under the same conditions for i-pound reaction at B] 

V = stress under the same conditions for i-pound reaction at C. 
S = total actual stress in any member due to given loads and all 
reactions. 


Then 


S = S' + UR2 vR., 


Also, since the deflection at B is zero, 


y Sul 

“ EJ 


= o. 


(2) 

(3) 


and likewise, as the deflection at C is zero, 


Svl 

EA 


= 0. 


Substituting the value of 5 from (2) we have 


S'ul 

EA 


+ Rj 


uH 

EA 




uvl 

EA 


= o. 


• . (4) 

. . ( 5 ) 
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and 


Tf P 


^y-i-o. 

EA 


. ( 6 ) 


The graphical method explained in Art. 223, Part T, can be utilized 
to calculate the variations summations of eqs. (5) and (6), and it will 
be found convenient to determine the reactions for a load of i pound at 
any joint. 

In accordance with the method above referred to, it will first be 
necessary to construct a displacement diagram of the truss for a one- 
pound load applied at B, truss supported at A and D. Then from this 
diagram the deflections of each of the lower joints is determined with 
respect to the supports A and D, and a deflection curve constructed. 
Suppose Fig. 12 {a) represent such deflection curve. Then suppose a 
similar curve to be drawn for a one-pouiid load at C. For a sym¬ 
metrical truss, like the one considered, this will be similar to the curve 
for load at B and need not be actually constructed, but for clearness 
it is shown in Fig. (6). 

Now consider a unit load Jlpplied at any joint N. In accordance 
with the principles explained in Art. 220, Part I, the ordinate 
will be the deflection of joint B due to this unit load; and the ordinate 

Fig. (6), will be the deflection of joint C for this load. Further¬ 
more, the ordinate is the deflection of B for one pound at C, and the 
ordinate d\ is the deflection of C for one pound at B, Noting the 
significance of the various summations in eqs. (5) and (6), and assum¬ 
ing S' to be the stress in any member for a one-pound load at AT, we 
have the following identities: 


S'ul 


- 


A 

uvl 


= ^6; - 


5. 

A 

vH 


0 


( 7 ) 


Substituting in (5) and (6), and neglecting the quantity E, we have 

— + Rj 8 =0 

- 8 \ + R, 8',, + R, 8\ = o 


(8) 
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Solving these for R2 and we derive 




3n5',~S'„§ , 
h ^'c - ^’b 

^'b - ^'7, ^b 

K^'b - S',3,- 


(9) 


For a symmetrical truss, as here assumed, = S'^, and we also have, 
in all cases, = d\, hence (9) reduces to 


R. = 


<\ '\ ^ f • 


R. = 


, 3 h — 8„ 


2 ;> 2 
Ob — 0^ 


(10) 

(11) 


The value of (V^ is obtained from Fig. 12 (a) on the right of the centre. 

From cqs. (10) and (i i) the reactions R2 and R.^ can be very quickly 
calculated for a unit load at any joint, and from them the true reactions 
for any loading. It will be noted that R^ will be 4- or — according 
as the value of d\ is greater or less than (\ 

Applying this method to Fig. 13, the displacement diagram is first 
to be drawn for one pound at truss supported at a and n only. The 



Fig. 13. 


cross-sections and lengths of the various members, excepting the centre 
diagonals, are given in Art. 76. To avoid the multiple system the 
centre diagonals will be assumed as shown in Fig. 13 and to be of 24 
sq. in. each in section. The stresses u are then calculated, the values 
ofw//i 4 ,and finally the displacement diagram drawn. The values 
of the several deflections (times E) measured from this diagram 
are as follows, d denoting the deflection of any joint on the left and 
y that of the corresponding joint on the right:— 
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Joint 

d 

d' 

b 

126 

119 

6 

235 

225 

d 

338 

322 

e 

416 

398 

f 

465 

447 

g 

480 


h 

466 



Substituting in eqs. (lo) and (ii) we derive the following values 
for i?2 and R.^ for unit loads: 


Joint Loaded. 


b 

0-378 

— 0. II8 

c 

0.609 

~0.122 

d 

0-934 

-0.256 

e 

1.089 

—0.229 

f 

I-137 

-0.173 

First span fully loaded 

4.147 

00 

d 

1 


From this we find that for the first span fully loaded with P = 75,000 
lbs., R2 = 311,000 lbs., and = — 66,500 lbs. The total dead- and 
live-load reaction at /t = + 98,000 — 66,500 = + 31,500 lbs. We 
also find, from moments about D or A, the true values of R^ and R^ 
for first span loaded, to be -f 155,000 lbs. and — 24,500 lbs., respect¬ 
ively. 

71 o Comparison of Results .—^The value of R^ was found in Art. 
69, by the continuous-girder theory, to be — 486,000 lbs. Comparing 
this with the correct value of — 66,500 lbs. given above it will be seen 
that the continuous-girder method is quite inapplicable to such a case. 
Again, the value of R^ is found by the two methods to be — 24,500 and 
+ 2,400 lbs., respectively. 

It may be noted here that the method of analysis of Art. 76, for the 
truss partially continuous over four supports, may be applied with little 
error for end reactions to the case here considered. By that method 
the value of R^ for first span fully loaded is 163,900 lbs., and R^ = 
— 23,600 lbs. i?2 = 211,100 lbs. 

In trusses of this type the formulas for a two-span bridge are often 
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used for calculating the end reactions, with fairly satisfactory results. 
Thus for the ist span loaded the coefficients on page 47 give a value of 

== 160,000 lbs., and = — 27,300 lbs., compared to values of 
155,000 and — 24,500 lbs. respectively. 

72. Stresses in Centre Diagonals .—If the reaction at h had the large 

negative value found by the application of the beam formulas the shear 
in span g h would be 484,000 lbs., giving a stress in each of the diagonals 
of 304,000 lbs., which would require the use of a large member as 
assumed. Considering the true reactions, however, the shear is equal 
to i?3 + = — 91,000 lbs., giving a maximum stress of only 57,200 

lbs. in each diagonal or only 2,400 lbs. per sq. in. for the section 
assumed. If smaller members had been used their unit stress would 
have been only slightly larger as the deformation is necessarily about 
the same. This is an important deduction, for it shows that whatever 
the size of member used in this panel the unit stress will be low. 

From these considerations it is evidently advisable to employ for 
the diagonals of this panel, members of only sufficient sectional area to 
stiffen the structure, when open, against wind and any unbalanced 
dead load. Then in the analysis these small members may be neglected 
and the calculations made as explained in the following article. Large 
members serve no useful purpose. In recalculating old structures, 
where large members have been used, the foregoing analysis shows 
that they may likewise be neglected. In modern practice small diago¬ 
nals are generally employed, making a truss partially continuous over 
four supports (Art. 74). 

73. Truss Continuous over Three Supports. —^To avoid the objection 
to the truss continuous over four supports, noted in Art. 68, some 


E 



trusses have been constructed of the form shown in Fig. 14. In this 
form the link E F carries the load at the centre to the rigid frame 
B FC. The length of the nanel BC \s made equal co the width of the 
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truss in order that the weight upon the turntable may be uniformly 
distributed. The length of the other panels in the lower cho^d is 
independent of B C, The analysis is precisely the same as for a simple 
two-span continuous girder, with centre support at F. 

74. Truss Partially Continuous over Four Supports; Equal Mo¬ 
ments at the Centre Support. —^Fig. 15 shows a form of construction 
which also avoids the objection noted in Art. 68. In this form the 



rigid frame EF BC supports the truss by means of the short links 
EG and F H, The portion B C ol the frame is a part of the lower 
chord of the bridge; in other respects the frame may be considered a 
part of the pier. There being no diagonals in the j^anel E F H G, 
there can be no shear transmitted across this panel, and the moments 
at E and F must always be equal. 

The same object may be secured in a simpler way by using full 
diagonal bracing (Fig. 17) of small section, as mentioned in Art. 72. 
These members are then neglected in the calculations, giving a condi¬ 
tion of equal moments at the tentre supports exactly as in Fig. 15. 

A 


—kJr- 


la 






-"h- 


Rj Ha 


Fig. 16. 


-- 


Formulas for reactions for such a case may be derived as for beams and 
will be found to apply with about the same accuracy as in the case of 
the two-span truss. 

75. Reactions for a Beam Partially Continuous over Four Supports; 
Equal Moments over Centre Supports, —Fig. 16 represents a continuous 
beam on four supports. It is assumed, however, that throughout the 
middle span the beam has the same moment of inertia as elsewhere but 
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is not capable of resisting shear, so that the bending moment is constant 
from B to C. The value of will be derived for a load P on the first 
span. 

It will be convenient to solve this problem by the use of the general 
formula for deflection as applied to beams, derived in Chapter VII, 
Part I. It is 


D = 


/ 


M dx 

~Er 


w, 


(12) 


in which 

D ^ deflection of any point; 

M = moment at any section due to the given loads; 
m = bending moment at any section due to a force of i pound 
applied at the point whose deflection is desired. 


The reaction will be considered as a redundant reaction and its 
value determined by equating to zero the deflection of the beam at this 
point. Let M' = moment at any section due to the given loads, with 
the reaction at A removed, and m = moment due to a reaction of one 
pound at Then, as in Art. 63, 


M = if' 4- m.(13) 

Substituting in (12), placing £> = o and solving, we have (assuming 
E and / constant) 


Ri 



M' m d X 


d X 


(14) 


The values of the integrals for the case of a single load P in the 
first span will now be determined. With the support at A removed 
the other reactions are determinable by statics from the condition of 
zero shear in the span B C, If R\y R\, and M\ and M\ represent 
the reactions and moments due to the load P, with removed, we have 


R'2=P .( is ) 

Also M'3 = M\ = - P (i - k)y and hence 

R\ - - P (I - *) p .... (16) 

♦3 ^3 

and R\ = - = P (i - k) .(17) 
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The values of the quantities M' and m, and the several integrals, 
for the various parts of the beam AN, NB, B C, and C D are given 
in the following table. The origin for ^ 5 is conveniently taken 


Section. 

\ 

M’ 

m 

M'm 

1 

M'mix 


A N 

0 

X 

0 

X- 

0 


N B 


X 

1 

1 

X' 

PI 3 

-— ^3) 

6 

BC 

-Pl,{z-k) 

h 

- Pi,Hi-k) 

h-‘ 

-pi,^i-k) 1 , 

M 

CD 

-P^^-{i-k)x 

h 

X — 

u 

1 ^ 

1 -sT’ 

_ 1 


pi,^ 

- -i(i - k) 

I ^ I 

‘ 1 ' 3 


at A and for C Z) at Substituting the summaf’ons in (14) we derive 
the formula 


R 




/, (k - k') 
+ 6 /, + 2 


a- 


• (18) 


If /, = /j = l, then 


R,=P 


[(i - k) 


l{k - Z-')-! 
4/ + 6/J 




Compared to eq. (4), Art. 42, it is observed that (19) differs from (4) 
only in the addition of the term 6 /j in the denominator. 

Having determined R„ the following formulas are readily derived. 


i?, = P 


R 




k + 


/, {k - k') 


P, 


P, =P- 


2 -"I- () I 2 ~\~ 2 *^3 

/, {k - P) /, 




2/1 + 6/24-2/3 /g 


(20) 


(21) 


76. Example of Truss Bridge, Partially Continuous over Four 
Supports. —A complete analysis will be made of the truss of Fig. 17. The 
diagonals in the centre panel are of small cross-section and will be omitted in 
the calculations, thus making the truss partially continuous over four supports. 
The formulas of Art. 75 will be used, after which the true reactions will also be 
determined by the method of redundant members. 

Assume a dead load of 1,325 lbs. per foot or 33,100 lbs. per joint. A load 
of f W will be assumed for joint a. For live load use Cooper’s £-50 loading 
with 50% increase for impact on all members excepting vertical hangers, which 
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need not be considered in this analysis. This is equivalent to the use of load¬ 
ing of £-75 without impact. 

Reaction Coefficients, Applying eqs. (19) and (21) we have the following 
values of left reactions for unit loads: 


Joint Loaded. 

Rx 

Joint Loaded. 

Rx 

h 

.798 

i 

- -0549 

c 

.603 

i 

- .0797 

d 

.419 

k 

— .0808 

e 

•254 

i 

- .0638 

/ 

.112 

m 

- -0349 


I = 2.186 


- = - -3141 


Dead~Load Stresses, —For Case I, the structure is a double cantilever. The 
stresses are given in Col. (2) of Table B, For Case II, the truss is a continuous 
girder and Ri— (2.186— .314) X W — 61,960 lbs. The stresses are given 
in Col. (2) of the table on p. 85. 

Live-Load Stresses. —These are found from influence lines drawn for 
moments and vertical components of web stress. Fig. 17 shows the influence 
lines for moments at c and / and for vertical components v)f stress m B c ande £. 
Having these lines drawn the stresses are found by trial, using unbroken loads. 
The results are given in Cols. (4), (5), and (6) of the table. Col. (7) gives the 
stresses when considered as a simple span, also determined from influence lines. 

Combination 0} Stresses. —The combinations of stresses are made as in 
Art. 60. Cols. (8) and (9) taken together, and Cols. (10) and (ii), give the 
greatest range of stress which can occur during the passage of a single train. 
It should be remembered that Col. (5) can be combined with Col. (3) only, as 
the structure becomes a simple span when ends are not raised and one arm only 
is loaded. In Col. (10) several of the values are a maximum for Case I alone. 

Sectional Areas. —From the maximum and minimum stresses here found 
the cross-sections of the several members have been determined, using the 
following working stresses: 

for tension, 16,000 lbs. per sq. in. on net section; 

for compression, 16,000 — 7® “• 

For alternating stresses add 50 per cent of the lesser to each stress and take the 
greater of the two areas so determined. The results are as follows: 



Gross Area 


Gross Area 

Member. 

sq. in. 

Member. 

sq- in. 

ah c 

27.0 

a B 

18.8 

c d e 

36.6 

Be 

19.8 

efg 

27-5 

cD 

19.8 

gh 

41-3 



BCD 

33-0 

D e 

30-3 

DEF 

25.0 

eF 

39-9 

FG 

39-8 

Fg 

4 S-I 

GH 

36.0 

Gg 

19.8 
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77. True Reactions for Trusses Partially Continuous over Four 
Supports. —^The method of redundant members is applied to this type 
of truss in the same way as for the two-span bridge, Art. 63. Consider 
as redundant. Then with this support removed the other reactions 
are determined by statics. For any load P on the first span these 
reactions are given by cqs. (i5)-(i7). For a load P on the third span, 
== o and i?3 and arc the same as for a simple span. The stresses 
S' of eq. (i), Art. 63, are thus readily determined, and likewise the 
stresses u due to a one-pound reaction at A, The value of R' is then 
given by cq. (i). 

The graphical process may be employed in the same manner as 
in Art. 63. Where the spans arc equal, as in Fig. 17, the two centre 
reactions may be taken as redundant and a displacement diagram 
drawn for a load of one pound placed at each of the points g and hy 
considering the truss supported at the two ends. From this diagram 
the deflection curve of the lower joints with respect to the ends Oy n, 
may be constructed as in Art. 64. Taking the deflection at g and h 
equal to unity this becomes a reaction influence line and may be used 
directly for constructing influence lines in the same manner as in Fig. 
10. Such a construction has been carried out for Fig. 17, and Fig. 18 
shows the reaction curve and the influence lines plotted thereon, for 
moments at c and /, and for V. comp, of stress inB c and e F, The dotted 
line is the reaction line calculated by the beam formulas of Art. 75. 
The diagram shows clearly the error involved in the use of the usual 
formulas. It amounts, for example, to a maximum of 4.6 per cent 
for moment at c and 5.6 per cent for stress in B c. 

The scale of the influence diagram for moments is found by multi¬ 
plying the ordinate by a / 2 as in Art. 64, where a is the distance of the 
moment centre from the left end. The correctness of the construction 
is shown as follows: Consider any moment centre £, Fig. 19, and a 
load Pi distant k I from A. Let M3 = moment at B due to this load. 
Then 

M 

Pj = Pi (i — —Y 

= ... {a) 

Now if a second load P, be applied on the second span, distant k I 
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from Dy the moments at B and C will be double their value for a 
single load. By the graphical analysis above given the ordinate ff 
X P is the value of R2 and for these two loads. The value of 
Ri is P (i — ff')y and the moment at B for the two loads = R^ I 



^P(l^kl)=-P (I -//') l-P {I- 
the moment is one-half of this, or 


kl). For a single load 
2 

Substituting in (a) and reducing we then have 


Mjr - Pi [2 - k -ff]al2. 


(b) 


The ordinate /'/" equal to (2 - ^ — ff)y hence for unit loads 

the moment Mj, = /'/" X as already stated. For shear, the 

ordinates are to be multiplied by X, and for Vert. comp, web stress 

in Fig. 17 the factor is - X where ^ = distance of point of in- 

^ • 2 i 

tersection of chords to the left of a and t = distance from this 
intersection to the foot of the diagonal in (question. (See Part I, 


Art. 162.) 

Where the spans are unequal it is simpler to draw the displacement 
diagram for unit load at one end, as and from this construct the 
deflection diagram for points h and c with respect to a line joining a 
and d. The resulting diagram may be used in all respects as shown 
in Fig. 18. 

78. Rim-bearing Turntable; Four Supports. — Eiiu<il Moments at 
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the Centre Supports. —^Fig. 20.—In this the two triangular frames 
B H C and CID support the truss by means of the short links F H 
and G I. The portions B C and C D oi the frames are a part of the 
Ipwer chord of the bridge. The point C is common to both frames. 
The inclinations of the members B H,H C^C ly and I D are such that 
under maximum loads at H and / the supports By C, and D arc equally 



loaded. This arrangement brings the weight on the turntable uni¬ 
formly distributed over six points. These points can be spaced equal 
distances apart on the turntable. Under all conditions, the moments 
at the two centre supports F and G are always equal. The analysis 
will then be the same as in Art. 74. 

79. Lift Swing Bridges. —Various devices have been suggested 
whereby the bridge may be made continuous when being opened and 
two simple spans when closed. Fig. 21 shows a form in which, when 
the bridge is to be swung, the supports at B and C are lifted far enough 
to bring the links E F and F G into action and to raise the ends A and D 


E., 


— G 



B c 
Fig. 21. 


from their supports. All the weight is then at the centre and the bridge 
is swung on a centre-bearing pivot. When closed, and the supports 
B and C lowered, the links EF and FG arc under no stress. The 
analysis then consists in finding the dead-load stresses when open, as 
in the other forms, and the dead- and live-load stresses when closed, 
the bridge then consisting of two simple spans. Other forms designed 
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to accomplish this object employ toggle joints in the members E F 
and F G, or at other points of the upper chord, whereby it is shortened 
and the ends of the span lifted free of the supports. 

8 o. Double Swing Bridges. —In a few cases where the clear span 
required is large two swing spans have been arranged as shown in 
Fig. 2 2, giving a clear opening from C to E. When closed the ends 
at D are locked so that the cantilever ends are forced to deflect equally. 
Except for this connection the reactions and stresses would be deter- 



Fig. 22 . 


mined from statics, as in the cantilever bridge. The problem will be 
solved by determining the reaction at D for a single load placed at any 
point on one of the structures. 

Suppose the joint at D not to exist. The structure A BC D will 
then be statically determinate, and the reactions and deflection at any 
point may be determined by methods explained in Art. 77. Likewise 
the structure D E F G will be statically determinate and its deflections 
may be found. Under these conditions let the following deflections 
be determined: (i) The deflection at D of the structure A /), for a 
single load P placed at any point oi A D\ (2) the Jeflection at D of 
the structure ^ D for a load of one pound applied at D] and (3), the 
deflection at D of the structure D G for one pound placed at D. Rep¬ 
resent these deflections by and respectively. If the two 

structures now be connected the common point D will deflect a distance 

under the load P, which will be less than d\ by reason of the 
restraining action of the structure D G. 

Let P4 be the reaction at D, assumed upward on A D. Then we 
have, with respect to the structure A Dy 

and with respect to the structure D G 




104 

Eliminating we have 


SWING BRIDGES 


R. 


d'n 


S'a + S"; 


(22) 


When is downward then is positive, or upward on A D. The 
values of R^ being known the other reactions are found by statics. 

If the two structures are alike and symmetrical about D, then 

5 '^ = 3 "^ and we have R^ === ^ jTy right reaction for a 

^ d ^ d 

swing bridge, A D, on rigid supports, hence the reaction at D is one- 
half that of a structure on rigid supports. 

For a symmetrical double bridge of the form considered in Art. 74, 
the value of R^, for a single load on span A B is, therefore, 


R, - ~ 


U (k - R) h 


2 / j -f 6 /.J + 2 4 4 

and for a single load on span C /), distant k I from D 


R. 


L 2 /j 4 - t> /2 + 2 


(23) 

(24) 


81. Stresses in Lateral Trusses. —^Thc same general arrangement 
of lateral bracing is employed as in the ordinary through bridge. The 
loads upon the upper lateral system are transferred to the lower chord 
by portals at the ends and centre. Where the arrangement of the 
main truss provides a diagonal compression member in the panel next 
the centre, as member h /, Fig. 17, the portal is placed in the plane of 
this member and the upper laterals may be considered as terminating 
at /. The tower is then braced independently. The lower lateral 
system is complete from end to centre. 

Owing to the relative flexibility of a portal frame the upper lateral 
system is little affected by the continuity of the structure and may be 
treated in the same manner as in a simple span h n, whether the bridge 
is open or closed. The lower lateral system requires consideration of 
continuity. The maximum shears near the end will occur for bridge 
closed and live load covering one span, corresponding to Cases II and 
III of the analysis for the vertical truss. For the shears near the 
centre the maximum may occur for bridge open, or for bridge closed 
and loaded with live load. In the first case the shears are determined 
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as in Case I, but to these should be added the shear due to one-half 
the load on the upper lateral system. For the case of bridge closed 
the shears are determined as for Case 11 and Case IV for main trusses. 

The wind pressures assumed are generally on the basis of 50 lbs. 
per sq. ft. on truss alone when closed; and 30 lbs. per sq. ft. on truss 
when open, or on truss and train when closed and loaded. 

Chord stresses resulting from wind loads should be considered 
where they increase the chord stresses in the main trusses. 
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CANTILEVER BRIDGES 

82. General Arrangement of Spans. —A cantilever bridge is one 
in which one or more of its trusses are extended beyond their supports 
thus forming cantilever arms. The ends of these cantilever arms then 
furnish supports for other trusses. In the usual form each complete 
truss has only two supports and therefore the reactions and stresses 
are statically determined. Two general arrangements of spans are 
illustrated in Figs, i and 2. Fig. i illustrates the arrangement used in 
the case of numerous spans and Fig. 2 the more usual case of a crossing 
requiring one long span and two short ones. In Fig. i the structure 
consists of a series of main trusses A Cy D Gy etc., supported so as to 
form two cantilever arms. Then, resting upon these cantilever arms, 
are simple trusses C Dy G H, etc. In Fig. 2 the main trusses are A C 
and D F. They rest upon supports at 5 , £, and F, and are canti¬ 
levered at one end only. Obviously a combination of the single and 
double cantilevers may be the best arrangement in some cases. Fig. 3 
represents the arrangement of the Niagara bridge, and Fig. 2 
several Ohio River bridges. The Mississippi River bridge at Memphis 
consists of one double cantilever similar to D Gy Fig. i, one single 
cantilever like A C, Fig. 2, and two simple spans, one forming a shore 
span and the other a suspended span between the cantilevers. The 
Thebes bridge over the Mississippi River consists of two double 
cantilevers and three simple spans. 

In Fig. I, the spans A B and EF are called intermediate spans, the 
spans BCy D Ey F G, etc., cantilever spans, or cantilever armsy and 
C D and G H, suspended spans. In Fig, 2 spans A B and E F are 
called anchor spans instead of intermediate spans. The points A and 
F require anchorage to balance the loads onBC and D E. 

83. Advantages of the Cantilever Bridge. —^The chief advantage of 
the cantilever type for spans of ordinary lengths is in the fact that 
certain spans can be erected without the use of falsework by building 
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out from the portion already constructed. Thus in Figs, i and 2, 
spans A B and E F would first be erected on falsework, as usual. 
This being done the cantilever arms B C and E D are constructed by 
building out from the points B and E, These arms being designed to 
act as cantilevers when in service their construction in this manner 
involves no unusual erection stresses. The points C and D being 
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reached the suspended span is then built by continuing the same mode 
of construction from both sides until connection can be made at the 
centre. Temporary members are used at the ends C and D so that 
the two ends of the simple span may act temporarily as cantilevers. 
When connection is made at the centre these temporary members are 
disconnected so that the span C D h free to turn at points C and D and 



also has free horizontal motion at one end, thus becoming a simply- 
supported span. In the case of the suspended span the erection 
stresses need to be specially considered as the chord stresses are of 
different character from those which occur after erection. 

The advantages in regard to erection which the cantilever type 
offers make it especially applicable to crossings where falsework is 










io8 


CANTILEVER BRIDGES 


not practicable, as at the Niagara gorge, or where the depth of 
channel or navigation interests makes it especially expensive or 
undesirable. 

For spans of ordinary length (up to 500-600 feet), the cantilever 
type affords no economy over the simple truss, except in the case of 
expensive falsework, as noted above. For very long spans, however, 
where the dead load becomes relatively large, the cantilever type 
becomes the more economical, the advantages in this respect becoming 
greater the longer the span. A bridge of this type can thus be built of 
a span-length considerably greater than would be possible for a simple 
truss. 

This gain in economy where the dead load is relatively large is due 
partly to the fact that the average moments for uniform loads are less 
than in the simple truss, and partly to the fact that the dead weight 



Fig. 3. 


in the cantilever type is concentrated largely at points near the support, 
thus tending to reduce the moments still further. The wind-pressures 
on the structure will also be concentrated in the same favorable manner. 
On the other hand, the alternating stresses in the intermediate or 
anchor spans of the cantilever bridge tend to increase the amount of 
material required and so reduce the relative economy. 

An unfavorable element of some importance is the large deflections 
of the cantilever ends as compared with those of a simple span. 
Short cantilever arms and long suspended spans are advantageous from 
this standpoint. 

The distribution of moments in a cantilever bridge is much the same 
as in a continuous girder, but in the former the points of inflection are 
fixed by the hinges at the ends of the suspended spans. The variation 
in maximum moments throughout a cantilever structure is shown by 
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the moment diagrams of Figs, i and 2. The maximum moments in 
the suspended and cantilever arms occur for a full load on these spans. 
For a uniform loading the moment curve for the entire span B E will 
be a parabola, b c d e, with centre ordinate == ^ w UjSj the same 

as for a simple beam of length L. The portion c d gives the positive 
moments in the suspended span and the portions b c and d e the 
negative moments in the cantilever spans. For the intermediate or 
anchor arm E F, the maximum moments are generally the negative 
moments which occur when the live load extends over the suspended 
and cantilever arms. Were there no dead load on E F the negative 
moment curve e f would be a straight line; the effect of the dead load 
is to give to this line a flat curvature, the centre ordinate to 
which is the dead load positive moment at the centre of the span. 
The dotted curves e" kf' (Fig. i) and kf (Fig. 2) represent the 
moments for span E F fully loaded and show the maximum 
positive values. 

The maximum moments in a series of simple spans, B E and 
E Fj are shown by the curves b 0 c and c" k /" or c" k /, measured 
from the lines b e and e j as axes. The relative chord sections 
reciuircd in the two types of structures is indicated to a certain 
extent by the areas of the respective moment diagrams. The 
sum of the moment areas for the span B E is seen to be much 
less for the cantilever than for the simple span, but for the span £F 
it is somewhat greater. 

The moment areas of Figs, i and 2 depend to a considerable extent 
upon the relation between the span lengths B £, E F, and C D, The 
longer BE as com])ared with EF the greater will be the moment ordinate 
y,, and the greater the negative moments in span £F, but if FF is 
made too long then the positive moments therein become too large. 
Generally E F is made from one-half to two-thirds of B F, if not 
determined by special considerations such as favorable pier locations, 
width of channel span, etc. Negative reactions in the type shown in 
Fig. I are to be avoided. 

The spans L and being assumed as fixed, the length of the sus¬ 
pended span C D for maximum economy may be investigated. The 
position of the ends of the span C D fix the points of zero moment and 
therefore determine the location of the axis b' e' of the moment diagram. 
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Let == central ordinate of parabola b c d e and yj = ordinate at e. 
The sum of the positive and negative moment areas of the span B E 
is equal to (area rectangle b' b e e') — (area parabola bcode)+ 2 X 

(area parabola cod) ^ y^L — j Considering 

ef Si straight line, the moment area for span = ^2 (includes both 

V — y I ^ 

anchor spans of Fig. 2). We have also the relation ~ 

Substituting and differentiating with respect to we find for mini 
mum sum of moment areas 


^3 ^ X (L + ^i). 

Considering the span L only, it is found that for minimum moment 
areas /g = K L. The shears in the central span do not vary gn'atly 
for considerable variations in ratio of span lengths, hut, on the whole 
are less the shorter the suspended span. 

84. Analysis.—The suspended span being a simple truss, its analysis 
for dead and live load requires no special consideration. Erection 
stresses need to be considered, these being calculated with each half¬ 
span treated as an extension of the cantilever arms. The stresses in 
the cantilever arm and in the anchor or intermediate span will be 
discussed in detail. It will serve to illustrate the entire problem to 
consider a structure of the form shown in Fig. 4. 

a. The Cantilever Arm ,—Consider the cantilever arm D E, The 
dead-load moments and shears are readily found by first getting the 
amount of load transferred to E from the suspended span and then 
taking shears, or moments of joint loads, on the right of any section. 
For live-load stresses the maximum moment and shear at any section 
in the arm D E will result when the span D F is fully loaded, although 
loads to the left of any given section do not affect the stresses of that 
section. 

Influence lines for moment at / and shear in panel I K arc shown 
in Figs. 4 (6) and (c). The effect of a load unity on the span E F \s 
evidently proportional to the reaction caused at F, both as to moment 
and shear, hence the lines F'JE" arc straight lines, with ordinates at 
£' equal to a and unity, respectively. As the load moves from £ to / 
the resulting bending moment decreases uniformly to zero wlien iho 
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load reaches I, The shear remains equal to unity until the load 
reaches K and then decreases to zero as the load crosses the panel K L 
For maximum moment at / the criterion is the same as for moment 
£ in a simple beam IF, For shear, the same position of loads may be 
used as for shear in the end panel of a simple truss extending from I to 
F. 

b. The Intermediate Span ,—^The dead-load moments and shears 
due to loads on this span arc the same as in a simple truss. To these 
must then be added the moments and shears due to the action of the 



cantilever arms. Let = moment at D, found from the cantilever 
arm D £, and the moment at C, found from the arm B C, Then 
at intermediate points in C D the moment due to the cantilevers will 
vary from C to D uniformly. Hence at a distance a from C the 

a 

moment is -f {M^ — M^) -. The same result will of course 

be obtained by calculating first the total reaction at C and taking 
moments of all forces on the left, about the given centre of moments. 
The shear due to the cantilever loads will be constant throughout 

II.—7 
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span C D and is to be added to the shears due to loads in C D, Thi.v 
constant shear is equal to the reaction at C minus the loads on the 
cantilever to the left. For symmetrical conditions this shear = o, and 
Me -Mj,. 

For live-load moments and shears, construct the influence lines for 
moment at G and shear in panel G H, 

Moment at G. —Fig. (rf).—A load unity at E causes a negative re¬ 
action at C equal to and hence a negative moment at G equal to 

which is laid off as £' £" in Fig. {(f). As the load moves to D or F, 
the moment at G decreases uniformly to zero and the inlluence line for 
this portion is F' £" D\ As the load moves from D to G, the moment 

increases from zero to a value of at G; beyond G the mo¬ 


ment decreases again, becoming zero when the load is at C, then 
r ih “■ when at B, and finally zero for load at A, Since the ratio 

of £" E' to G" G' is equal to - , it follows that G" D' E" is a 

a 

straight line. Similarly, G" C' 5 " is a straight line. The influence 
line shows that for a maximum positive moment at G the span C D 
should alone be loaded, and that for a maximum negative moment 
the spans A C and D F should be loaded. 

If concentrated loads are used the criteria arc evident from the 
diagrams. For positive moment it is the same as for moment at G 
in a beam C Z), and for negative moments it is the same as for moment 
at J 5 in a beam A C, and at £ in a beam D F. 

Shear in panel G H, —Fig. (c).—^The portion D' H" G" C' is the 
same as for a discontinuous span. Between D and F the shear in 
G H is equal to the reaction at C caused by the load, and is negative, 

having a value of y for unit load at E. When the load is between A 

and C the shear is positive and equal to the negative reaction at D. 
As before, the lines C' G" and FZ" IF E" arc straight lines. The 
position of loads for a maximum [X)sitivc or negative shear is evident 
from the diagram and also the exact positions of concentrated loads, if 
desired. 
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c. The Anchor Span .—If the portion ^ C be omitted in Fig. 4 
the span C D becomes an anchor span. The influence lines are un¬ 
changed and the stresses will remain the same excepting those due 
to the cantilever arm B C, which arc now zero. The maximum 
negative reaction at C is required in order to determine the anchorage 
which will be necessary. 

85. Equivalent Uniform Loads. —In calculating stresses in large can¬ 

tilever bridges some equivalent uniform load is usually employed. The 
influence lines will assist in arriving at a suitable value for such uniform 
load, as they show clearly the length of load or portion of structure 
which is significant. The method explained in Art. 173, Part I, will 
enable the e^iuivalent load for any given system of concentrated loading 
to be determined for any case. Thus for negative moments through¬ 
out span C Dy due to loads on D F, the equivalent load is that for 
moment at E in a span D F, or at a point /.,/ (/^ + I.) from the end in a 
span of length (ft -f L). Suppose ^ 200 feet and = 300 feet. 
Then /J4- ^ 0.4 and from Fig. 4, p. 67, the equivalent 

uniform load for Cooper’s F-50 loading for the 0.4 point in a beam 
500 feet long -= 2,600 lbs. per ft. This loading will give exact result. 

86. Divided Supports at the Piers.—^For convenience of details the 
support at a pier is sometimes arranged as a double support, like the 
centre sujiports of a certain type of swing bridge (sec Fig. 15, Chapter 
IT). Such a form is used in the Niagara bridge, Fig. 3. The diagonals 
are omitted over the sujiport so that no shear can be transmitted and 
the moments at each of the two points over the support are equal. 
The same arrangement may be made at both supports in the type of 
Fig. I. In the calculations of stresses the panel over the support may 
be neglected and the calculations made exactly as for the case already 
explained. The moments throughout the structure will be the same 
and therefore also the shears. The load carried by each of the two 
supports will then be equal to the respective shears in the adjacent 
panels, plus any joint load applied at the supports. The sum of the 
two shears will be the total pier reaction as found in the other form. 

87. Deflection of Cantilever Bridges. —^The deflection of a canti¬ 


lever truss may be calculated by the usual formula A 


Sul 


or 


by the Williot diagrams. The end of the cantilever arm is subject to 
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a relatively large deflection, as its movement is due not only to the 
deformations of the members of the cantilever arm itself, but to the 
deformations also of the members of the anchor or suspended 
span which act to cause a change of angle in the truss at the 
pier. Some idea of the relative deflections of a simple span and a 




-- <3 - 

Fig. 5. 







cantilever can be obtained by means of the deflection formulas for 
beams. Consider a load P placed at C, Fig. 5. The defleC' 


tion of C relative to the tangent at 5 = A' 


Hi 

3EI 


, and that of A 


I 

is A'' = P r- . —The effect of the distortion in ^ P is to cause 

K 3EI 

A" 

the tangent at B to change angle an amount equal to —, which causes 

A" 

an additional deflection of C equal to — X hi hence the total 

h 

movement of C is 

I y,'. Fl,HI. + l.) 
h 3^1 ■ 


A simple span of length 2 will deflect at the centre a distance 

2 P/,’ 


6Er 


If fj = the deflection of the cantilever becomes 


3 £/ ’ 


or 


four times as much as a simple span of length 2 /j. Short cantilever 
arms and long suspended spans are therefore favorable from the 
standpoint of deflection. An especially unfavorable condition is 
such as occurs in the Niagara bridge. Fig. 3, where the deformation 
of the metal towers gives rise to still greater deflections. 

88 . Cantilever Bridge Without Suspended Span. —If the suspended 
span be omitted and the ends of the cantilevers connected, the structure 
becomes a partially continuous girder and is no longer statically deter¬ 
minate. For two such cantilevers the reactions are found as explained 
in Art. 80, Chapter II. For additional spans so connected the number 
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of redundant reactions becomes greater, requiring the solution of two 
or more general equations as illustrated in Art, 70. The Blackwell’s 
Island bridge, New York City, is of this type. 

89. Wind Stresses.—^The wind pressure is carried to the supports 
by means of lateral trusses arranged according to the same cantilever 
system as the vertical trusses. The stresses arc therefore determined 
in the same manner as explained in the preceding articles. 
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ARCH BRIDGES 

Section I.—General Considerations 

90. An Arch as distinguished from a simply supported structure, 
is a beam or truss whose general form is that of a curve, or arch, and 
which is so supported on its abutments that horizontal as well as vertical 
motion is resisted. The reactions are, therefore, in general, not vertical 
but arc inclined, the horizontal components of which act in a general 
direction toward each other and constitute the horizontal thrust of 
the abutment upon the arch. 

In the case of roof arches the horizontal reactions are generally 



supplied by means of a tie rod uniting the two supports, thus relieving 
the foundations of this duty. 

91. Kinds of Arches.—Arches of timber or metal may consist of 
curved beams with solid webs and flanges, or they may be curved 
trusses with upper and lower chords and web members, either riveted 
or pin-connected. 

With reference to the ordinary modes of support arches may be— 

ist. Hinged at the abutments and at the crown. 

2d. Hinged at the abutments and continuous throughout. 

3d. Fixed rigidly to the abutments and continuous throughout. 

Figs. I, 2, and 3 illustrate three forms of the three-hinged arch; 
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Fig. 4 illustrates a two-hinged arch, and Fig. 5 an arch with no hinges. 
In Fig. I the arch is made in the form of a curved plate girder. Two^ 
hinged arches are also often built in this manner. Fig. 2 is a roof arch 
in which the horizontal reactions are furnished by a tie rod. Occa¬ 
sionally such a lie rod is employed in bridge construction. Fig. 3 is 
a spandrel braced arch, the bracing occupying the entire space up to 



the roadway. This form is also well adapted to the two-hinged arch. 
Arches of one hinge, placed at the crown, have been constructed, but 
they are not advantageous and will not be considered in this work. 

In Figs. I, 4, and 5 the roadway is supported on the arch by means of 
vertical members, which serve merely to transmit the loads to the arch 
at certain joints or load points. Arch ribs as well as braced arches are 
generally loaded at certain load points only, as in the case of the simple 



truss, or the plate girder with steel floor system. In certain cases it is 
expedient to suspend the roadway from the arch, as indicated in Fig. 4. 

92. Masonry Arches of concrete or stone masonry arc often built 
with two or three hinges, but generally with no hinge. While arches 
of brick or stone masonry can hardly be considered as arch ribs, those 
of solid or reinforced concrete may be classed as such. In any case 
the most satisfactory method of analysis of such structures is by the 
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so-called “elastic theory” as developed hereafter for the arch rib in 
general. 

The masonry arch may support the load continuously through the 
medium of spandrel filling of earth or other material, or the roadway 
may be supported on piers or spandrel arches, as in the metallic bridge, 
thus concentrating most of the load at certain load points. 



Fig. 4. 


93. Loads and Reactions.—^Thc methods of supporting the road¬ 
way of an arch bridge have been mentioned in Art. 91. 

The amounts of the dead, live, and wind loads are fixed upon in the 
same manner as for other structures. For long-span structures the 
live load is generally assumed as a uniform load, but as arches arc 
sometimes built of spans of very moderate length, concentrated loads 
may need to be considered. The use of influence lines enables this 



Fig. 5. 


to be done with little more labor than is involved in the analysis for 
uniform loads. 

The reactions are generally considered as resolved into two com¬ 
ponents, vertical and horizontal. In the arch with hinged ends these 
four components fully determine the reactions (Fig. 6). In the arch 
with fixed ends (Fig. 7), the reactions also include moments and 
ifj. In the three-hinged arch the four reactions may be determined 
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by the principles of statics, as explained in Part I, Chapter II, by 
reason of the fact that the moment is zero at the centre hinge. In the 
arch of two hinges there are four unknowns and in the arch without 
hinges, six. In both of these types the reactions cannot be determined 
by statics alone as they are dependent upon the flexibility of the arch 
and hence upon its form and dimensions. To solve these cases re¬ 



quires the consideration of the deformations of the structure as in the 
case of the continuous girder. 

In the process of such an analysis, formulas may be developed for 
arches of solid beams of certain definite forms and proportions. These 
formulas may then be applied approximately to other forms of beams 
and even to trusses not too unlike the forms assumed. In this way an 
approximately correct design may be made. More exact stresses 



Fig. 7, 


may then be found, if desired, by a calculation of the deformations of 
the actual arch, as in the case of the swing bridge. 

For two-hinged spandrel-braced arches, such as shown in Fig. 3 
but with two hinges only, a formula developed for a solid beam will 
not give satisfactory results, and resort must be had to the method of 
deflections or redundant members. Where, however, the truss is of 
small depth, as in Fig. 4 or 5, a suitable beam formula may often be 
applied with satisfactory results. 
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In the arch of two and of no hinges the reactions are modified by 
changes of temperature, since the structure is not free to expand. 
Also, in this form of structure, we can no longer neglect the effect upon 
the reactions of the changes in dimensions produced by the stresses 
themselves. It will be seen, therefore, that the analysis of these two 
types of arches involves not only the given loads but also the possible 
temperature changes and a close knowledge of the dimensions of the 
structure itself. 

In the analysis of arches it is generally convenient to determine the 
reactions for a single (vertical or horizontal) load placed at any load 
point. The reactions being known the stresses in any member are 
readily found by the principles applicable to simple beams and trusses. 
Then by summation the reactions or stresses for any given loading may 
be found and thus the effect of dead and live loads determined. 

94. Internal Stresses.—x^ftcr the loads and reactions have been 
found the stresses in any part of the arch can be determined by the 

general methods applicable to simple beams 
and trusses. However, the presence of hori¬ 
zontal external forces and the special form 
of the structure, while involving no new prin¬ 
ciples, modifies somewhat the general formu¬ 
las, methods, and definitions. 

95. The Arch Rib — {a) Algebraic Method, 
—Consider an arch rib of constant depth, and 
let Fig. 8 represent the portion to the left of 
any section N taken at right angles to the axis. The external forces 
are supposed to be known. 

Let I V = sum of the vertical components of the external forces 
on the left of the section; 

J if = sum of the horizontal components of these forces. 

I M = sum of the moments of the forces about the gravity axis at N. 

a = inclination of axis at N to the horizontal. 

The internal stresses at the section N are commonly expressed as 
a moment M, constituting a stress couple as in a simple beam, a thrust 
Tj consisting of a direct compression uniformly distributed over the 
section, and a shear F, at right angles to the axis, as in a simple beam. 
Then, equating external and internal forces, we have in general 
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M = J M 

r = 2’ F sin a -f- J H cos (i) 

V = 2 l V cos a ~ I H sin a 

(b) Graphical Method .—The moment, shear, and thrust are readily 
obtained from the force and equilibrium polygons. Let A b c Fig. 
9 (a), represent the equilibrium polygon drawn for the external forces 



Fig. 9. 


acting. Then R is the line of action of the resultant of all forces on 
the left of the section. Let d = angle between R and the axis at N 
and 2; = lever arm of R about the gravity axis of the section. We then 
have 

M = Rz 

F = sin .9 I.(2) 

T = R cos ^9 

The moment R z is also equal to (Hor. comp. 7^) X y; or if in Fig. (b) 
H = Hor. comp. 7 ?, we have also 

M^Hy .( 3 ) 

When the loads are all vertical then H is the pole distance of the force 
polygon. Hereafter the loads will generally be assumed as vertical. 
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The values of M, V, and T having been found at any section the 
stress intensities are deduced as for the case of combined flexure and 
compression in straight-beams. 

If ^ == area of cross-section; 

I = moment of inertia of cross-sectioii; 

yi and yj = the distances from the centroid of the section to ex¬ 
treme upper and lower fibres, respectively; 

/i and /j == the corresponding fibre stresses, then, assuming M as 
positive when causing compression in the upper fibres, we have 




( 4 ) 


The distribution of shearing stress follows the same law as in a 
straight beam. 

The application of these formulas involves a small error due to the 
curvature of the beam, which brings the centroid of stress slightly 
inside the centre of gravity of the section. This error is large only in 
the case of beams of very short curvature, such as rings and hooks. 
It is negligible in the case of most arches. 

Moment Centres for Maximum Fibre Stresses, —In determining 
maximum total fibre stress, or/j, and in studying the effect of moving 
loads, it is convenient to reduce eq. (4) to a different form. If r = 

radius of gyration, ^ written in the form 


and 



/ 

Tr^ - My^ 

I 


( 5 ) 


Referring to Fig. 10, M = Te, hence 


/i 


T(r^ + ey,) 


Now — + e is a length and T 
yi 


I 

-t- e ^ is a moment, which may 
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M' y 

be called M\. Hence we have,/i = —in which M\ is equal to 

the thrust 7 ", multiplied by the arm (^ . If now we lay 

off the distance — below the gravity axis, fixing a point this 
Ji 

point may be taken as the centre of moments for M\y for then 


Mr 


1 = 7 "^^ + —^. (This point 0^ is known as the kern point of 

the section.) A similar point above the neutral axis, distant — there- 

y2 

from, gives the centre of moments 0^ for the lower fibre stress. These 

moments may be called M\, Having the 
moments M\ and Af'j, the fibre stresses are 

. ( 6 ) 

The extreme fibre stresses are proportional 
to the moments M\ and M\ and hence will 
be a maximum when these moments are a 
maximum. In finding maximum fibre 
stresses for moving loads it is therefore con¬ 
venient to determine the maximum moments, 
using points 0^ and 0^ as moment centres. The values of the moments 
M' may be found in the same manner as for any other moment 
centre, using either T, R, or H in the equation, H being the hori¬ 
zontal component of R, as in Fig. 9 {b). Thus 



= + ^) = ... (7) 

If the beam is a plate girder and the moment of resistance of the 
web is neglected, or is taken account of by adding a certain fraction of 
its area to the flange, then the kern point or moment centre becomes 
the centre of gravity of the flange. 

96. The Braced Arch. —(a) Algebraic Method .—If the arch is a 
truss then the stresses in the members are found most conveniently by 
moments; or, if the chords are parallel or nearly so, the web stress 
may also be found conveniently by shears as in a parallel or curved- 
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chord truss. Algebraically the stress m A B (Fig. ii) ^ 
stress in C Z) = //2- The stress in A D may be found by taking 

moments about the intersection of ^ J 5 and C D, if convenient, or by 
an equation of horizontal or vertical components. Generally the 
co-ordinates of each joint, referred to horizontal and vertical axes, 
will be known, and hence horizontal and vertical projections of any 





member can be readily found. The moments M, of the external forces 
on the left of the section, are also readily obtained from a summation 
of the moments of the loads and reactions in detail. 

(b) Graphical Method .—The resultant R being known, the stresses 
may be found by various graphical methods (Fig. ii). The bending 

R z 

moment at D == Mjy = R whence == R Z2 and 

h 

R z 

S2 = —For stress in the force polygon for Rj and 

h 

may be drawn, as in Fig. ii {b). Or, draw R to an intersection £, 
with one of the forces 5 ^. Then the resultant of R and must pass 
through the intersection D of the other two. This gives the direction 
of the resultant of R and and enables the three forces to be deter¬ 
mined by the force polygon as shown in Fig. (c). 

97. Advantages of the Arch Bridge.—If all the loads were fixed, 
the form of an arch could be so selected that the equilibrium polygon 
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of the forces would follow the axis of the arch throughout, as in Fig. 12. 
The only stresses then existing in the arch would be the thrust, and the 
design would be of maximum economy. Compared to a truss, such 
an arch rib would correspond somewhat to the upper chord, where the 



Fig. 12. 


chord is curved just enoughto take all the shear. In the arch the lower 
chord is replaced by the thrust from the abutments. If the arch does 
not exactly fit the ecjuilibrium or jiressure line, as in Fig. 13, it will be 



subjected to small bending moments, represented by the shaded areas. 
The truss, liowever, is subjected as a whole to moments as represented 
in Fig. 14, and the advantage of the arch is still largo. When the live 



load is large as compared to the dead load, the moments which occur 
in the arch under partial loading also become large, and the advantages 
of the arch become still less, but the moments are yet on the average 
smaller than in the truss. Offsetting the advantage of such neduced 
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bending moments are the increased stresses in the piers or abutments, 
tne serious modification of stresses which are caused by any slight 
settlement of supports (except in the three-hinged type), the stresses 
arising from temperature changes, and the large deflections under 
moving loads, with increased secondary stresses, as compared with 
deep trusses. 

Arches are well adapted to high crossings, especially those of a 
single span. They can be constructed without falsework, in the same 
manner as cantilever bridges, and in many locations their form 
fits the contour of the ground very well, requiring a minimum amount 
of substructure. The use of arches at the Niagara gorge illustrates 
these points. 

As compared to the suspension type of bridge the arch is more 
rigid and better suited for heavy railroad traffic for any but the longest 
spans. It is not so well adapted as the suspension bridge for very long 
spans, as the long compression rib of the arch cannot compare with a 
tension cable in certainty of design or economy of material. Deforma¬ 
tions of a tension cable develop moments tending to resist further 
deformations, while deformations of a compression rib develop 
moments tending to increase still further such deformations. 

98. Deflection of Curved Beams.—The equations of Arts, i, 2, and 
3 apply only to beams which arc straight before bending. If a beam 
^ is curved in its unstrained con- 

.. dition, as in an arch rib, the for¬ 

mulas will be somewhat modified, 
due to the fact that the length of an 
clement is no longer approximately 
equal to its horizontal projection. 

Let i 4 By Fig. 15, be any portion 
of a curved beam in its unstrained 
form. Suppose now that under the 
action of certain forces the beam is 
bent so that this portion is brought 
into the position B\ We wish 
now to find the movement of B and the tangent at 5 , with reference 
to A and the tangent at A, these two points, A and J 5 , being any two 
points in the beam. This relative motion will be made apparent by 
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making A' coincide with A, and the tangent at A' coincide with the 
tangent at A. This new position is represented by the dotted outline 
A 5 ". The absolute movement B now shown, is the relative 
movement required. The tangent at B has moved through an angle 
A (fy making now an angle with the tangent at ^ of — A f, 0 being 
the original angle. The point B has also moved in space a distance 
B B"y the components of which motion, referred to any two rectangular 
axes with origin at B, will be called A y and A x. The effect of flexure 
alone will be first considered, after which 
the effects of direct stress and temperature 

change will be taken account of. ^/ 

99. Angular Changey = A LetCEF / 

Dy Fig. 16, be an clement of the beam, of 

^ nO '1/ 

lengtli d Sy whose end faces C E and D F are / ^^^0 

at right angles to the axis, and whose end / 

tangents make an angle with each other orig- / 

inally equal to d 0 , Lei d (p be the change * / 

in angle between end faces or end tangents Fig. 16. 

due to bending. The change in length of 

a fibre at a distance y from the neutral axis will be equal to y 5 ^, and 

y d (p 

the corrcsjionding stress per unit area will be equal to / = -E—7—• 

a s 

If d a is an element of area of the cross-section, the total moment 


of resistance of the 


beam is equal to f d a y E y^ da —• 


But for any particular section, E and ~ arc constant; and if M is 

the bending moment at the section, taken about the axis Ny and I is 
the moment of inertia of the section, we have 


M = Cy^da = EI^-p, 

ds dr ^ ds 


from which we have 


and in Fig. 15, 


d <p = 


A ^ = 


Mds 

i ‘ ‘ 
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It has been assumed that the curvature of the beam is large as com¬ 
pared to the width D F so that the length of all fibres of an element 
d s may be assumed equal. For beams of very short curvature, as in 
the case of hooks, machine frames, etc., this assumption cannot be 
made. 

Note that eq. (9) reduces to eq. (3) of Chap. I, if cJ ^ is replaced by 

d X, 

100. Components of Deflection, = Ay and Ax.—hot A C D E B, 
Fig- represent the axis of the unstrained form of the beam, and 

A CD' £" the strained form A B\ 
of Fig. 15. Now conceive the beam 
to pass into its strained form by the 
successive bending of each d ^ in turn. 
The bending of the element A C 
through the angle (f causes the por¬ 
tion £ C to turn through the same 
angle d f about C as a centre, with 
radius u, the point B moving to B' 
through a distance d v, having the 
components d y and d x. Then from 
the bending of C D' the point B' 
moves to B", etc. If x and y are the co-ordinates of any point C, 
origin at B, we have, by similar triangles, 

d y X . d x y 

^ - and — = 

OV U 0 V u 



Solving for d y and d x and substituting for d v the value u d <p, we 
have 

d y = X d (f and d x = — y d (p. 

Substituting the value of ^ ^ from eq. (8), we have 

A r ^ r^Mxds , . 

Ay=j 8 y = J^CC0<p^J^-^^, . . . (10) 

and 

Equations (9), (10), and (ii) are the fundamental equations era- 
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ployed in the analysis of arch ribs of steel and in the elastic theory of 
masonry arches. These formulas arc also used for approximate 
analysis of trussed arches, in the same manner as the formulas for the 
solid continuous girder are used for continuous trusses. The deforma¬ 
tion due to shear is negligible in the case of the solid beam, but is of 
importance in the case of the truss unless the depth be relatively small. 

Equations (10) and (ii) can readily be derived directly from the 
general formula for the deflection of a beam given in Art. 214, Part I. 


For a curved beam the formula would be A 


/ 


M d s . ... 

-- r . m, m which 
h I 


tn bending moment for a one-pound load applied at the point whose 

deflection is desired. For A x the unit load would be applied at B 

and acting horizontally. The value of w would be equal to y, hence 

. r M ds , , . . T -1 • < r M ds 

Axr = — y El '’ A.vbeing negative. I.ikewise A y =J 

loi. Effect of Direct Stress on the Values of \ (f, A y and A x ,— 
Arch ribs are generally subjected to combined compression and bend¬ 
ing. In the foregoing analysis the effect of bending alone has been 
considered; we will now determine the effect of the direct compression 
upon the form of a curved rib. 

Suppose the element C Z), Fig. 18, represent any element subjected 
to the thrust T, applied at the gravity centre and producing a uniform 
compressive stress / per unit area. As a 
result of this stress all the fibres will be 
shortened a proportionate amount and C D' 

F' E may represent the deformed element. 

The distortion N N' ^ ^ d s. Accompany¬ 
ing the longitudinal shortening N N' there 
will be a slight expansion transversely, but 
this will be very small and will be ne¬ 
glected. The width C E will therefore be 
unchanged and hence the radius and 
centre of curvature of the arch at this point will remain unchanged. 

lip = radius of curvature of the axis then we have 

/ ds 


c 
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and for the entire rib between any two sections A and B, as in Fig. 15, 

. 

The components of the motion, A ^ and A y, are determined as 
follows: Suppose in Fig. 19 each element d 5 is shortened by the 

amount ^ d s. The shortening of the element A C affects the move- 
lL 

ment of B in two ways, (i) by the direct shortening of the rib and (2) 

by the change of angle df pro- 
Y duced. The first causes a shorten- 

value oi d X equal to 

/ 1 ^ ^ ^ == tT ^ 

/V 1 / / 

' ^ ^ I value oi d y ~ d s sin a — 

_b\\ I tt ht 

--.X dy. The change of angle d (p 


....hil 


^ ^ causes a movement of B deter- 

Fig. 19. 

mined as in Art. 99. The x-com- 
ponent d x = — y 8 <p and the y-component ^ 8 y = x 8 (p» Sub¬ 
stituting the value of ^ ^ from eq. (12), we have for the total 
movement due to the shortening of the element A C, 


^ X = ^ d X 
ht 


fill 

Ep 


Integrating between A and B we have finally 


A y = 

f^fd y 

Ja £ V 

f xds 
Ia E p 

Lx 

f d X 

r^f yds 

%/A E %t 

Ia E p 


The origin is at B and x is measured positively toward the left. 

102. Effect of Temperature Changes .—Let o) == coefficient of ex¬ 
pansion and t = change of temperature, an increase of temperature 
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being called plus. An increase of temperature throughout the arch of 
i degrees will cause a proportionate increase of dimension, each i s 
being increased hy w t d s. The x- and y-components will be increased 
by the amounts w t d x and w t dy respectively, and hence for any 
portion A £ of a beam (Fig. 15), 

A X — — oj tj^ d X and A y ^ — w tj dy. . . (16) 

The angle 6 will not be affected. 


103. Total Values of A (p, Ay and A x .—Combining the results 
Arts. 99-102, we have for the total movement of B, due to loads and 
temperature change 

. rM d s f d s-\ 

br+k].Crt 




(18) 

(19) 


104. Application of Deflection Formulas to Arches.—In an arch of 
two hinges each part is, in general, subjected to bending moments and 
direct stresses, and therefore the arch is distorted at all sections. While 



the end points remain in a fixed position the end tangents do not, each 
one turning more or less about the hinge. In Fig. 20 let the line A C B 
represent the initial form of the arch axis and the line A C' B the bent 
form under load. The tangent at A has turned through an angle p 
and at B through some other angle To represent the motion of B 
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relative to the tangent at A the arch may be rotated about A through 
the angle fi until the bent form coincides at that point with the original 
position. The movement at B is now correctly shown and is from 
B to j 5 '. The values of A y, A x, and A ^ at 5 ' are given by the 
formulas of the preceding articles, but we are as yet unable to calculate 
these as the reactions and stresses remain undetermined. 

Now A .V is a small quantity as compared to A y, which is itself 
small as compared to the dimensions of the truss. Hence we may 
place A X = o and therefore from (19) we have 

fyds 




Myds ^ fdx 

~eT~ 


Ep 


(x) 


td 




(20) 


This equation of condition, together with the three equations of statics, 
supplies the four equations necessary for the determination of the 
reactions for a two-hinged arch. 

If the supports are not fixed, as in the case where a tie rod is used, 



then A is not zero but is equal to the elongation of the tie rod under 
the stress H. A a: is to be assumed as positive when corresponding to 
a shortening of the arch. 

For arches with fixed ends the values of both A x and A y are zero, 
and also the total change in angle, A <p. from A to B, is zero. Hence 
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in eqs. (17), (18), and (19) the right-hanc members reduce to zero, 
giving three condition equations. These, wAh the three equations of 
statics, enable the six unknown elements of the reactions in this case 
to be determined. 

105. Application to Trussed Arches .—The beam formulas above 
developed may be applied approximately to trusses, as was done in 
the case of continuous girders and trusses. In many cases, however, 
the results thus obtained are not sufficiently accurate and recourse 
must be had to the method of redundant members whereby due account 
is taken of the deformation of the truss as actually built. 

Section II. —Arches op Three Hinges 

106. Reactions and Stresses for Dead Load.—The reactions for the 
three-hinged arch for any given loading are fully determined by statics, 
as explained in Chap. II, of Part I. A summary of the equations as 
applied to vertical loads will be here given. Fig. 21 .shows an arch of 
three hinges supporting vertical loads. A and B arc at the same level. 


Taking moments about B we have at once 

V, ^ 1 ' P {1 - k) .(i) 

Likewise, with A as moment centre 

V, = 2 ' Pk .(2) 


Then with C as moment centre, considering only the structure A C 
(the moment at C being zero), we have 

- 2-4 ife/) - 11 Ji = o, 

whence 

- 2’^i>(i - 2^)], ... (3) 

also 

.(4) 

whence all reactions become known. 

Graphicallyy the reactions arc determined by constructing an 
equilibrium polygon which shall pass through the hinges, ^ 4 , C, and B, 
as shown in Fig. 21. See also Art. 45, Part I. In the manner there 
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described the dead-load reactions may be found at once, and thence the 
dead-load stresses either algebraically or graphically. (See Art. 6o, 
Part I, for example of the graphical method applied to a roof-arch.) In 
the case of a trussed arch a stress diagram is the most expeditious way 
of determining dead-load stresses. 

107. Reactions for a Single Load.—Let A BCy Fig. 22, represent a 
three-hinged arch of span / and rise h. P is any load, distant k I from 
the left end. 

(a) Graphical Method ,—^The equilibrium polygon is constructed 
by drawing 5 C to intersect the load vertical at i and drawing A i. 



The force polygon determines Fj, V^y and H. For a load on the right 
half, the left reaction line would pass through A and C. 

(b) Algebraic Method ,—As in Art. 106, we have 


V,^P{i-k) 
V.^PL, . 


For a load on A C, 

II 


^ k. 

2 h 2 h 


For a load on C jB 


H 


LI 

2 h 


(■ - 


(5) 

( 6 ) 

( 7 ) 

( 8 ) 


It will be seen that the values of F, and Fj are the same as for a simple 
beam, and that H is the same for loads symmetrically placed on the two 
halves, or for k in (7) equal to (i — k) in (8). 
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io8. Use of Reaction Lines to Determine Position of Live Loads 
for Maximum Stresses. —The nature of the stress produced in any 
member, by a load placed at any given point, can readily be determined 
from a study of reaction lines, constructed as explained in the preceding 
article. This information is sufficient to determine the position of 
live load for a maximum stress in any member. The method of in¬ 
fluence lines is also well adapted for this purpose, and for the calculation 
of the stresses themselves. Both methods will be explained. 

Let qy Fig. 23, be any section cutting three members of a braced 
arch of three hinges. Ay By and C. The centre of moments for D E \s 



Gy and a load at i, the intersection of B C and A Gy will cause no stress 
in D Ey since the line C is the line of action of the abutment reaction 
at A, the only external force on the left of the section. For loads 
between i and B the left reaction line will pass below G, passing through 
C for loads on C B, The moment of the reaction at Ay about G, will 
then be negative and cause tension in D E, For loads between i and £, 
inclusive, the reaction line from A lies above G, and therefore the 
stress \n D E will be compressive. For loads between D and A the 
only force on the right of the section is the reaction at By acting in 
the line B C, which also causes compression in D E, Therefore for 
a maximum tension in D E all joints from i to B should be loaded 
and for maximum compression all joints from A to f. 

The centre of moments for EG is at Dy and from considerations 
similar to the preceding, it is found that the maximum tension and the 
maximum compression in this member occur when the load extends 
to the left and right, respectively, of point i'. 

For the web member D G, draw A i" parallel to D E and F Gy if 
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these members are parallel, or toward their intersection if not parallel 
For all loads between G and B the reaction line from A lies above A i'U 
since this line never passes below C. Hence the component of the 
reaction perpendicular to A i" (in case of parallel chords), or the 
moment of the reaction about the intersection oi D E, F G, and A 
(in case of non-parallel chords), produces tension in the member D G. 
For loads from D to A the right reaction, acting in the line B C, causes 
compression in D G. Hence for maximum tension inDGyGB should 
be loaded, and for maximum compression D A should be loaded. If 
A i” should pass to the left of C, then all loads between its intersection 
with B C, and JB, would cause compression in D G. 

In the case of an arch rib the centres of moments are taken as ex¬ 
plained in Art. 95, and in finding the load for maximum shear, the 
limiting line, corresponding to A f", is drawn parallel to the flanges at 
the section considered. 

109. Influence Lines for the Three-Hinged Arch. —^For some pur¬ 
poses the use of influence lines is preferable to the method just explained. 
In the case at hand their construction leads at once to methods of 
calculating maximum stresses for concentrated loads which are as 
readily applied as in the case of simple trusses. 

no. Influence Line for II .—Consider the arch of Fig. 24, with a 

single load P at any point D or D'. The value of II for loads on the 

PI PI 

left half is —r k, and for loads on the right half is —r k\ The influ- 
2 h ^ 2 h 

ence line for H then consists of the two straight lines A^ C" and C" B' 

of Fig. (6), the ordinate C' C" being equal to 1 /4 h. 

III. Influence Lines for Moment. — Consider the moment at G for 
stress in D E. The value of this moment for a load on the right of 
the section \s V^a — H and for a load on the left it is a — 
P {a — kl) — II y. Noting that the value of is the same as in a 
simple truss, it is seen that in all cases the moment at G, due to the 
vertical forces and P, is the same as in a simply supported truss, 
and that the total moment is equal to this moment, less the moment 
H y. Hence to construct the influence line for we may first 
construct the influence line for moment at G' in a simple beam A^ B^ 

(Fig. c)y making G' G" == - as in Art. 122, Part I. Then on 
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this same base construct a diagram C” in which C'C" = 

^. y. The ordinate to this diagram at any point will then be Tl y, 

and the total bending moment at G, due to a load unity at any 
point, will be given by the ordinates of the shaded area between the 
lines A' G" B' and A' C" B\ This shaded diagram is therefore the in¬ 



fluence diagram for moment at G, It is unnecessary to replot this dia¬ 
gram to a straight base as the shaded area gives all needed information. 

Fig. {d) shows the influence diagram for moment at E for stress 
in G K. The diagram is the same as Fig. ic) excepting the ordinate 
C' C", the value of y being now the ordinate to point £, which is equal 
to h plus length of center st^ut. 

The points i" in Figs, {c) and {d) are the critical points, correspond- 
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ing to the points and of Fig. (a). Loads placed in those verticals 
cause no moments at the respective moment centres. The influence 
areas indicate clearly the relative effect of loads on different parts of 
the arch. They can readily be used for calculating maximum stresses 
due to either uniform or concentrated loads, as in the case of simple 
structures. 

112. Criterion for Maximum Moment, —The form of the influence 
lines of Figs, (c) and (rf) gives at once the criterion for maximum 
moments, as in Arts. 123 and 134 of Part I. The influence areas arc 
all triangular in form and hence the same criterion for maximum will 
apply as for moment in a simple beam of a length equal to the length 
of the triangular area in question. Thus for maximum positive 
moment at G the criterion is the same as for moment at G' in a beam 
A'i' (Fig. c). Hence if the loads on the portions A'G' and C'i' be 
represented by G^ and Gj the criterion for maximum is 

G, _ Gj _ G, 4 - Gr{ . . 

TeP ~ CPJ ~ A'i' . 

The train should probably head toward the right. For the maximum 
negative moment, load V heading train toward the left, the 
criterion is 

^ ^2 ^ ±Jl2 / X 

i'C' CB' i'B^ .^ ^ 

It will be seen that the determination of the distances needed in 
eqs. (9) and (10) requires the fixing of point i' only, which can be done 
by the reaction lines shown in Fig. (a). The above method is equally 
applicable to arch ribs, using the proper kern point or flange centre for 
the moment centre. 

113. Influence Lines for Web Stress or Shear, —Consider the stress 
in D Gy Fig. 25. It will be convenient to construct the influence line 
for the vertical component of this stress. Produce FG to the inter¬ 
section I, The stress in G is found from the moments about / of 
the forces to the left (or right) of the section. For loads from G to H 

s H y 

this moment = F, s — H y, and Vert. comp. D G = V, — - 

t t 

where y = ordinate to moment centre /. And for loads from A to F, 

I — s H y * 

Vert. comp. £> G = F, — - -For unit load the influence 
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lines for V^slt and Fj (/ — 5)// are given in Fig. {b) by the lines 
A" B' and A' B". (These are the same as for web stress in a simple 
truss of the form shown.) Then, as in Art. in, we may plot to the 
same base a diagram for H yli, making the ordinate C' C" equal to 
lyl^ht. The shaded areas are then the influence areas for the ver- 



Fio. 25. 


tical component in D G. The point i' is readily found also by the 
indicated construction in Fig. (a). 

For maximum compressive stress in DG, the portions A' N' and 
i' B' should be loaded, and for maximum tension the portion N' i'. 
The criteria may be stated as for moment, but the question of separate 
loadings, or broken loads, for sections A' N' and i' B' requires special 
consideration. 
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Fig, (c) shows the influence diagram for stress in K L, Here it 
will not be convenient to get the intersection of the chords, but instead 
the method of shears may be used. The points K'' and M" are 
determined by placing a unit load at K and then at M and calculating 
the stress in -K L as for a simple span. Then for a unit load at C 
calculate the stress \nK L due to the horizontal force H equal to //4 A. 
Plot this as C" C'. This enables the complete diagram to be drawn. 

In the rib or solid beam, Fig. 26, the shear for loads on the right of 
the section is F = Fi cos a — H sin n, and for loads on the left it is 
— V2 cos a — sin a. The resulting influence diagram is shown in 
Fig. (b). The lines A" B' and A' are the same as for shear in a 
simple beam, multiplied by cos a, and the term H sin a is given by the 
diagram A'C" 5 '. 

114. Influence Line for Thrust .—The thrust, T, Fig. 26, is equal 
to Fi sin a + i? cos a, for loads on the right of the section, and — 
Fj sina + H cos a, for loads on the left. The influence diagram for 
the thrust is given in Fig. (c). 

115. Equivalent Uniform Loads for Three-Hinged Arches. —The 

influences lines of Figs. 24 and 25 aid greatly in selecting a suitable 
equivalent uniform load. It will be noted that only a portion of the 
span is covered for maximum moments and that therefore the equiva¬ 
lent uniform load should be selected with reference to a span length 
considerably shorter than the arch span. 

The special method of selection explained in Art. 174, of Part I, 
is directly applicable to this case. Thus for the maximum moment at G, 
Fig. 24 (c), the equivalent uniform load is that for moment at C' in 
the beam i' B\ If, for example, I = 180 feet, then i' B' = about no 
feet, Fc' = 20 ft., and F C'/F B' == 0.18; hence the equivalent uniform 
load is that for moment at the 0.18 point in a beam no feet long. 
Referring to Fig. 4, p. 53, we find this to be 3,400 lbs. per foot for 
Cooper’s £-50 loading. The maximum live-load moment at G is 
therefore equal to area i" C" B' X 3,400. 

116. Deflection of the Three-Hinged Arch. —The methods of 
calculating deflections are the same as given in Chap. VII, Part I. 
Under full loads arches deflect less than simple trusses, but under 
partial loads the deflection at the quarter point may be much greater. 

In applying the graphical method to the three-hinged arch, a 
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separate diagram must be drawn for each half in case of unsymmetrical 
loading. Then since all members in general change their direction 
the diagram will require correction, which must be made on the basis of 
fixed abutments and a hinge at the centre. As the construction of dis¬ 
placement diagrams is of special importance in the case of arches, such 



a diagram will be drawn for the arch shown in Fig. 27 (a), which is an 
outline of the arch bridge of the Chicago, Milwaukee and St. Paul 
Railway Company across the Menominee River, near Iron Mountain, 
Michigan.* The span length is 207 feet. 

A load of 1,000 lbs. per joint will be assumed as applied on the left 


♦ See Engineering News, Nov. 20, 1902. 
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half only, giving unsymmetrical conditions. The resulting stresses, 
determined graphically, are tabulated below, together with lengths 

SI 

and cross-sections of members and values of deformation times £, = —. 


Member 

Length 

1 

Cross-Section 

A 

Stress 

S 

SI 

A 

a b 

276 

27.2 

— 910 

— 9,200 

b c 

276 

27.2 

— I ,Soo 

— 18,300 

c d 

276 

24.6 

- 2,560 

— 28,700 

d e 

276 

24.6 

1 

0 

— 26,700 

eF 

153 

31.2 

- 2,650 

— 13,000 

A B 

313 

46.2 

— 2,800 

— 19,000 

BC 

310 

38.0 

- 1,760 

— 22,800 

CD 

302 

38.0 

- 730 

- 5,900 

DE 

240 

38.0 

-f 100 

-f 800 

EF 

153 

38.0 

- 90 

— 400 

a A 

624 

40 7 

— 2,560 

- 39,300 

aB 

550 

20.6 

-f 1,810 

4- 40,300 

bB 

476 

324 

— 2,080 

- 31,300 

hC 

435 

14-7 

4- 1,400 

-f 41,600 

cC 

336 

23 -5 

— 1,^0 

— 22,800 

cD 

348 

14.7 

+ 970 

4 - 23,000 

dD 

213 

19.8 

- 910 

— 9,800 

dE 

306 

14.7 

- 200 

— 4,200 

eE 

132 

19.8 

4- • 160 

4- 1,100 

Pg 

153 

312 

— 80 

— 400 

g ^ 

276 

24.6 

- 70 

— 800 

h i 

276 

24.6 

4 - 4^0 

4- 5,400 


276 

27.2 

+ 330 

4- 3,300 

jk 

276 

27.2 

-1- 150 

4- 1,500 

FG 

153 

38.0 

— 2,660 

— 10,700 

GH 

240 

38.0 

- 3,070 

— 19,400 

HI 

302 

38.0 

- 3,050 

— 24,200 

IJ 

310 

38.0 

- 2,930 

— 23,800 

JK 

313 

46.2 

— 2,620 

— 17,700 

go 

132 

19.8 

4 - 20 

4- 200 

Gh 

1 306 

14.7 

4- 600 

4 - 12,600 

hH 

213 

19.8 

— 260 

— 2,800 

Hi 

348 

14-7 

— 180 

— 4,400 

il 

336 

235 

-f 100 

-f 1,500 


435 

14-7 

— 260 

- 7,700 

jJ 

476 

32 4 

4“ 200 

4- 3»ooo 

Jk 

550 

20.6 

- 250 

-* 6,700 

kK 

624 

40.7 

4- 210 

4 - 3,200 


Fig. (b) is the displacement diagram for the left half, assuming 
4 a to remain vertical; and Fig. (c) is the diagram for the right half, 
K k remaining vertical. It remains now to correct these diagrams on 
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the basis that the movement of the point F is determined by the 
deformation along the lines A F and F K. The actual deformation 
of ^ F is determined in Fig. (b) by drawing A O perpendicular to line 
AF of Fig. (a). The distance FO is the deformation required; it 
is compression. Then likewise, in Fig. (c), the distance FO, from 
F to the line K O, is the true deformation of line F F of Fig. (a). These 
deformations being known, a diagram, Fig. (d), assuming A and K to 
stand fast, determines the true movement of F, which is the distance 
A F. TJien, in Figs, (b) and (c), the correction diagrams, shown by 
light full lines, are drawn, making F F' in each one equal to F F of 
Fig. (d). The true movement of any joint is then found as usual from 
Figs. (6) and (c), measuring from the correction diagram. 

117. Deflection Due to Tern per atiire Changes, —For a uniform change 
of temperature throughout the arch, all the members are affected 
proportionately and each half of the arch will be exactly similar to the 



original form, but with all dimensions reduced or increased in the same 
ratio. From this condition the movement of the crown, or any joint, 
can readily be stated algebraically. 

Consider the arch of Fig. 28. Let t = change of temperature. 
(JO = coefficient of expansion, and A = rise of crown hinge C due to 
the change of temperature. The length b is increased by the amount 
CO t b which, since the span length is fixed, acts to raise point C. From 

/1 V 

the relation have, by differentiation, 2 h d h 

2 b dby and hence d h == d b But for small movements L — dh, 

h 

and (jotb dby hence we have 

A . (II) 

For other points the movement is readily deduced from that at C. 
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118. Stresses in Lateral Systems. —A complete lateral system for 
a three-hinged arch requires an arrangement of bracing as shown in 
Fig. 29 or in Fig. 30. The dotted lines indicate the planes in which 
diagonal bracing is required in order to give lateral rigidity. In Fig. 
29 a complete upper lateral system is provided, transferring its load to 
points a and on the left and and b on the right. From these points 



the loads arc transferred by means of vertical transverse bracing to the 
point C and to the abutments at A and B. The upper laterals cannot 
be made continuous at the centre, as motion must be free at this point. 
The lower laterals extend continuously from A to J 5 . In Fig. 30 the 
loads acting at the upper panel points are transferred at each panel by 
means of vertical transverse bracing to the lower lateral system, and 
thence to the abutments. 

Generally, for the sake of added stiffness, transverse bracing is 
used at every panel and an upper lateral system also provided. In 



this case the loads will travel from the upper joints to the abutments 
along the two paths offered, in proportion to their rigidity. By reason 
of the large section of the lower chord, and the fact that the shortest 
path to the abutment is down the vertical and thence along the lower 
chord, it is economical and convenient to provide bracing along this 
line of travel sufficient to take most or all of the loads on the upper 
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joints. The upper laterals along the roadway should then be added 
for sake of increased rigidity and should be designed to carry one- 
third to one-half of the loads at the upper joints. The analysis of the 
several systems will be considered on this basis. 

(a) The Upper Lateral Truss, —^The stresses in the upper lateral 
truss are calculated as for a simple truss with supports at a and 
and 6. Lateral forces applied in a plane above the lateral truss will 
cause an overturning moment, giving rise to ver¬ 
tical loads on the main trusses, as in the case of 
an ordinary bridge. These loads may be com¬ 
bined with other vertical loads developed by the 
transverse bracing and the lower laterals, as dis¬ 
cussed later. 

{b) The Transverse Bracing. —Fig. 31 repre¬ 
sents the transverse bracing at any panel, and W 
the amount of the lateral panel load assumed as 
carried by the transverse bracing (the total upper 
panel load in Fig. 30), applied at a distance c above the top laterals. 

Then Hor. comp. /' F = IF; V ^ V' ^ W — ^ H W, Stress in 



I'F' = 

0 


The reactions V and F', reversed in direction, act as 


vertical loads upon the main trusses at F and The reaction H is 
supplied by the lower lateral system. 

If upper laterals are used then the transverse frames at c and b 
receive the loads from these laterals and are stressed the same as the 
end bracing in a simple-span deck bridge. 

if) The Lower Lateral Bracing. —^The lateral forces acting at the 
several joints are equal to the lower joint loads, plus the lateral forces, 
if any, brought to the joints by the transverse bracing in the several 
panels. Having these lateral forces, the shears in the lateral system are 
found as for a simple truss of the same span. These shears give the 
lateral components of the web stresses. Since the diagonal members 
of the lower lateral system do not lie in a horizontal plane, the resultant 
of the diagonal stress and that of the lateral strut meeting at the same 
joint is inclined, this inclination being different at each joint. These 
resultants being determined they can in turn be resolved into horizontal 
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and vertical components in the plane of the main truss. The stresses 
in the main truss due to these forces, together with those due to the 
loads brought by the transverse bracing, are then found. 

In the case of an arch rib, lateral bracing is usually inserted along 
both the top and bottom flanges. The lateral load brought down 
from the roadway together with that applied along the girder itself, 
may be assumed to be equally divided between the two systems of 
bracing. 

Example. —For illustration, the lower lateral stresses of Fig. 30 will be 
determined. Width between trusses = 6 == 16 ft. Suppose the lateral force 
acting along the top chord = 500 lbs. per lineal foot, applied 10 ft. above the 
plane of the upper chord, and the lateral force acting along the lower chord = 
300 lbs. per lineal foot. The total lateral force acting at each joint, C, F, and 
G, including the load transferred by the cross-bracing = (500 + 300) X 20 = 
16,000 lbs. The overturning effect at each panel causes vertical loads at the 

several panels as follows: At panel C, (500 X 20) X -^ == 15,600 lbs.; at 

panel F, 10,000 X ^ = 17,500 lbs.; and at G, 10,000 X ^ = 23,200 lbs. 

'Fhesc forces act as downward loads on the leeward truss and upward loads on 
the windward truss. 

Fig. 32 represents the lower lateral system, with lateral loads IF, each equal 


C' F' 



to 16,000 lbs. Tension diagonals are assumed. For convenience in dealing 
with the diagonal members their stresses will be resolved into three components 
parallel to the axes X, V, and Z, as indicated; the Z-axis being perpendicular 
to the plane of the truss. The Z-component in each diagonal will be equal 
to the shear in the panel, and will have the following values: in panel C F = 
8,000 lbs., panel F G = 24,000 lbs., and panel G F = 40,000 lbs. The stress 

length 

any diagonal = Z-component X 


in 


16 


The stresses in the several 


lateral struts are equal to the respective shears. 
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The effect of the lateral stresses upon the main truss remains to be deter¬ 
mined. At each joint resolve the stress in the diagonal into X, Y and Z 
components. .The Z-component is balanced by the stress in the strut; the 
X and Y components act in the plane of the main truss as loads upon that truss. 
At joint C' the diagonals C' F and C' E act. The Z-component in each == 8,000 

20 

lbs. TheAT-component = 8,000 X ^ = 10,000 lbs.; and the F-component 

= 8,000 X ^ == 1,500 lbs. On the leeward truss the X-components act 

toward the abutments from the centre and the F-components act downward. 
At F and E the same forces act, but in an opposite direction. Then in panel 

20 

F G the A'-component of F^ G = 24,000 X -^ == 30,000 lbs.; and the F- 

component = 24,000 X “ = 13,500 lbs. In G' B the corresponding values 

are 50,000 lbs. and 37,500 lbs., respectively. Combining the vertical or F- 
*=‘omponents with the vertical loads from the transverse bracing, we have the 



Fig. 33. 


following downward loads acting on the truss A' B\ At C', 1,500 X 2 + 
15,600= 18,600 lbs.; at F'j 13,500-}- 17,500= 31,000 lbs.; and at G', 
37,500 + 23,200 = 60,700 lbs. The upward loads on truss A C B will be the 
same numerically, but applied on joints nearer the abutment in each case. 
The A-components of the diagonal stresses act as horizontal forces at the 
joints. The total vertical and horizontal forces acting on the truss A' C' B' are 
shown in Fig. 33. The stresses resulting therefrom are readily determined in 
the usual manner. 

Section III—Arches of Two Hinges 

119. General Formulas for Reactions for an Arch Rib of Two 
Hinges* —Some of the general notation employed will be here given. 
p = radius of curvature; 
a = inclination of arch axis at any point; 
aj = inclination of arch axis at springing line; 

L = length of arch axis; 
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M = bending moment at any section due to given loads and the 
true reactions; 

M' = bending moment at any section due to given loads and 
vertical reactions only. 

The reactions and F,, Fig. 34, are obtained at once from mo¬ 


ments at B and A, They arc 

V,=-IP{i-k) .(i) 

and 

V, = IPk .(2) 


These are the same as in a simple beam or truss. 

The value of H is obtained from the condition explained in Art. 104, 



that the horizontal deflection of B referred to A and the tangent at A 
is zero. From eq. (19), Art. 103, noting that d x = 1 , we have, 
therefore, the condition that 

r^^Myds f d X f y d s , .v 

Ja El Ja E Ja Ep ' 


in which M = bending moment and/ = average compressive stress at 
any section, (o = coelTicient of expansion, t = change of temperature, 
and p = radius of curvature. The first term takes account of the effect 
of bending moment and the second and third terms the effect of direct 
compression. 

To bring cq. (3) into a form to solve for the unknown reaction Hj 
it is necessary to express the quantities M and / in terms of H and 
known quantities. The bending moment M may be separated into 
two parts; a moment M- due to vertical forces only (loads and vertical 
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reactions), and a moment M" due to the forces H, The moment 
M' is the same as in a simply supported structure and is readily cal¬ 
culated. The moment M" H y, hence 

X. M = M- - Hy. . . (4) 

RyV determine /, consider the forces 

/ / 3 v^ ih) acting at any section, Fig. 35. Fig. (6) 

\^ci) shows the relation between the resultant 

^ ^ Rs the thrust T, and the horizontal com- 

35 - 

ponent of the reaction. The angle ? 
is generally small, as the direction of the resultant follows approxi¬ 
mately the line of the arch. Hence we have, approximately, T = 
H sec a, and therefore, 

^ T H se(' a , . 

.< 5 ) 

and 

JaEpJaL LJa a ^ p ) ^ 

Again, if the curvature is uniform or approximately so, we have, from 

Fig. y p cos a — p cos etp and d x = d s cos a, hence —- — dx 

P 

= (cos a — cos a^) d s — d X = — d s cos a,, in which is the in¬ 
clination at the springing line. The second member of eq. (6) 
therefore becomes 

H ds 

— — cos aj / - -. 

h Ja A cos a 


-■^cos, 


For any given arch the quantity A cos a can be calculated for various 
sections along the arch and an average value determined. Generally 
the cross-section A will vary approximately with sec a and for the 
purposes of the present calculations it is sufficiently accurate to assume 
this to be the case. If then A^ represents the value of the cross-section 

d s L 

at the crown, or the average value of A cos a, we have / - — = —, 

Ja A cos a A^ 

in which L = length of the arch axis. We have then, finally, the 
approximate expression for the deformation due to thrust, eq. (6), 

P^fyds f^fdx H cos a^L 

Ja ^Ja • * 


(7) 
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As this term representing the effect of thrust is relatively small in any 
case, the errors involved in the approximations used are generally of 
no practical consequence*. 

Substituting from (4) and (7) in eq. (3), we have, in terms of H 
and known quantities. 


y d s 

A £ 7 “'"^ 


£ 


B 


El' 


H L cos rt, 
EA^ 


coll = o. 


( 8 ) 


Solving for H we get, finally, the general expression, 

M' yds 


H = 


I 

ph y1 ^ 

Ja ^ 


4 - Ecotl 


y'^ds Lcosa, 


. • (9) 


Eq. (9) is the complete expression for ff, and includes the effect of 
the deformation due to axial thrust and also that due to temperature 



Generally the effect of temperature is separately considered, in which 
case the term E co tl in (9) disappears. The effect of temperature 
alone is given by the equation 




Ecotl 


i: 


yUls Lcosd/ 


(10) 


120. Arch on Yielding Supports .—In case the supports move 
horizontally a certain distance A Xj due either to settlement or to the 
use of a tie rod instead of fixed abutments, this term A x must be 
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added to the second number of eq. (3). The general expression for 
H in eq. (g) becomes then (neglecting temperature changes) 



Where a tie rod is used the temperature effect is measured by the 
difference in temperature between the tie rod and the other truss 
members. 

121. Relative Effect of Deformation Due to Thrust ,—For arches of 
considerable rise the effect of distortion due to thrust is small and may 
be neglected. For = 90° it becomes zero, and the value of H is then 



The relative effect of thrust may be estimated by comparing the two 

terms in the denominator of eq. (9). Placing approximately / cos a = 

_ , d s d s cos a dx dx 

constant, = we may write — =- z -= _ = --—hence 

X X Q 1 Q jx Q r 


the denominator becomes 


I r y’^ dx 


+ L cos 


]• 


For a para¬ 


bolic arch with a rise of one-fifth the span length and a depth of rib 
of one-fifth the rise, the value of the second term is about 1.5 per cent 
of the first term and hence the error arising from neglecting this term 
is about 1.5 per cent. For a greater rise or a less depth of rib the 
error becomes less in proportion to the square of these quantities. 
Excepting for flat arches the second term may therefore be neglected 



ARCHES OF TWO HINGES 


153 


However, as the term 


L cos a, 


is constant and need be calculated but 


once, it is very little additional work to include it. 


Note that eq. (13) may be written out at once from the general equation 
for deflection of beams of Art. 214, Part I. The deflection due to vertical loads 


» M'dx 
El 


. m and that due to the force H 


these equal and solving for H, we have 

M' d X 

Ja I ' 


=‘Hf 


y d X 

'TT 


. m 


H ^ 


m. Placing 


(14) 


m 


in which m is the moment due to one-pound loads acting horizontally at B 
and which in this case is equal to y. 


122. General Method of Application.—^To apply any of the fore¬ 
going equations for H it is necessary, first, to assume an arch. Then 
if it is of such form and section as to permit of integration the solution 
is directly efTected. If the form does not admit of integration the arch 
must be divided into short lengths and the several values under the 
integrals determined for the various sections by the process of summa-. 
tion. 

123. The Parabolic Arch with Variable Moment of Inertia,—A 
form of aich which admits of the ready solution of H is one in which 



the axis is a parabola and the moment of inertia increases in proportion 
to the inclination of the axis from the horizontal Even though such 
form and variation be not strictly followed in the design, the resulting 
formulas may be applied with little error to fiat arches, and may be 
used for approximate or preliminary values in forms varying more 
widely from that assumed. 
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Let A B, Fig. 37, be a parabolic arch in which / varies with sec a. 
Let /q = moment of inertia at the crown; then in general / = sec a. 

With origin at A the equation of the parabolic axis is —^ = —-■ ^ 


Also, for any point, d s = d x sec a. Hence 
Eq. (9) of Art. 119 then becomes 


d s sec a d X dx 


jT M' y d X + E I ^co 11 

r .. r^/ocosrvr* * 

A y ‘‘’‘ + —Ar- 


la sec ( 


. . . (16) 


124. Value of H for a Single Load P, Temperature Constant ,— 
Assuming the arch loaded with a single vertical load P, Fig. 37, the 
value of M' is given by the following expressions: 


for ^ /, A/' = Fi = P (i — k) x 
ior X > k /, M' = F2 (/ — ^ P k {I — x) 


■ (17) 


Substituting these values of M', and the value of y from (15), we 
have 

f M'ydx = ^Phf {i — k) X ~ d x + 
4 Phfk{l-x) (I - ^)dx,^ndf fdx = i6h^f (| - ^)'dx. 

Performing these integrations and reducing we have; 

For a single load P, 


ysP^{k--2 k^ ^-k^) 

l^LIaCOScXy^ 


• (18) 


Except for very flat arches, the second term in the denominator of (i8) 
may be neglected, giving 

H = y^pUk- 2k^ ^ k^) .(19) 
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If a tie rod is used of cross-section A „ the value of H is found from 
eq. (12) to be 


H 


H pI (^ - 2 k» + k*) 


I -t- 


iiio r 

8 I 


L cos a ^ 
a 7 ~ ' A 


+ 


-) 


(20) 


125. Value of H for Temperature Change ,—For a rise of tempera¬ 
ture of / degrees wc have, by substituting in (10) 

ETojtl 




And for any but flat arches 


15 




15 EI^w t 


(21) 


(22) 


8 h- . 

126. Value of H for End Displacement ,—^For a horizontal move¬ 
ment of the end of A .v, due to yielding of the support, the value of H 
is found from (21) by substituting -- x ior oj 11 , giving 

EE\x 


Ha - - 


15 


(23) 


In the case where temperature or displacement stresses alone are to be 


L lo cos ai . 


determined the approximate term is more, accurately written 

Aq 

IT cos cr 

— ~~T ~—thrust at any point due to the single force H 
A o 

is H cos a, and the value of eq. (7) becomes-where A^ 

Jit Jxq 

is the average cross-section. The error indeed is, however, of no practical 
consequence. 

127. The Reaction Locus .—Since the reaction lines (equilibrium 
polygon) for load P, Fig. 38, pass through A and Bj these lines become 
known by determining the distance of the intersection i above the 
axis. Referring to the force polygon, Fig. 38 (a), we have, by similar 
y V 

figures, Or since = P (i — ^), we have, in general, for 

k I LI 

any form of arch, 




(24) 
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For the parabolic arch, neglecting the effect of rib shortening, we have 
from (19) 

1.6/1 . . 

" I + /fe - . 

The locus of shown in Fig. 38 by the line m «, is called the 
^‘reaction locus.” In graphical analysis it is convenient‘to first con¬ 
struct this locus from the expression for y^. Having this curve the 



Fig. 38. 


reaction lines for a load at any point can be drawn at once, and used 
in the same manner as explained in Art. 108 for the three-hinged arch. 
The use of this locus is also further expained in Art. 140. 



Fig. 39. 


jL28. The Circular Arch of Constant Section .—Valiie of ti fur 
Single Load.—Temperature Constant.'-Lot AC By Fig. 39, represent 
a circular arch of constant section. Let o = radius of curvature, 
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= inclination of arch at the hinge, t' = inclination at the load point, 
and a = inclination at any section N. In deriving the value of H 
for a single load it will simplify the integrations to first determine H 
for two equal loads, and Pg) symmetrically placed. The value of 
H for a single load is then one-half of the value for the two loads. 

Referring to the general expression for H, eq. (9), the values of 
if' and y will first be expressed in polar coordinates. For any section 

N, 

X = p (sin — sin a); ^ (sin — sin f ); 

y = p (cos a — cos a^)] d s = p d a. 

For two equal loads, P, we have Fj = F3 = P. Then the values of 
M' are 

for a < /-, M' — V^kl==Pp (sin — sin f); 

for a > ‘fj M' ^ V^ X = P p (sin — sin a). 

Eq. (9) then becomes (ay == o). 

P 2 P*(sin — sin }) (cos a — cos da 

-f 2 J' * (sin G, — sin a) (cos a — cos «,) d aj 


! /)® r *(cos a — cos a ,)^da ^ LJS 
0 


L 1 cos ay 
A 


.. (26) 


Performing the integrations, substituting 2 p for L, and dividing by 
two, we have, for a single load P 

P J^sin’ rt| — sin* y — 2 cos Gi (g, sin a, — y sin y — cos y + cos aOj 


2 p* (gj — 3 cos tty sin a^ + 2 a, cos* a,) + 


2 n, I cos a, 


For a semicircular arch, aj = 90^, and the value of H becomes 

H - .(28) 

7Z 

129. Value of H for Temperature Change .—For a rise of temperature 
of t degrees the value of H will be obtained from (9), omitting the term 
containing M'. There results 


_ Klutl _ 

j l>* (a, — 3 cos a, sin a + 2 a, cos’ a,) + 


/,/cosa, 
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For a semicircular arch, I = 2 p and 


& EI (I) t 


130. Value of H for End Displacement .—^For an end movement of 
A X the value of H is given by substituting — A x for / / in eq. (29) or 

(30)- 

131. The Reaction Locus .—^The value of is given by the general 

expression of eq. (24), Here we have kl = p (sin aj — sin;-); 

, . , , sin a, + sin r 

/ = 2 sin a^; and i — k = - 


Substituting in (24) we have 


For a semicircular arch 


P p (sin^ n, — sin^ y) 
H * 2 sin a, 


TT p 

yo--, 


• (31) 


that is, the reaction locus for a semicircular arch is a straight line drawn 
a distance 1.57 above the springing line. 

132. Calculation of H for Arch Ribs, for a Single Load P.—Let 
A B, Fig. 40, be a two-hinged arch rib of any form. Neglecting tem¬ 
perature effect the general expression for H is 

^ M' yds 

H =- , ..- -, 

.f.y ds L cos a , 

2 _r + 

in which M' is the bending moment at any point due to vertical forces 
only (the same as in a straight beam). 

Divide the arch into convenient subdivisions of equal or unequal 
length. Generally it will be convenient to assume either d s as constant 
or to make d si I constant. The constant term L cos ocJAa is readily 
calculated. Call this term B. Calculate now the value oi y d s /I iox 
each subdivision and let Q represent in general this value. Then 

2 yQ-\-B . 


- • (33) 
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The quantity M' for a single load is given by the equations 
lot X < kl, M' ^ P {i - k) x'Y 
lot X > kl, M' •= P k {I - x) ] ' ■ ■ ■ 

Hence we may write 

IM'Q=^PI\^ -k)xQ+Pl[^k{l-x)Q. . (35) 

Now suppose a load equal to Q be applied to a beam 5 at a distance 
X from A, Fig. 40 (b). The bending moment at D due to this load will 
be equal to Q x (i - ^) for ^ I, and Q {I - x) k lot x > kl. If 
a series of loads equal to the several values of Q be applied to the beam 




at the corresponding distances a:, the total moment at D due to all these 
loads will be equal to Q x {i - k) + Q (I - x) k. This 
quantity is identical with the value of J M' Q of eq. (35) for P = i. 
The value of I M' Q for a unit load at other points will likewise 
be equal to the bending moment in a straight beam at the corresponding 
point, due to the same loads Q as used before. Hence to determine 

all the values of I M' Q, or J M' ^-j—, for all sections of the arch, 

calculate the bending moments in a straight beam at corresponding 

II.—10 






l6o ARCH BRIDGES 

points, due to the loads Q. Graphically, all of these values will be 
given by a single equilibrium polygon, using the several values of Q for 
loads. Such construction is shown in Fig. (c), (d)y and (e). Taking a 
pole distance of unity, the ordinates to the equilibrium polygon give 
at once the desired values. 

The quantity ^ y Q of eq. (33) may be calculated graphically in a 
somewhat similar manner, but as this term is constant no great advan¬ 
tage is gained. For graphical construction lay off the values of Q as 
horizontal loads acting on a vertical cantilever beam of length h, at 
the proper distances y from the fixed end. Then an equilibrium polygon 
gives ^ yQ. 

The values of H for unit loads are now obtained by dividing the 
values of I M' or the ordinates of equilibrium polygon of Fig. 40 (J), 
by the quantity I y Q B, thus giving the influence line for H. The 
equilibrium polygon of Fig. {d) is itself such an influence line, using as 
the scale unit the quantity I y Q + B. Or, this quantity may be used 
for the pole distance in Fig. 40 (c), in which case the polygon becomes 
the influence line for H. For an example of the use of this method 
see Art. 146. 

133, The Braced Arch. —General Formula for IL —For the braced or 
trussed arch with parallel chords and small depth, the methods and 
formulas for solid beams can be applied with little error. In such 
forms the influence of the web members is relatively so small that the 
deformations are practically the same as for a solid beam of the same 
moment of inertia (determined from chord sections only). Hence the 
reactions will be the same as for the beam and may be determined in 
the same way. The reactions being known the chord and web stresses 
are found from moments and shears as explained in Art. 96. 

For braced arches of variable depth the results obtained from beam 
formulas are not sufficiently accurate, and for such forms the general 
method of deflections must be applied to the actual form selected. 
The application of this method requires a preliminary design to be 
made in some manner, as the deflections are dependent upon the cross- 
sections of the members. This preliminary design may be made by 
the use of an approximate formula for H, such as for the parabolic arch 
rib, or it may be assumed for the first analysis that the cross-sections 
of all members are the same, or they may be varied in proportion in 
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accordance with some similar design previously worked out. It is to 
be noted that the actual cross-sections are not needed, but only the 
relative sections of the various members. 

The preliminary design being made in whatever manner, the true 
value of H for any loading is given by the general formula for redundant 



members of 
redundant. 


in which S' = stress in any member due to the vertical forces (loads 
and vertical reactions) only; 

u == stress in any member due to a force of one pound applied 
horizontally at the hinges and acting outward; and 

I and A = length and cross-section of any member. 

The numerator of (36) is the outward deflection of one end, with arch 
supported on rollers and acted upon by the vertical forces, and the 
denominator is the outward deflection of the same point caused by a 
one-pound load. 

In this case the formula takes full account of all effects of deforma¬ 
tion in each member, whether due to moment or thrust, so-called, 
and hence is not subject to the correction for thrust as in the case of a 
beam formula. 

134. Use of a Tie Rod ,—If a tie rod be employed to restrain the ends 
then the problem is exactly the same as that of a single redundant 
member. The formula is the same as (36), but the summation in the 
denominator must now inch^de the tie rod for which w = i. 


Art. 222 of Part I. Here the reaction H will be taken as 
The general value of II is (E being assumed constant): 

^S'ul 


H = 


yUH 

^ T 


(36) 
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135. Value of H for a Single Load .—^For the analysis of live-load 
stresses it is desirable, as in other similar problems, to determine the 
reactions for a single load at each load point. If the algebraic method 
is used it requires the application of eq. (36) several times, which is a 
somewhat tedious operation. The stresses u may conveniently be 
determined by a single stress diagram for a unit horizontal force at each 
end. The stresses S' are different for each different position of load, 
but, noting that for members to the left of the load the stresses are 



Fig. 42. 


proportional to Vi and for those on the right they are proportional to 
V2, the calculations become relatively simple. 

Thus in Fig. 42 the stress in F G for load P at G, or at any point on 

s 

the right of the section, = — P (i — k) and likewise, 

stress in D E = P — k) and, in general, the stress in any 

member = V^sjt^ where s = lever arm of the reaction Kj, and t — 
lever arm of the member. Hence, for all positions of P on the right 
of the section cutting the given member, the stress is found by multl^ 
plying the quantity P sjt by the proper value of (i — k). When the 
load is on the left of the section the stress is found from the right re- 

5 

action, and is equal ioP k where s, is the arm of the right reaction, 

I 

A further simplification may be made in the calculations by the use 
of symmetrical loads. Assume the truss loaded with two unit loads P, 
placed symmetrically (Fig. 43). The value of H determined for these 
two loads will be twice that due to a single load. The stresses due 
to the symmetrical loads are very readily calculated. The vertical 
reactions are each equal to P. Then for members to the left of P„ 
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the stress is the same for all positions of the loads, and is equal 
to Pj 5//, in which s is the lever arm of the reaction and / is the lever 
arm of the member. For all members between the loads, the moment 
of the external forces is constant and equal to P kL Hence all these 
stresses are equal to P kilt. A single graphical diagram will give all 



the stresses P s/l. The stresses P k Ijt are obtained by calculating the 
values of /// and then multiplying by the various values of k for the 
different positions of the loads. This method is illustrated in the 
example of Art. 146. 

136. Graphical Method of Calculating H for a Single Load .—In 
calculating H for trussed arches, use may be made of the displacement 
diagram according to the method employed in Art. 223, of Part I, as 
follows: Construct a displacement diagram for the arch (Fig. 44), 


D 



Fig. 44. 


loaded with unit loads at A and B and acting outward, no other loads 
on the structure. The centre vertical may be assumed as standing 
fast. The stresses for use in this process can be most readily ob¬ 
tained from a stress diagram. Then from this displacement diagram 
measure the vertical deflections of the several load points relative to 
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the fixed ends A and jB, and also the horizontal deflection of B. Let 
3 ^ represent the vertical displacement of any point, and 3 the hor¬ 
izontal movement of B with respect to A (twice the displacement for 
one-half the arch). Then if the values 3^/3 be plotted as in Fig. (b), the 
resulting curve becomes the influence line for H, For if 3 ^ == vertical 
movement of any load point D, due to one pound at B, then, conversely, 
the horizontal movement of B caused by a unit load at D will also be 3 ^. 
The deflection due to one pound at B = 3 , hence the reaction de¬ 
veloped by one pound at D will be 3 ^/ 3 , The value 3 ^ is, in fact, the 

value of -T of eq. (36) and 3 = 2 ' ^ (£ being omitted through- 

/I 


out). A single displacement diagram will thus give the necessary 
data for the determination of H for all load points. See Art. 146, for 
example. 

137. The Reaction Locus for the braced arch is determined in the 
same way as explained in Art. 127 for the arch rib, and the value of 

is given by the general formula of eq. (24). The locus is used in the 
manner described in Art. 140. 

138. Value of H for Temperature Change .—A rise of temperature 
of t degrees causes an increase of span length, if unrestrained, of oj 11 , 
The thrust necessary to resist this is found by replacing the numerator 
of eq. (36) hy (o 11 (retaining the value £), giving 



>tl 


u^ r 
Ya 


(37) 


If a tie rod is employed, subjected to the same temperature variation 
as the arch, there will be no change in H. If the tie rod is subjected 
(o an increase of temperature different from t, then 


H = 


oj{l - t') I 


EA 


(38) 


139. Stress Calculation.— A. Dead-Load Stresses .—The reactions 
having been determined, the dead-load stresses are determined in the 
same manner as explained for the three-hinged arch. For the parabolic 
or circular arch, for which convenient formulas exist for H for a single 
load, the total value of H for dead load is conveniently found by sum- 
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mation for the several joint loads. For the more general case of Arts. 
119-122, and for the braced arch, the summations may be made at 
once for the entire dead load; but as the calculation of live-load stresses 
requires the determination of H for a single load at each joint, the 
value of H for dead load is in this case also conveniently found by 
summation of results for separate joint loads. 

140. Live-Load Stresses. — Use of the Reaction Locus. —In finding 
the position of loads for maximum stress the reaction lines may be used 
as in Art. 108, for the three-hinged arch. The reaction locus is first 
constructed, after which the method is the same for all forms of arches. 

Let Fig. 45 represent any two-hinged arch and m n the reaction 
locus. Then for maximum stress in member C D, with centre of 


m n 



moments at F, a load at i produces no stress, while all loads to the right 
produce tension and all loads to the left compression. For F £, all 
loads to the right of z'cause compression and all loads to the left tension. 
For the web member D F, draw A f" toward the intersection oi C D 
and F E. Then loads between D and i" cause compression in D F, 
while loads to the right of and to the left of F cause tension in D F. 
For such a piece as E /, with centre of moments at G, loads between 
i"' and produce positive moment, or tension in E /, while loads 
on the remaining portions produce compression. 

141. Use of Influence Lines.—Influence Lines for Moments .—^The 
value of the bending moment at any point F, Fig. 46, is 

A/ = M' - FT 


(39) 
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in which M' is the moment due to the vertical forces only. As in Art. 
Ill, the influence line for M may be constructed by combining that for 
M' with the curve for H y^. Instead, however, of drawing the curve 
for H yi, thus requiring a different curve for each centre of moments, 


m n 



the curve for H may be used and the influence line drawn for 
Such a diagram for point F is shown in Fig. 46 (6). The ordinate 

F' F'' == M'ly^ = The shaded area will then serve as the 

influence diagram for Mpy but each ordinate will need to be multi¬ 
plied by yi to give the true value of My for M == yi. 
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As in Art. in the influence ordinates become zero at point i", corre¬ 
sponding to point i on the reaction locus. This locus is, however, 
not needed in the construction of influence lines. 

Fig. (c) shows the influence line for moment at E. 

142, Influence Lines for Web Stress or Shear. —^For stress in any 
web member, as E F, the intersection oi D E and F (7 is found, as 
usual. This will be in the line of the top chord, distant yj froni H. 
If s is the lever arm of about such intersection and / is the arm of 
member E F, then for loads on the right the stress in 

F F = (f, 5 — yj) and for loads on the 

y 2 

left, stress in EF = (v^ ^- - — h\ — . The influence line for the 

\ y2 ^ ^ 

quantity in parenthesis is drawn in Fig. 46 (d). For actual stress 

y 

the shaded ordinates arc to be multiplied by 

t 

In the case of a beam, or truss with parallel chords, the influence 
lines for shear will be needed. These are drawn in a manner similar 
to that explained in Art. 113 for the three-hinged arch, using the influ¬ 
ence line for H as a basis. The shear at D (Fig. 47), for a unit load 
on the right, == cos a — H sin a == {i — k) cos a — H sin a; and 
for loads on the left it is — V2 cos cx — H sin a = k cos a — H sin «. 
These values may be written in the form [(i — k) cot a — H] sin a, and 
(— kcota— H) sin a. In Fig. 47 (6) the line A' C" B' represents 27, 
and the lines A" and i4'5" represent (i — k) cot a and kcota. 
The shaded area, therefore, is the influence diagram for shear at D. 
The true values are found by multiplying these values by sin a. For 
points near the centre cot a becomes very large and sin a small, as the 
effect of H is small. A reduced scale for H may be used for such 
points. For the centre point the influence of H becomes zero and the 
influence line is the same as for a straight beam. 

143. Influence Lines for Thrust. —In analyzing beams it may be 
convenient to calculate moments with reference to the neutral axis 
and then to determine the thrust or direct stress separately. For a 
unit load on the right of point 22, Fig. 47, the thrust is H cos a -f 
Fi sin a = il cos a + (i — sin a; and for a load on the left, the 
thrust is H cos a — Fj sin a == H cos a — k sin a. These values 
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may be written in the form [H + {i — k) tan a] cos a and {H — 
k tan a) cos a, respectively. In Fig. 47 (c) the curve A' C" J 5 ' is the 
curve for H. The values (i — k) tan a and k tan a are given by the 
ordinates to the lines ^ 4 " B' and A' 5 ", respectively. The ordinates of 
the shaded area therefore represent the quantities H + (1 — k) tan a 



and H - k tan a, and hence will serve as the influence diagram for 
thrust. The true values are found by multiplying all ordinates by cos a. 

In general, the maximum thrust at all sections occurs for a fully 
loaded structure, but the maximum flange or fibre stress occurs for 
partial load such as will cause large bending moments. The maximum 
fibre stress can best be found from influence lines for moment, with 
centre of moment taken at the centre of gravity of the flange or the 
‘‘kern’^ point, as explained in Art. 95. 

144. Position of Loads for Maximum Stress .—^The form of the 
influence lines being curved, no convenient criterion for position of 
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loads can be stated. For all practical purposes, however, each segment 
of the influence diagram may be considered a triangle and the position 
of loads, or the suitable equivalent uniform load, determined on this 
basis. In getting actual stresses, either for a uniform load or for 
concentrations, the true influence diagram should be used. 


145, Examples. —(i) Plate Girder Highway Arch, (Fig. 48.)—An analysis 
will be made of an arch rib in the form of a plate girder. Assume the following 
data: Span length = 180 ft.; rise = 36 ft.; depth of girder between flange 
centres = 4 ft. The arch axis will be taken parabolic in form and the load 
verticals placed 15 ft. apart horizontally. The live load will be taken at 1,500 
lbs. per ft. per girder and the dead load at 1,000 lbs. per ft. Stresses will also 
be calculated for a temperature change of 60 degrees. 

146. Approximate Analysis .—The first analysis of stresses will be made by 
the use of the formulas of Arts. 123-125, these being based on the assumption 
of a parabolic axis and that the moment of inertia varies with sec a. The effect 
of thrust will be neglected at first. The formula for TI is (eq. (19), Art. 124), 


// = P Y {k — 2 •]- k^)y and for the ordinate to the reaction locus 

ft 


(eq.(2S)).3'o = 


1.6 h 


1+ k - 


—72. Values of II and of y^ for unit loads, calculated 


from these formulas, are given in Table A. Fig. 48 (h) shows the influence 
line for H plotted from these results. The reaction locus is also given in 
Fig. 48 (a). 


TABLE A. 

Valties of Jo (^^^d H for P = i. 


Load Point. 

k 


H 

b 

I/I 2 

53-5 

0.256 

c 

2/12 

50.6 

0-495 

d 

3/12 

48.5 

0-695 

e 

4/12 

47.2 

0.848 

f 

s/12 

46.3 

0.943 

0 

6/12 

45-7 

0-985 


The influence line for H having been constructed, the influence lines for 
moments are drawn on the same diagram, as explained in Art. 141. Such lines 
(section d) are shown in Fig. {b) for upper and lower flange centres, for the 
quarter-point and the centre (section g). The values of the various ordinates 
are given in Table B. 
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TABLE B. 


Values 0} Ordinates y and 


a {I — a) 


Load Point. 

y 

y\ 

yi 

ail —a) 
iyi 

ail —a) 

ft 

11.0 

12 .72 

9-85 

1.082 

1.396 

C 

20.0 

21.75 

18.30 

1.150 

1.366 

d 

27.0 

28.95 

25-25 

1.165 

1-335 

e 

32.0 

33-95 

30-05 

1.176 

1-330 

f 

35 0 

37.00 

33-00 

1.182 

1-325 

g 

36.0 

38.00 

34 10 

r .183 

1-323 


From these influence lines the dead- and live-load moments are obtained. 
To get the moment in any case, the proper influence area is to be multiplied by 
the corresponding value of or y^ and by the load per foot. Thus for the 
dead-load moment at section d^ top flange, the total area of the influence dia¬ 
gram is — 6.29. Multiplying this by of Table B and by the dead load per 
foot, gives Af= — 6.29 X 28.95 X 1,000 = — 182,000 ft.-lbs. The results for 
sections at d and g are given in the table below. 


Section. 

Moment 

Centre 

•+■ Area. 

— Area. 

X Areas. 

D. L. 
Moment. 

Live-Load 

Moment. 

+ 

- 


Top 

15.84 

22.33 

— 

6.29 

— 182,000 

687,000 

967,000 


Bottom 

25.92 

15-63 

+ 

10.29 

+ 260,000 

982,000 

395>ooo 

- -1 

Top 

3.88 1 

9.04 

- 

5-16 

— 196,000 

221,000 

515,000 

1 

Bottom 

10.54 

3-32 


7.22 

-h 245,000; 

538,000 

169,000 


From the values of the maximum moments found in this way a preliminary 
design was made on the basis of a working stress of 15,000 lbs. per sq. in. on 
gross area, with resulting flange areas as follows: 

Section. Gross Flange Are?.. 

ft, 15 sq. in. 

Cj d, €, 20 “ 

/, ^ " 

Any portion of the web to be considered as flange is included in these calculated 
areas. 

147. Exact Calctdation of Stresses .—Having now an actual design at hand 
we may proceed to determine the true stresses therein by the methods explained 
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in Art. 132. The first step is to calculate a new set of values for The 
formula is, neglecting temperature effect, 


and for temperature changes 


y ds 
^ I 
ds ^ L cos 
" ~i~' Ao 


E coil 



cos CXy 


. (a) 

. ( 6 ) 


Table C gives the calculations required by eq. (a). The value of i 5 at 
each section is taken as one-half the sum of the lengths of the two panels 
adjacent to the section in question. This leaves a half-length of 9.1 ft. at the 
end, whose middle ordinate, y, is 3.0 ft. Foot-units are used throughout. 


TABLE C. 


Calcidations for H for Unit Loads. 


Section. 


ds 

1 / 

! yds 

V y d s 

y'^d s 

H 

y 

/ 

^ 1 

I 

a 

30 

9.1 

■833 

22 

80 

70 

0.000 

b 

II .0 

17.9 

■833 

236 

32,800 

2,600 

0.262 

c 

0 

0 

170 , 

I. Ill 

306 

62,000 

6,120 

0-495 

d 

27.0 

16.1 

I. Ill 

391 

86,500 

00 

0 

0.6;o 

e 

32.0 

iS -4 

I .III 

443 

105,400 

14,200 

0.840 

1 

35 

153 

1.000 

535 

117,700 

18,750 

0-937 

g 

36.0 

151 

1.000 

544 

121,900 

19,600 

0-973 


105.9 2,477 7I;Q20 


As explained in Art. 132, the values of may be obtained by 

considering the several quantities as applied as loads to a simple beam, 

in the same verticals as the several load points, &, c, etc., and calculating the 
bending moments at these several sections. This calculation may be made 
graphically or algebraically. The reaction for such a beam will be 2,477 “ 
i (544) = 2,205 (fhe section g being at the centre). The moment at sec. 6, for 
example, will then be equal to 2,205 X 15 — 22 X 11.25 = 32,800; that at c 
== 2,205 X 30 — 22 X 26.25 — 236 X 15 = 62,000, etc. The several values 

d s 

are given in the table. The quantity I for the entire arch = 71,920 X 
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2 —19,600= 124,240. 


The value of of eq. (a) = 

Aq 


£9L^8=6io. 

0.25 


y ds 

z j 

The value of H for any load point is then equal to --—. The 

^ 124,240+610 

several values are given in Table C. The small influence of arch shorten¬ 
ing, represented by the term 6io, is to be noted; also the fact that the small 
section d s dXa^ in Table C, may be neglected without affecting the value of H, 
Compare these values with the values in Table A. 

From the new values of H a new influence line is drawn, shown by the 
dotted lines in Fig. 48. The new influence areas may then be determined 
and the corrected values of bending moments. For the quarter-point and 
crown the results are as follows: 


Section. 

Moment Centre. 

D. L. Moment. 

Live-Load 

+ 

Moment, 


Top 

- 136,300 

694,000 

898,000 

1 

Bottom 

+ 297,000 

1,000,000 

552,000 


Top 

— 161,SCD 

262,000 

505,000 

^ 1 

Bottom 

+ 277,000 

5 ^ 3 > 2 oo 

167,000 


Compare these values with those given on p. 171. 

148. Ten^pcraiure Stresses. —Assuming a change of temperature of 60° 
from the normal, eq. {b) gives Ht ~ + 2,400 lbs. The moments due to this 
are equal to ± Htyi and ± Hty2. The values for sections d and g are as 
follows 


Section. 

Moment Centre. 

1 

Moment Due to Temperature. 


To,, 

i 69,500 

1 

Bottom 

i 60,700 

^ 1 

Top 

i 91,400 

Bottom 

+ 81,700 


A rise of temperature causes negative moments in the arch. 

The value of Ht calculated by the approximate formula of Art. 125 is 


Ht=- 


E cot Iq 

s'}? 


2,400, the same as obtained by the more exact method. 


149. Shearing Stresses .—In arch ribs the shearing stresses, as com¬ 
pared to the bending stresses, are small. The minimum permissible 
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web thickness will usually be ample, but in designing the riveting 
of flanges and web it is necessary to determine the maximum shear 
at a few sections. 

Fig. 4S (c) shows the influence line for shear at section tf, plotted as ex¬ 
plained in Art. 142. For this section cot a = 2.5 and sin a = 0.37. Measur¬ 
ing the influence areas we have: area a d/'* df — 30.2; d' z = + 35.7 \ih = 
~ 3 * 3 ; total = + 2.2. Hence, as in Art. 142, dead-load shear = 1,000 X 2.2 X 
0-37 = + 830 lbs.; maximum live-load shear = 35.7 X 1,500 X 0.37 = 
+ 19.800 lbs. 

150 . Values of H for a Circular Arch. —Calculations have been made for a 
circular arch of the same rise and same cross-sections as the parabolic arch of 
Fig. 48/resulting in the following values of H for unit loads: 


Section. Value of H. 

h .. .0 260 

c ..o. 488 

d . 0.680 

e .0.823 

/•.o 913 

g . 0-947 


The resulting maximum moments are considerably greater at the crown than 
those of the parabolic arch, but the difference is small between the quarter- 
point and the end. 

151 . (2) Analysis of a Braced Arch. —Assume an arch of the dimensions 
shown in Fig. 49 (a). The dead load will be taken at 1.200 lbs. per foot per 



truss and the live load at 3,000 lbs. The joint loads, therefore, will be 30,000 
lbs. and 75,000 lbs., respectively. 

a First A pproximation. —The first analysis will be made on the assump¬ 
tion that the sectional areas of the members are each equal to unity. On this 
basis the values of H for a load unity at each joint are determined. The 
graphical process will be employed. 
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The first step is to calculate the stresses in the members for a value of 
H =* I. This is conveniently done by means of a stress diagram, given in 
Fig. (ft). From this diagram are obtained the stresses u given in the following 
table. The values oi u I are then calculated and used in the construction of 



the displacement diagram shown in Fig. (c). In this construction E e is 
assumed to stand fast. 


Member. 

Length 1 . 

l H (Stress for H — i). 


ul . 

AB 

300 

+ -538 

; + 

I6I 

BC 

300 

+ I .50 

1 + 

450 

CD 

300 

+ 3.00 

1 + 

900 

DE 

300 

+ 4.00 

H- 1,200 

ah 

366 

— I .220 

— 

446 

be 

335 

— I .720 

— 

577 

cd 

313 

— 2.610 


817 

de 

301 

-4.019 

— 

1,212 

Aa 

600 

"f .70 

+ 

420 

Bh 

390 

+ 


300 

Cc 

240 

+ -750 


180 

Dd 

Ee 

150 

120 

+ .400 


60 

Ah 

492 

- .883 

- 

434 

Be 

384 

— I .231 

— 

473 

Cd 

335 

-1.677 

— 

562 

De 

323 

-1.077 


348 


From the displacement diagram, the horizontal deflection of a is found tc 
be equal to 20,000 (E being omitted in the calculations), or with respect to 
a' the deflection is 40,000. The vertical deflections are given in the table 
below. Dividing these values by 40,000 we get the following values of H for 
load unity at each joint: 


Joint. 

Deflection. 

Value of n. 

B 

11,700 

0.292 

c 

22,300 

0-558 

D 

3I7I50 

0.779 

E 

34,950 

0.874 


n.—ii 
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From these valnes the curve (or influence line) for H is plotted in Figs. (</) 
(c), and (/). 

The stresses in the various members are then calculated by means of 
influence lines plotted as explained in Arts. 141 and 142. Fig. {d) shows the 
influence lines for upper-chord members, and Fig. {e) for the lower-chord 
members. For any chord member, then, the stress is equal to the respective 



Fio. 49 (c). 


influence line area, multiplied by y, the lever arm of H about the moment center 
of the member in question, and by p, the load per foot. 

Fig. (/) is the influence diagram for vertical component of stress in the 
diagonal members. The vert. comp, of stress in any diagonal is, then, load 
per foot multiplied by the respective influence line area, times the term y//, 
which is the vertical distance from H to the moment center divided by the 
lever arm of the member in question. 

The results of this analysis are given in Fig. {g) by the figures not enclosed 
in parentheses. The values given are the combined dead- and live-load 
stresses. From these stresses an approximate design has been made with 
sectional areas as shown in Fig. (g) by the numbers not in parentheses. 
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Fig. 49 (/). 
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In the calculations of the sectional areas, 50 per cent, was added to the live- 
load stresses for impact and the following working stresses used: 

For tension members, 16,000 lbs. per sq. in. 

For compression members, 16,000 — yoXllr lbs. per sq. in. 

(b) Second Andy sis. —Having the sectional areas approximately deter¬ 
mined, a more exact analysis may now be made by the same method used in 
the first analysis. The details of this will not be given. 

New values of nljA will need to be calculated and a new displacement 
diagram for if = i will be required. The resulting values of H were found 
to be larger than before, requiring a new curve for H to be plotted in Figs. 
{d)y (e), and (/). The other lines of these diagrams remain the same. The 
stresses were then calculated using the new influence lines, and the sectional 
areas revised. In making up the revised areas, the stress used was the average 
of those obtained in the first and second analysis. It was found that in this 

( 65 , 100 ) ( 143 , 800 ) ( 212 , 700 ) ( 208 , 700 ) 



way it was possible to get a very close agreement between the required area 
and area provided in the final design. 

(c) Third Andy sis. —Using the sectional areas as determined in the 
second analysis, new values of H were determined, and a new curve for H 
plotted in Figs, {d)^ (e), and (/). The new H curve is shown by the dotted 
lines in the figures. The stresses were again calculated, and it was found that 
the area provided agreed very closely with the area required in nearly all mem¬ 
bers. The final sections and stresses are as shown in parentheses in Fig. (^). 

The final value of the deflection of point a with respect to a' was 1426.0/E. 
The values of H are as given in the following table: 


Joint 

Deflection 

Value of H. 

B 

456 

0.320 

C 

865 

0.607 

D 

1,205 

0.845 

E 

1,365 

0-957 


d. Temperature Stresses. —^The temperature stresses are very quickly found 
from the calculations already made. Using the final sections determined, the 
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displacement diagram gives a total deflection for //== i, of 1426.0/^=0.0000492 
in. A rise of temperature of 1° would cause an expansion, if unrestrained, of 
.0000065 X 200 X 12 = .0156 in. Hence such a change of temperature 
would develop a reaction of = .0156/0.0000492 = 317 lbs. If a change of 
60° is provided for the resulting // is 60 X 317 = 19,000 lbs. The stre.sses 
in the various members are obtained from the table, p. 161, by multiplying 
the several values of u there given by 19,000. It will be seen that in a few 
cases the temperature stresses exceed 25 per cent, of the total dead- and live- 
load stresses. 


152,—Deflection of Two-Hinged Arches.—^Thc formulas already 
developed may be applied to calculate the vertical (or horizontal) 
deflection at any point of an arch. The general formula for beams is 

j ^ r in which m is the bending moment due to a 

load unity applied at the given point and in the direction in which 
the deflection is desired. 

It is generally convenient to calculate the deflection due to the ver¬ 
tical and the horizontal forces separately. Assuming the arch free to 
move horizontally at one end, the deflection from vertical forces will be 

r M' ds ^ 

^ = J -£7-.(36) 

and from horizontal forces 

■ ■ to) 


in which m' z.s the bending moment due to the one-pound load, arch 
considered as a simple beam. Now since f — ^ is the vertical 


deflection of the given point for one pound applied horizontally at 
the hinge, it is also equal to the horizontal deflection of the hinge for a 
one-pound vertical load applied at the given point, = 0^ of Art. 136. 
By that article the value of H for a one-pound load was shown to be 
equal to d^/dy hence, cq. (37) reduces to J" = i? X 5 , in which 
H is the total thrust for the given loading, = thrust for one 
pound applied at the point whose deflection is desired, and d == 
horizontal deflection of hinge for = i. This form of expression 
is advantageous, as the several values of have already been cal- 

- ^ of cq. (9). Note, further, that M' and 
h 1 

m! of cq. ( 36) arc equal to the moments in a simple straight beam. 
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Hence in case^ = constant = we have J' = f M' d x . w, 

i 1 Q Cj M Q ® 

which is the deflection of a straight beam of length I and moment 
of inertia 7 ^. 

The deflections of an arch rib are much less than those of a straight 
beam of the same depth. They are greatest at about the quarter-point 
where the moments are a maximum. The value of J", representing 
the effect of 77 , is of opposite sign from the term J'. 

The deflections of braced arches are calculated by the same formula 

S tc I 

as used for simple trusses, J = I Here again the vertical 


and horizontal forces may conveniently be considered separately. 
The deflection curve determined in Art. 136 serves as the deflection 
curve for the horizontal forces. That for vertical forces is determined 
as in a simple span, algebraically or graphically. 

The deflectibn of a two-hinged arch is somewhat less in general 
than a three-hinged arch, and much less than that of a simple truss 
of the same span. 

153. Wind Stresses. —The lateral bracing of a two-hinged arch is 
arranged in the same manner as in the three-hinged arch (Art. 118), 
except that in this case the upper lateral system may be made continu¬ 
ous across the centre. Generally transverse bracing is used at each 
panel, as well as an upper and a lower lateral system, thus giving 
a redundant system. [Fig. 50 (a).] 

The stresses in the upper lateral system and in the transverse 
bracing are determined by the same general method as explained in 
Art. 118 for the three-hinged arch. Without the transverse bracing 
the stresses in the upper laterals and end bracing are found as for a 
simple span. Also, if the upper laterals are omitted and the transverse 
bracing used, the stresses in the latter are readily found, as explained 
in Art. 118. Where both lateral systems and transverse bracing are 
used, the loads will be carried partly by one system and partly by 
the other. The depth of the transverse bracing at the centre being 
small, this bracing is relatively rigid at that point. The lower laterals 
are also generally more rigid than the upper laterals, especially where 
the arch is a plate-girder rib. Hence loads applied at joints near the 
centre will mainly be carried down the transverse bracing and along 
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the lower laterals. Loads applied at joints near the end, as at d 
and gy will be carried to a larger extent by the upper laterals, although 
the path ^ G J 5 is likely to be more rigid than the path g b B, 
Again, the relative rigidity of the two paths depends much upon the 
size of the laterals themselves, and hence if a certain assumption is 
made as to the distribution of the loads and the laterals are designed 



(a) 




accordingly, their relative rigidities tend to follow the same proportions 
as those assumed in the distribution of the load. It will be safe and 
sufficiently accurate to design the more rigid path (the transverse 
bracing and lower laterals in this case) to carry, say, two-thirds or 
three-fourths of the total lateral pressure and the other system (the 
upper laterals) to carry the remainder. An exact analysis would re¬ 
quire the application of the method of redundant members to the 
structure as a whole, and as there is one redundant lateral member 
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in each panel and one redundant member (or reaction) in each vertical 
truss, such a solution would be very laborious. 

The loads transferred to the lower laterals having been estimated, 
these are combined with the loads acting directly thereon, and the 
shears and stresses in the lower lateral diagonals determined as in 
Art. ii8. The resulting forces acting in the plane of the main truss 
are also to be determined as in that article (Fig. 33). The effect of 
these forces upon the main truss remains to be considered. 

Fig. 50 {b) represents the leeward main truss, and the horizontal 
and vertical forces acting at the several joints due to the action of 
the transverse bracing and laterals. The problem is to determine the 
value of H for these forces in the same manner as for any other system 
of loads acting in the plane of the truss. 

The value of H for the vertical loads P, for either the arch rib or 
the braced arch, is determined by methods already explained. The 
value of H for the horizontal forces Q is found by similar methods. In 
the case of the braced arch, the simplest method is to construct a 
displacement diagram of the truss for unit horizontal forces at A and 
B, as in Art. 136. Then from this diagram determine the horizontal 
displacement of the several joints Z), £, etc., with respect to A. Then 
the horizontal displacement of any joint, divided by that of By will 
equal the reaction H due to unit horizontal load at the joint in question. 
In this manner the values of iZ for J Q can be determined and the 
stresses then found. 


If an arch rib is in question the value of H due to the horizontal 
loads Q requires the use of the general methods of Art. 119. Con¬ 
sidering two equal symmetrical loads Q [Fig. (c)], acting at D and 
D'y the resulting values of H will be equal to each other, as for vertical 
loads, and the vertical reactions will be zero. The bending moment 
at any section is then equal to M' — H y, as in eq. (4) of Art. 119, 
in which M' is the bending moment due to the forces Q with the 
reactions H removed. Finally, omitting the temperature term and 
also the term taking account of the effect of thrust, we have in general. 
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Let k I and be the coordinates of point D, referred to A as origin. 
In this case the value of M' for the portion ^ Z) is zero, and for D C, 
Q {y ~ ydi hence we have 

= . . ( 39 ) 

For the calculation of lateral stresses the arch may be assumed of 

(is (i X 

parabolic form, and also that — -= as in Art. 123. We also 

■L J- ct 


fx X^\ 

y = 4 A ^ — — j. Substituting this value in (39) 


grating, we have 


and inte- 


d s 

Jd ~t~ 


hH - 16 I 

h L-15 


k' ¥ 

- + - 

2 5 ^ 


'^y,yds y, rhi 




J ^ g }i'2 I 

= —p Substituting in (38) and 

reducing we get 

II ^ Q 1^(1 — 20^3 + 30 — 12 P) “ (5 — 30 + 20 k^) J. . (40) 

By the application of eq. (40) for each of the pairs of loads Q, the final 
value of II is obtained and thence the stresses in the arch truss or rib. 


Section IV. —Arches Without Hinges 

154. General Formulas for Arch Ribs. —Let A B, Fig. 51, be a 
symmetrical arch, fixed at the ends and loaded in any manner. Sup¬ 
pose the arch to be cut at the crown C and let the stresses acting 
upon either half be represented as in Fig. 52. Then let 

Fq, and = thrust, shear, and bending moment at the crown, 
considered as positive when acting as indicated; 

Ty Vy and M = thrust, shear, and bending moment at any other 
section; 

M' = bending moment at any section (Fig. 52) due to the external 
forces only {H^y and being removed); 
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X, y ^ coordinates of any point referred to the point C as origin, x 
to be taken as positive toward the springing line in each half, and y as 
positive downward. 

Then in general 

M Ar + H^y±V^x, . . . . (i) 

the plus sign being used for the right side and the minus sign for the 
left side. The values of M' are readily calculated by statics, but the 



values of and cannot be so determined. They depend 

upon the form and material of the arch and require the establishing 
of three additiona’ condition equations. These three equations are 
obtained by calculating the movement of point C of the left half 



(Fig. 52), and placing it equal to the deflection of the same point for 
the right half. 

If J Xy J y, and J <p represent the horizontal and vertical com¬ 
ponents of the movement of C, and the change of angle at C, for the 
left half, and Xy J' y, and A' <p the same quantities for the right 
half, we have, with due respect to sign, 

A X = — A' X 
A y = A' y ^ 

A <p = — A' ip 


( 2 ) 
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Also from Arts. 99-100 we have, for the left half 

CMyds fMxds . tMds 

^=‘-J J -eT- ■ 


The expressions for the right half are similar. Substituting in (2) 
and using the subscript I to represent left half and r to represent right 
half, we have 

/ Miyds r A/r yds 

Ef~ ^ J ' RI~ ° 


El ' J E 
'Mixds CMr- 

El J ~E 


El 

Mr xds 
El 
Mr d s 


r Mid s r Mr d 

J El El 


yds 

El 

+ ^^oJ 

f yds 

EJ 

+ ^oJ 

ffds 

El 

= o 

Ml xds 

i 

C A// xds 

- yj 

r x'^ d s 


El 

J 

El 

El 

= o 

M'ds 

~EI 

+ M^j 

f ds 

El 

+ ^oJ 

r yds 
El 

= o 


Substituting the value of M from (i) and collecting terms we have the 
three general equations: 


. • (5) 


Solving for H^, V^, and M^, and omitting E we derive the equations: 
J'ds J M' y d s _ J' M'ds 

P Ml xds r Mr xds 

.® 

^ M'ds py^ds j- M'yds J-yds ^ J 2^ + J 
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In these expressions all integrals excepting as noted by the subscripts I 
and r are to be taken for the entire arch, and the terms containing two 
integral signs indicate simply the product of the two separate integrals. 

The foregoing expressions for and are applicable to 

any form of arch rib or frame composed of a solid beam, but no account 
has here been taken of the effect of direct stresses upon the deforma¬ 
tions. (See Section III, Chapter VI, for application of these formulas 
to rectanglar frames.) 

To apply equations (6), (7), and (8) to any case where the integra¬ 
tions cannot be readily performed, the arch should be divided into 
numerous divisions of equal or unequal lengths and the process of 
summation used. All quantities are readily calculated for any given 
loading. The values of H^j and can thus be determined for 
ringle loads and influence lines plotted for fibre stress or shear.* 

155. Temperature Stresses. —For a rise of temperature of t degrees, 

J X of eq. (3) becomes equal to and J y? == o. Hence, 


/ 


My ds 


0 ) t 



Mdj_ 

El 


o. 


(9) 


In this case M' = o and = o\ hence by substitution from (i) we 
have 





U) tly 

= o, 


(10) 

(11) 


from which we derive 



and 


^0 = 



(12I 


(13) 


♦ For application of this method to reinforced concrete or masonry arches see 
Turncaure and Maurer, “Principles of Reinforced Concrete Construction.” 
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The bending moment at any point is 

M = + .(14) 

156. Stresses Due to Shortening of Arch from Thrust.—As in Art. 

119, eq. (7), the shortening due to thrust may be placed as equal 
Hq cos a , L 


approximately to 


EA, 


To take account of this element as in 


Art. 119, the first of eqs. (4) is placed equals to ^ instead 


EA. 


of zero. This results in adding the term + 


L cos 


5 (i:, r ds . 
— . J — to the 


denominator of eq. (6) for 77 , and + 


L cos O' 1 r yds 


Pi 


to the denomi¬ 


nator of the first expression for in eq. (8). The effect of thrust 
may, however, be conveniently taken care of as a correction or sup¬ 
plementary effect, in the same manner as temperature changes, in 
which case it is sufficiently accurate to use eqs. (12) and (13) for 

rr 1 ... HQ cos a.L, , - , 

temperature effect by substituting - - - m place of co t /, giving, 

E Ae 


for effect of thrust alone. 


H. 


H cos L 


nij 
J I 




(15) 


in which H is the value of for the loaded condition, L = length 
of arch axis, A^= section at the crown, and aq = inclination at the 
springing line. 

157. The Parabolic Arch with Variable Moment of Inertia.—As 

in Art. 123 formulas will be developed for a parabolic arch in which I 

varies with sec a so that ^ being the moment of inertia at 


the crown. 

158. Stresses Due to a Single Vertical Load P .—Let P, Fig. 53, be a 
single vertical load applied a distance h from the centre. The compo¬ 
nents of the reactions are H and F, at and H and at B. The mo¬ 
ments at the supports are, respectively, M ^ and Af j. Let H^, F^, and 
refer to the crown C as before. The values of H^, F^, and will be 
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found by substituting in the general equations of Art. 154. The equa- 
tion of the parabolic axis, origin at C, is y = ^3 -. For a single load 

P, arch cut at C, the moment M' exists only in the section A D. 


p 



ds 


Here Af' = - P (x - b). Substituting the values of -y, y, and M' 

in the several integrals of eqs. (6), (7), and (8), there result the fol¬ 
lowing values: 

rii.L. fyAi - lA /■•'. Al. 

J 1 K' J I ' 3 V 

Py^dx 2Xi6h^ri K^l 

J I - nrJ- * 

r ds 2 Pi 2 J P 

fM'ds Pi"., „ , P ( I .\' 

JMl^_ _ £ J.' + 

Substituting these values in eqs. (6), (7), and (8) and reducing, there 
result the following equations: 



. 

• (16) 

0 

II 

1 

(- + 7 )('-T^ ■ ■ • 

• (17) 

0 

11 

1—1 


• (18) 
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Having H^, and M^, the value of M at any point is given by (i). 
The horizontal components of the reactions at A and B are, for vertical 
loads, equal to H^. For a load on the left half 

K.-V, + P-k(.-|)(.+^)V. (.9) 

-V, .(20) 

= i(-T)T 5 (-^y- 4 (:-^)]^ . (2r) 


M^ + H^h + V^ 


I / 2b Y r ( 2b Y 


4 1 I + 


)]P. . (22) 


159. Stresses Due to Changes of Temperature .—Substituting in 
(12) we have, for a rise of temperature, 

cu 11 -y 

= ■ ■ ■ <^3) 

EI,- sEI, 9E‘1.‘ 
hi 

^.(24) 

± 3 

h 

= Af, = + = .(25) 


M„= - 



Fu;. 54 , 

The reactions are equivalent to two forces equal to Hf, Fig. 54. 
2 

applied a distance yi= - h, above the springing lines. 
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160. Stresses Due to Shortening of Arch from Thrust.—As in 
Art. 156 these may be calculated as a correction, by substituting 
Hcos«j L 

—— - iox cot I in (23), giving 

rr _ _ hL cos, a, 

• ’. ^ 

in which H = thrust due to the given loading. The moments are 
given by (24) and (25). 

161. Reaction Lines for a Single Load. —Fig. 55 gives the graphic 
analysis of forces for a single load P. A^ D' and D' B' are the reaction 
lines or true equilibrium polygon. Fig. (a) is the force polygon, Fj, 


p 



F2, and H being the components of the reactions. There being a 
moment Ml at A, the equilibrium polygon does not pass through A but 
some distance below, such that H = Mj. Likewise H y^ M2. 
In a graphical treatment the ordinates and yj arc conveniently 

treated as the unknowns, but the reaction lines A' D' and D' B' can 
readily be drawn from the values of F^, and M^ as found in the 
preceding articles, as follows: Construct the force polygon by laying 
off Fj = — and H = Then draw Z>' B' parallel to d b and 

at a distance y' above C (or below), such that y' == M^, or 


y' = h 


+t) 




• • (27) 


The line A' D' is then drawn parallel to a d. The bending moment 
at any point is then given by the ordinate between the arch and the 
equilibrium polygon, multiplied by H. 
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The values of y„ y^, and are determined as follows: 


M, 

2 h 1 


loh 


15 

vT- 

2 h 

M, 

2 h 1 

f ^ 

10 h 

Ih 

~ ”15 

w + 

2 b 


(28) 

(29) 


To -- y Y 

Bv similar triangles —-= YJy from which is derived, by substitu- 

L - b 


tion from (16), (19), and (28) 


= 


6 h 


(30) 


The locus of the point D' is therefore a straight line whose ordinate 
== I h. Equations (28) to (30) enable the reaction lines to be readily 
drawn for a load at any point, and thence the moments, shears, and 
thrusts, if desired, due to this single load, from the equations: 


M = H z 

F = Fi cos a' — H sin a 
r = Fi sin a H cos a 


(31) 


The reaction lines on each side are all tangent to certain envelopes, 
de and / g (Fig, 56). These envelopes are hy}:)erbolas, tangent to 
each other at the centre and having vertical asymptotes through the 
springing lines. 

162. Position of Loads for Maximum Stress ,—In using reaction 
lines to find position of loads for a maximum stress it is convenient to 
construct the hyperbolic envelopes and the straight line locus m n with 

h. This being done, the nature of the stress or moment caused 

by a load at any point is determined as in Art. 140. Thus in Fig. 56, 
the lines G i and G F, drawn tangent to d e and f g respectively, will 
determine the position of the loads for a maximum stress of either 
kind in D £, since loads between i and F cause positive moment at G, 
while all other loads cause negative moment. Likewise a line drawn 
tangent to de and parallel to FG and D £, or toward their intersec- 

II.—12 
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tion, will determine the position of loads for maximum stress of either 
kind in D G, as in Art. 140. 

For an arch rib, the kern point, or flange centre, should be taken 
as the moment centre for maximum fibre stress. 



The following table, giving values of yjh and y^jh for various load 
points, will enable enough reaction lines to be drawn to locate the en¬ 
velopes with sufficient accuracy for the purpose. 


^ Jx Jo b 

VALUES OF AND FOR VARIOUS VALUES OF 

h h I 

(For loads on the right.) 


A 

; 

y; 

h 

y-t 

h 

b 

T 

y\ 

h 

yi 

h 

0.50 

— oc 

+ 0.400 

0.25 

—0.400 

+ 0.311 

0.45 

-4.667 

+ 0.386 

0.20 

—0.222 

+ 0.286 

0 

0 

— 2 .000 

+ 0.370 

015 

-o.O(;5 

+ 0.256 

0-35 

— I .067 

+ °-353 

0.10 

0 .0 

+ 0.222 

0.30 

— 0.667 

+ 0-333 

0.0 

+ 0133 

+ 0.133 


Having found the position of loads for a maximum stress the 
stresses may be found either graphically or algebraically. A convenient 
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method is to make use of the influence lines of 7 ^, and as 
described in the next Article. 

163. Influence Lines ,—If the method of influence lines is to be 
used it is convenient to first construct the influence lines for 7^, 
and from eqs. (16), (17), and (18), Art. 158. It will be seen that 


the value of 7 ^ depends only upon the position of the load 



not 


upon the rise or span length; depends also upon the span length; 
while depends upon both the span and rise. These quantities are, 
therefore, conveniently plotted for h and I = unity. The resuliing 
curves are given in Fig. 57. These curves, therefore, serve as influence 
lines for these functions, for any arch of the type here considered, the 
true values of the functions being obtained by multiplying the ordinates 

of the curves by - for 7 /^, and by I for M^. 

These influence lines may now be used to construct influence lines 
for moment at any other point by use of the general formula. 


+ . . . (32) 


where :v and y arc the coordinates of the point or moment centre 
in question. For values oi x < b the term P {x — b) drops out. 

If uniform loads arc to be employed the position for a maximum 
is more readily found from the reaction lines. The position being 
known, the desired moment may then be found from the influence 
areas of Fig. 57. 

164. Deflection of an Arch Rib.—^Thc vertical deflection of any 
point is given by the general equation. 


J 



M xds 


(33) 


where M is the true bending moment at any section due to the given 
loads. The abscissa x is to be measured from the point where the 
deflection is desired. The ends of the arch being fixed the deflection 
of any point is calculated by performing the integration (or summation) 
between either of the abutments and the point in question. 

165. The Braced Arch Without Hinges. —Braced arches of small 
depth and parallel chords can be satisfactorily analyzed by treating 
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Values of 


Pio. 57. 
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them as beams and using the methods already explained. Where the 
truss does not conform to these conditions the analysis must be made 
by the method of redundant members. If the truss is of the single 
intersection type the number of redundant members will be three, and 
the three equations of condition are found by placing equal to zero the 
relative displacement of the two cut ends of each redundant member, 
as explained in Part I, Art. 222. Any three members may be taken 
as the redundant members, provided they are so related that the re¬ 
maining members form a structure that is stable and at the same time 
statically determinate. 

Let Fig. 58 represent any braced arch without hinges. If members 
B Dj J Lj and F H he omitted the structure becomes a three-hinged 



arch and therefore statically determinate. If three members at one 
end, as £ G, F G, and F be omitted it becomes a cantilever supported 
at the left end and is again statically determinate. Or, again, three 
members at the crown or some intermediate section may be omitted, 
as IK, J K, and J L, dividing the structure into two cantilevers, as 
was done in the case of the arch rib (Art. 154). If the arch is a sym¬ 
metrical one the last-named arrangement is likely to be the simplest. 
If a joint comes at the centre it is better for ^he sake of preserving 
symmetry to imagine the arch cut through the centre of the joint, and 
if a vertical member occurs at the centre to consider it as separated 
into two equal parts. Each half then may take the form shown in 
Fig. 59, and the problem is similar to that of the arch rib, Art. 154. 
Instead, however, of denoting the unknowns as a moment, shear and 
thrust, it will be more convenient to assume them as a shear V, and 
two horizontal forces, and these two forces being equivalent to 
the moment and thrust of Art. 154. The redundant forces arc then F, 
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and and these are to be found by equating to zero the relative 
deflections of a and a' and b and 6'. We proceed as in Art. 222, Part I. 

Let S = stress in any member due to any given load, arch in normal 
condition; 

S' = stress in any member due to the external loads, arch cut 
as shown in Fig. 59; 

= stress in any member of either half due to a force = i; 
Wj = same for a force of = i; 

W3 = same for F = i. 

Then * 5 * = S' + -I- Wj "h F W3..(34) 


p 



Now the horizontal deflection of b with respect to b' must be zero, 
and therefore we have 


ySuJ 
I ~r- = o. 


Likewise for the horizontal movement of a and a' 

^SuJ 


o, 


and for the vertical movement of b and b' 

. 

Substituting from (34) we derive the three linear equations 


+ V i- 

A A A A 


= o 


S'uJ , „ ^ M, UjI ^ jj j Y j “2 “ 3 ^ 


+ H, I 


o y 




+V 2 


== o 


(35) 

(36) 

( 37 ) 


(38) 
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The various summations are to be calculated, and their values being 
substituted the equations are readily solved for H2, and T, whence 
all stresses become determinate. 

166. Graphical Method .—The displacement diagram can be used 
to advantage in the calculation of the various summations above given, 
especially if the stresses are desired for a unit load at any joint, the 
same method being employed as in the example of Art. 151. In this 
case, however, three displacement diagrams are required. These are 
the following: 

(1) A diagram for a one-pound load acting horizontally at a 

(ij. = 1). 

(2) A diagram for a one-pound load acting horizontally at h 
{H2 = i), and 

(3) A diagram for a one-pound load acting vertically a,t b {V == i). 


These diagrams being drawn, measure thereon the following de¬ 


flections with notation as given: 

= horizontal deflection of a 

^bh horizontal deflection of b 

= vertical deflection of b 

d\ = horizontal deflection of a 

= horizontal deflection of a 

== horizontal deflection of b 


due to if, = I, ( = J ; 

due to if j = I, f = J —"j ; 
due to F =1,^=2’ ; 

due to if, = I, (= 
due to F =1,^=2’ —; 
due to F = I, 2" 


Consider a vertical load of unity at joint c. The various summations 
involving S' will then be as follows: 

= vertical deflection of c for iJi = i, ^ = I 5 

= vertical deflection of c for = i, ^ = i’ ; 

== vertical deflection of c for F =1,^=2 
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Substituting these several deflections in (38) we have 


d\ + 2 H, + 2 F = o ^ 

+ 2 d\ H,-\- 2 d,, H, 4- 2 0-,, F = o : 

r, + 2 H, + 2 , //, + 2 F = o 


(39) 


For a unit load at any other joint the equations arc the same, 
excepting the first term of each. Tne three displacement diagrams 
thus enable all desired values to be obtained for a load at any joint. 

The values at iJp H^y and F being determined, the stress in any 
member is found from eq. (34), the values of u^y u^y and 11.^ being 
already calculated. 

167. Temperature Stresses .—^For a change, of temperature the 
horizontal deflections of a and b = yi oj 1 1 . Hence the first and 
second of eq. (39) should be placed equal to oj t /, being omitted. 
The value of F is also zero, since there is no shear at the centre, hence 
we have 


whence 


and 


d'^H, + 


^ o) 11 


^hh 




(40) 


H. 


^tl-. 


— 0,, 


a) ^bh 


(41) 


168. Wind Stresses. —The arch of no hinges is always constructed 
with chords parallel or nearly so, thus requiring the roadway to be 
supported on vertical struts, as in Figs, i and 5. Lateral bracing is 
therefore usually arranged as described in Art. 153, namely a lateral 
system along the roadway, vertical transverse bracing at each panel, 
and lower laterals along the arch. Inasmuch as both the upper and 
lower chords are fixed at the ends, the lower laterals may be placed 
along one or both chords and extend as a complete lateral system to 
the abutments. If two lines of laterals are used the upper one is 
preferably made of a sufficient size to carry the loads brought down 
from the roadway by means of the transverse bracing. 
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The shears in the laterals are determined as for the arch of two 
hinges, and the resulting vertical and horizontal forces acting upon 
the main arch also in like manner. These having been found, the 
stresses in the main arch are determined as for any other loads in the 
same plane. 

169. Relative Advantages of the Arch with Fixed Ends. —Com¬ 
paratively few arches have been constructed with fixed ends. As 
compared to the hinged types with parallel chords, the arch without 
hinges is somewhat more rigid and slightly more economical, especially 
where the dead load is relatively large. The difficulties of calculation 
arc of some consequence, but where the chords are nearly parallel 
the use of the beam formulas for preliminary design will greatly 
facilitate the work. 

Where a horizontal upper chord is desired the hingeless arch is 
not suitable, both on account of the difficulties of end supports and 
on account of the fact that with such a variable depth of truss the 
process of successive approximations in its design and analysis does 
not lead readily to consistent results. As pointed out more fully in 
Art. 251, a redundant system theoretically cannot be designed so that 
all members shall be stressed at the desired value. This is a case 
where the departure from assigned working stresses would be large in 
some members and hence to that extent result in an uneconomical 
form. The example of Art. 151 illustrates the difficulties of design 
and analysis for a two-hinged arch of this type. These would be 
much greater in the arch of no hinges. With chords nearly parallel, 
however, the structure approaches a beam in proportions, with much 
more uniform stresses in the chords and a more ready adjustment 
between stress and sectional areas. 
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SUSPENSION BRIDGES 

170. Introduction. —Suspension Bridges may be classed under two 
main heads: (a) Those composed of a light platform suspended 
from a cable, the loads passing directly from the floor to the cable; 
(b) those consisting of a roadway supported by a truss which is hung 
from the cable by means of hangers. 

Structures of the first class are called Unsiiffened Suspension 
Bridges, Because of their lack of rigidity, structures of this class are 
limited to short spans and light loads. Heavy concentrations or un- 
symmetrical loads would distort the cable to such an extent as to cause 
excessive variation of grade in the roadway near the point of loading. 

Structures of the second class are called Stifjened Suspension 
Bridges, The applied loads are taken up by the stiffening trusses and 
distributed to the cables by means of hangers. Due to the rigidity of 
the trusses, heavy concentrations or unsymmetrical loads arc dis- 
tributed over the cable approximately as a uniform load, so that it docs 
not vary greatly from its original shape. Stiffened suspension bridges 
can be constructed rigid enough to carry railway or heavy city traffic. 

In this chapter the cable as a structure by itself will be first con¬ 
sidered. The unstiffened and the stiffened suspension bridge will then 
be taken up, and, for the usual conditions of loading, methods will 
be developed for the determination of the quantities necessary for 
the computation of stresses in such structures. 

Section I.—The Cable 

171. Form of the Cable. —Any Loading ,—^Thc form of the cable 
of a suspension bridge will depend upon the distribution of the applied 
loads. Any portion of the cable must be in equilibrium under the 
tensions at its ends and the loads. In any case, the form can be 
determined by drawing an equilibrium polygon for the applied loads, 
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subject to the condition that the polygon must pass through the points 
of attachment of the cable and some other fixed point, such as the 
lowest point of the curve. 

When the law of variation of the loading is known, the differential 
equation of the cable curve may be derived from statics, subject to 



the condition that any portion of the cable is in equilibrium under the 
applied loads and the internal stresses. 

Let A B, Fig. i, represent a cable under a variable load of intensity 
Wx per unit of length at point C. Fig. 2 shows an element of the 
cable whose horizontal projection is d ic in length. Let T and T — dT 



Fig. 2 . 


represent the cable stress on the two faces of the element, and let 
Wxdx represent the applied loading. Since the element is in equi¬ 
librium, we have from Z F = o. 

V -Wxdx - {V - dV) o, 
dV 


from which 
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From Fig. 2, 7 == £r tan a = 

dx 

Then —^ = H and from eq. (a) 

y __ Wx 
'd^~~ 'H' 


(i) 


Equation (i) is the general differential equation of the cable curve. 

172. Load Uniform Along the Horizontal ,—In Fig. 3, let per unit 
of length be a load, uniform along the horizontal, supported by a 



cable passing through points A, and C. The span of the cable is I 
and the sag is /. Assume the load w to be transferred to the cable by 
means of closely spaced hangers. Required the form of the cable. 

As the applied load is generally much greater than the weight of 
the cable and the hangers, these loads may be considered as uniformly 
distributed and included in the load w. Then in eq. (i), Wx = 
a constant, and 


d^y 

d 


w 


(2) 


Integrating eq. (2) twice, we have 

+ .(3) 

For an origin at C, Fig. 3, the constants of integration Ci and C2 are 
determined by noting that for x = o, d y/d x = o, and also when 
X = o, y — o. Hence, Ci = o and C2 = o, and eq. (3) becomes 

w x^ 


(4) 
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The value of H in eq. (4) may be determined by noting that in Fig. 3, 
y — f when x — I/2. Hence 


„_wP 

8/. 

• • • • (s) 

Placing this value of H in eq. (4), we have 


11 

.... (6) 


which is the equation of the cable curve referred to C as an origin. 
This is readily seen to be the equation of a parabola. Therefore a 
cable carrying a load uniformly distributed along the horizontal hangs 
in a curve which is a parabola. This also follows from the principle 
of graphics which states that the equilibrium polygon for uniform 
loads is a parabola. 

For use in the work to follow it will be convenient to refer the 
equation of the cable curve to coordinate axes with an origin at one 
of the supports, as A, Fig. 3, and with the horizontal line A B Si.% the 
X-axis. The equation then becomes 

y-^ii-x) .(7) 

Here y is the ordinate to the curve measured downward from the 
X-axis at a point distance x from the origin, / being the sag of the 
cable. 

173. Load Uniform Along the Cable ,—When the load on the cable 
is due to its own weight, in which case the load is uniform per unit of 
length along the cable, the term Wx in eq. (i) becomes w d s/d x where 
•w = weight of the cable per unit of length and d s = length of cable 
whose horizontal projection is d x, as shown in Fig. 2. Equation (i) 
then becomes 

d‘^y_wds_w\ Id y\"l 
hTx~ hY ^ \rx ). 

from which we obtain finally as the equation of the cable curve, 

y = — (e« -I- - 2),.(8) 

2C 

in which c = w/H (i/c is the length of cable of weight iv per unit 
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length, whose total weight is equal to H). In this equation y is the 
ordinate to the curve from a horizontal line through the low point, or 
center, of the cable. Equation (8) is the equation of a catenary. 
Therefore a cable under its own weight hangs in a catenary. As c in 
eq. (8) depends on 11 and w for its value, it can be seen that unless 
these are known before hand, the equation can be solved only by 
successive approximations. 

Equation (8) may also be expressed in terms of hyperbolic func¬ 
tions. Thus we have 

y = \ . ..c 

174. Side Spans .—When the structure has side spans which are 
also suspended from the cable, as shown in Fig. 4, the loads again 



being taken as uniformly distributed along the horizontal, we proceed 
as in Art. 172, substituting Wx = w, in eq. (i) and integrating twice, 
deriving 


yi 


Wt Xi^ 

2 H 


+ Cl a:i -f- C2 


(10) 


Assuming an origin at A, Fig. 4, and measuring ordinates vertically 
from the line A D, the constants of integration are determined from 
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the conditions that yi = o when *1=0 and j'l = o when :r = h. 
Hence 


2 ti 


(ii) 


To determine H, note from Fig. 4 that yi = fi when *1 = I1/2. 
Equation (ii) then becomes 

yi = (h - Xi). ;.(12) 

n 

Referred to a horizontal axis A By Fig. 4, the equation of the cable 
curve may be written in the form 

y "" H'2~ “1- • • • ( 13 ) 

n 


The notation is fully shown on Fig. 4. 

As shown on ¥\g, 4, the low point of the curve is at £, a point to 
the left of D. If /i, ai, and/i are known, it can be shown that 


and 


I2 = ~ (i "{“-tan Oil 

2 \ 4 


F = /i ( I H-tanai 

' 4«i 


• • (14) 


in which/1//1 = ni, the sag ratio for the side span cable, and F is the 
vertical distance from the horizontal axis A B io the low point of the 
curve. Equations (14) were obtained by placing dyjd Xy as obtained 
from eq. (13), equal to zero and solving for h, the value of x at the low 
point of the cable curve. This value of I2 was then substituted in 
eq. (13) to determine the value of F. 

It can also be shown that when tanai is greater than 4W1, the 
low point of the curve lies to the left of Z), as shown in Fig. 4. When 
tan ai is less than 4 Wi, the low point of the curve will lie to the right 
of point Dy or between points D and A, We then have a special 
case which wilUbe considered in the next article as an unsymmetrical 
span. 

175. Unsymmetrical Spans ,—When the tops of the towers are not 
on the same elevation, as shown in Fig. 5, we have as noted in the 
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preceding article, a special case of side span cables, which may be 
treated by the method used in Art. 174. 

Referred to an origin at A, Fig. 5, and a line A B joining the tops 
of the towers, the equation of the cable curve is 

Referred to a horizontal line A D making an angle a with A B, Fig. 5, 
the equation of the curve is 

y' = y + X tan a = (I — x) + x tan a. 



The low point of the curve is at E, near the span center. From eq. (14) 
we may write, using the notation shown on Fig. 5, 

Xb = -(i + — tan a ) 

2 V 4 » / 

in which f/l = «, the sag ratio for span A B. The distance F from 
the horizontal axis to the low point E is given by eq. (14) as 

F./(^L+±VmaJ 


dx. 


176. Length of the Cable. —From Fig. 2, 

ds == (dx^ + d y^)^ = j^i + j 1 







THE CABLE 


207 


If L is the length of the cable, we have 



H 

d X. 


(15) 


Main Span^ Parabolic Cable .—From eq. (6), d y/d x = 8 f x/P and 

t 


L = 



V 


I 


2 


I + 16 




+ l,og. 



(16) 


This equation gives the exact length of the cable curve from A to B 
of Fig. 3. 

An approximate value of the length of curve may be obtained by 


expanding the term | i + 


, 64 P x^^ 


I + 


P 

P 


and integrating. We then have 
512/^ 


■p^ + ..}jdx 


= / ^ m 2 - ^ n'* + • • .(17) 

in which n = f/l, the sag ratio of the cable curve. The value of L 
given by eq. (17) is sufficiently accurate for most cases. When the 
sag ratio is small, say not greater than re,, eq. (17) may be written 


^ = (i + f n^)l .(18) 

Main Span, Catenary .—From eqs. (8) and (15), 

I 

L = 2 f - (e" + d X = - ^ — e ’‘j. . . (19) 

Expressed in hyperbolic functions 



Side Spans, Parabolic .—Referred to point E, Fig. 6, the low point 
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F 

of a side span cable curve, the equation of the curve is y = -r-j-. 
From eq. (15), the length of the curve from A to D, Fig. 6, is 

- r* f t 

Fad — I 1 H Yl dx. . . . . (21) 

L J 

This distance may also be determined from eq. (16), noting that 
cable length A D — E A — ED. 

An approximate expression for length of curve from A to D, 
Fig. 6, is given by the equation 



Fig. 6. 


in which n = /1//1, the side span sag ratio. 

177. Stresses in the Cable for Uniform Loads .—Main Span, Para¬ 
bolic Cable .—The stress in a cable carrying a uniformly distributed 
load due to the weight of the suspended platform may be determined 
by taking a section at any point in the cable £ind equating moments 
of forces on either side of the section equal to zero. 

Figure 8 shows a section cut at a distance x from the left end of 
Fig. 7. All forces are shown in position. A moment equation about 
D, Fig. 8, gives —Hy + \wx {I — x) — o. Substituting the value 
of y from eq. (7), the horizontal component of the cable stress is 


H = 


w P 

w 


(23) 


This is the same value as given by eq. (5). When the cable carries a 
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uniform live load of p lb. per unit of length over the entire span in 
addition to the dead load w, eq. (23) becomes 



Fig. 7. Fig. 8. 



At the span center, where x = Oy T — Hy and at the support, where 
X = I! 2y the cable stress is a maximum and its value is 



The direction of this maximum stress is given by 

tana = dy/dXy in eq. (6), = 4///. . . . (27) 



Fig. 9. 
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Side Spans, Parabolic Cable ,—From moments about A, Fig. 9 (6), 

W\ li^ 


Hi = 


and 


8/1 


sec 


H — H\ cos ai = 


W\ l\^ 

- • • 


(28) 


The stress at any point in the cable is 


dx I \dx/ 


H 


From eq. (13) 

r = ff ji + [tanai + ^(li - 2 :c) 

At the span center, where x = I1/2 

T = H(i + tan^ori)^,. 

and at the support, where 2: = o, 

r = ^1^1 + (tan«i. 

which is the maximum cable stress. 

From eqs. (23) and (28), the relation between sags in the main 
and side span cables for equal, values of H at all points is 


(29) 

(30) 

(31) 


(32) 


IS 


wP _W\ Ip fi _ Wi Ip 

17 ~ TfT T ~ . 

Main Span, Catenary Cable ,—The stress at any point in the cable 


T-Hp. 

dx 


(33) 


= w/c and ds = [i + \ dx. From eq. 8), ^ 

L \ajc/ J dx 

(c** — e~‘^). Hence 


Here H 

I 








THE CABLE 


2II 


At the span center, where x — OyT = Hy and at the supports, where 
X ^ Ijiy the cable stress is a maximum and its value is 

^ = + .( 55 ) 

Expressed in terms of hyperbolic functions, eqs. (34) and (35) may be 
written 

T = H cosh cXy .(36) 

and 

T = H':osh^- .(37) 

2 


Equation (34) may also be written 


r = — (e“ + C-") 

2 C 


-»(y + i) - 


wy + H, 


(38) 


That is, the stress in the cable at any point is equal to the horizontal 
component of the cable stress plus the weight of a section of cable 
equal in length to the ordinate of the cable curve at that point. At 
the span center, where y = o, T = and at the support, where 
y^f,T^n + wf. 

178. Deformation of the Cable .—Parabolic Cable ,—Stress and 
temperature changes alter the span length, the cable length, and the 
cable sag. 

Due to stress, the elongation of the cable is 



in which n = f/I, the sag ratio, and A = area of cross section of cable. 

For a change of t degrees in temperature, the elongation of the 
cable is 
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in which w = coefficient of linear expansion for the material composing 
the cable. 

The effect of these changes in length of cable on the span length 
and cable sag may be determined by differentiating the equations of 
the preceding articles. Thus from eq. (i6), for an increase in sag, d f, 
the change in the cable length is 

dZ, = — |(i + i6m2)H — Liogj4» + (i + (41) 

and for a change in span length, d I, the change in cable length is 


d L = — log, [4 n + (i + 16 d 1 . 
4 n 


(42) 


From eqs. (41) and (42) 


dl 


2 (i + 16 

log, [4n + (i + 16 n^)^] 



(43) 


Approximate values for these quantities, derived from eq. (17), 
are as follows; 

d Z, = — (15 — 40 + 288 n^) d /. . . . (44) 

^ 5 


d Z = ^ n (5 — 24 M^) d/, 


(45) 


and 


■ ■ ■■ 


Substituting values of e, or C( from eqs. (39) and (40) in eqs. (41) 
to (46), the changes in form of the cable due to stress or temperature 
changes are readily determined. 

To determine the effect of a small change in cable stress on the 
sag, differentiate eq. (26) with respect to /. We then have 


d/ = - 


/ 

H 



64/2 

) 


dT =- 


L 

H 


dH. 


(47) 
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Section II.—Unstiffened Suspension Bridges. 


179. Introduction. —Unstiflened Suspension Bridges consist of a 
platform or roadway suspended from cables which pass over towers 
and are anchored by backstays to a firm foundation, as shown in 
Fig. 10. Structures of this type are not used for large and important 
bridges because of their lack of rigidity.* In early structures of this 
type, the cable consisted of a built-up chain. After iron and steel 
wire came into use, wire cables were used in place of chains. 

180. Stresses in Cable and Towers. —The load carried by the cable 
consists of the weight of the cable, the hangers, the roadway platform, 
and the live load. As the cable and hangers are light, compared to 
the weight of the roadway, the total dead load may be considered as 
uniformly distributed. We then have the same conditions as for the 
cable considered by itself in Sec. I. 

From eqs. (23) and (26), Art. 177, the maximum dead load stress 

w P / i6/2\^ 

and the maximum cable stress due to dead load and a live load p 

P I 16 

covering the entire span is T = (w -1- />) these 

equations I = span length and / = sag of the cable. 

The stress in the tower A E, Fig. 10, is equal to the sum of the 


in the cable, which occurs at the towers, is Ty, = 



Fig. 10. 


vertical components of the cable stress on both sides of the tower. 
Thus 

Tower Stress = H (tan a -f tan ai).(i) 


*The Hudson River Bridge, which contains a 3,500-foot center span, will be erected 
with an unstiffened center span. Later, when the traffic increases, a stiffening truss will 
be added. 



214 


SUSPENSION BRIDGES 


For dead and live load on the center span, and for equal slope of the 
cable on both sides of the tower, when tan a = tan ai = 4 ///, 

Tower Stress = {w + p) I .(2) 

181. Deformations of the Cable. —In unstiffened suspension 
bridges, the deflection of the roadway is due partly to the deviation 
of the cable from a parabolic curve under unsymmetrical loading by 
reason of the flexibility of the structure and partly to the elongation 
of the cable and backstays under stress and temperature changes. 
Deflections due to these causes may be determined separately and 
combined for total deflection. 

182. Deflection Due to Deviation from Parabolic Curve. —Fig. ii 
shows the principal conditions of loading which cause extreme devia¬ 




tion of the cable from its normal position, shown by the dotted lines 
in the figures. For Cases A to C, the equation of the cable curve 
for the portion of the cable A D, which supports the live and dead 
load, where x < kly is 


y 


? H 



. . (3) 
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and for the portion of the cable from £) to 5 , which supports dead load 
only, where x > kl, the equation is 



In these equations, 

• (s' 

Equations (3) to (5) are derived by the methods given in Sec. I on 
the assumption that the cable does not change length under stress. 

The low point of the cable curve shifts its position from C, Fig. ii, 
to a point L, the location of this low point depending upon the position 
of the live load and the relative values of dead and live load. To 
locate the low point L, differentiate eqs. (3) and (4) with respect to x 
and solve for x = x^. Thus we find for Case C, Fig. ii {c)y 


i + (2 — k) 

I w 



and for Case Ay Fig. ii (a), 


( 6 ) 



Values of the ordinates to the low points of the curves are found 
by substituting values of Xl in eqs. (3) and (4). 

For Case Ay Fig. ii (a) 
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Maximum values of F' and F" occur for the live load in the posi¬ 
tions indicated by eqs. (lo) and (ii). 

For Case A, Fig. ii (a) 

3 ^ ~ 5 - ^ P + 3 A - i) + I = o. . (lo) 

w w \w / 

For Case C, Fig. ii (c) 

+ . ( ii ) 

\ w/ w w 

To determine the proper position of the live load, values of p and w 
must be substituted in eqs. (lo"' and (ii) and the resulting equations 
solved for k. 

183. Coefficients for Various Cases, — Values of xl from eqs. (6) and 
(7), k from eqs. (10) and (ii), and maximum F' and F" from eqs. (8) 
and (9) are given in Tables A and C. These tables give also values 
ol d = Ij2 — Xl, the side swing of the low point in the distorted cable; 
values oi df = F'\ and values of F' — y, the change in cable curve 
ordinates, y being the ordinate to the initial parabolic cable curve. 

When Xl from eqs. (6) and (7) are equal, the low point in the cable 
curve is at the head of the live load, as shown in Fig. ii {b) and 
Case F, and 

-“'='(>^^-7).("> 

From eqs. (4) and (5), the ordinate at the low point of the cable is: 



Values of F, Xl, d and df for Case B are given in Table B. 

For Case D, shown in Fig. ii (d), the live load covers the center 
portion of the span. The center sag F is found to be 
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F = 


[(- + ■) 

1- 

1 

l\w / 

w \ 


- +1 

w 


(3 -4k) - '2k) 

w i 


/• (14) 


Maximum F occurs for k as given by eq. (15). 


^(2^+i)F-3^ U+l]k^ + 


w \ w 


w \w 


2^+1 

w 


w 


+ I ) ^ 


I (p 


4 


+ I = o- 


. . . (15) 


Values of F, k, and df are given in Table D. 


PROPERTIES OF THE CABLE CURVE 

Cases A, B, C, and D, Fig. ii 

TABLE A 

CASE A FIG. II (a) 


Values of — 

w 

H 

'2 

I 

2 

3 

k 

0.300 

0.290 

0.275 

0.265 

0.250/ 

F' 

0 .988 

0.978 

0 .964 

0.936 

0.911/ 

Xl 

0.485 

0.479 

0 .462 

0.430 

0 .406/ 

y 

0.999 

0 .998 

0-995 

0 .980 

0.965/ 

df 

0 .oil 

0 .020 

0.031 

0 .044 

0.054/ 



TABLE B 





CASE B, 

FIG. II (b) 



Values of — 
w 

3 

2 

I 

H 


Xl 

0 .333 

0 .366 

0.414 

0.449 

0 .464/ 

d 

0 .167 

0.134 

0 .086 

0.051 

0 .036/ 

F 

0 .989 

0 .984 

0.985 

I -035 

I -151/ 

y 

0.888 

0 .928 

0 .968 

0.988 

0.996/ 

df 

0 .101 

0.056 

0 .017 

0.047 

C-I 55 / 



2i8 suspension bridges 

TABLE C 


CASE C, FIG. II (c) 


Values of - 
w 


}4 

I 

2 

3 

k 

0-655 

0.650 

0.645 

0 .640 

0 .630Z 

F" 

1.002 

1.012 

1.018 

I .022 

I . 024 / 

Xl 

0.486 

0.479 

0 .468 

0 457 

0 .449/ 

y 

0.999 

0.998 

0.996 

0.994 

0.992/ 

df 

0.003 

0.014 

0.022 

0 .028 

0.032/ 



TABLE D 





CASE D, 

FIG. II (d) 



Values of — 
w 



0 

2 

3 

k 

0-352 

0-357 

0-375 

0 .402 

0.4iof 

F 

1.022 

1.028 

1.045 

I .066 

I .097/ 

df 

0.022 

0.028 

0.045 

0 .066 

0 -097/ 


184. Deflection Due to Stress and Temperature Changes.—In addi¬ 
tion to the deflections shown on Fig. ii, elongation of the cable and 
backstays, due to stress and temperature changes, cause further 
deflection of the cable. Assuming straight backstays, as shown in 
Fig. 10, and rigid anchorages, the horizontal movement of the top 
of the tower at A , due to stress and a rise in temperature of t degrees, is 

Al = > 

in which A — area of the cable cross section. 

To determine the effect of this tower movement on the cable sag, 
substitute 2 A/in eq. (43) or (46), Art. 178. The elongation of the 
main span cable due to stress and a rise in temperature of t degrees is 

^ ” flO + 3 ”') 
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The effect of this cable elongation on the cable sag is determined by 
substituting A L in eq. (41) or (45), Art. 178. 

Section III.— Stiffened Suspension Bridges 

185. Introduction. —In suspension bridges which are to be used 
for heavy traffic, the roadway must be kept as nearly as possible at 
the same grade under all conditions of loading. To accomplish this, 
the cable must be prevented from swinging into a new equilibrium 
curve when the span is only partially loaded with live load. The 
desired resistance to distortion is usually obtained by one of the two 



following methods: i. By a horizontal stiffening truss suspended 
from the cable; 2. By making the cables themselves rigid enough to 
resist the distortion. 

Fig. 12 shows a structure of the first class mentioned above. A 
truss carrying the roadway or track is suspended from the cable. Due 



to the stiffness of the truss, a load applied at any point, or a uniform 
load covering a part of the structure, will be distributed to the cable 
approximately as a uniform load. The stiffer the truss the more 
nearly uniform will be the load on the cable and therefore the less the 
distortion of the cable. 
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In the Brooklyn Bridge, which is of this type, inclined stays 
were added, which ran out to about the quarter-point of tne 
span as shown in Fig. 13. Due to the uncertainty of'just how these 
stays act under loading, and also because they have not been found 
to act efficiently as a means of stiffening the roadway, their use has 
been abandoned. 



Fig. 14. 


In structures of the second class, the cable itself is made rigid. 
This may be done in several different ways. One arrangement is 
shown in Fig. 14. Two eye-bar chains are hung one above the other 
and braced to form a rigid system which is similar in nature to a hinge¬ 



less arch. Due to difficulties in erection and uncertainty of stress 
calculation, examples of this system are rare. 

The structure shown in Fig. 15 is similar to a two-hinged arch, 
inverted. This form was used in one of the proposed designs for the 
Manhattan Suspension Bridge in New York City. 



Fig. 16. 


In Fig. 16 is shown a structure built on the three-hinge-arch prin¬ 
ciple. The Point Suspension Bridge at Pittsburg is a notable example 
of this type. Here the stresses are all statically determinate, and are, 
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therefore, not subject to any of the uncertainties which exist in the 
types shown in Figs. 14 and 15. 

In the following articles the structures here shown will be taken 
up in detail and methods for stress calculation developed. This work 
will be divided into two parts—one part referring to structures in 
which a horizontal stiffening truss is used, the other to structures in 
which the cable itself is made rigid. The treatment, however, will 
refer mainly to structures with horizontal stiffening trusses. In the 
case of structures with stiffened cables the methods used in arch 
analysis can be applied with but few modifications, which will be taken 
up in detail. 

186. General Method of Procedure. —In the determination of 
stresses in structures with horizontal stiffening trusses the following 
assumptions arc made: 

1. The initial curve of the cable is parabolic. 

2. The entire dead load is carried by the cable and causes no stress 
in the stiffening trusses. The trusses are stressed by changes of tem¬ 
perature, and by live load. 

The first assumption is based upon the facts brought out in Section 
I of this chapter, concerning the cable as a structure by itself. 

The second depends upon the field methods used in the erection 
of such structures. The trusses arc erected with all joints field 
bolted. After the erection has been completed and the trusses 
brought to the desired grade by adjustment of the hangers, the 
joints are riveted up at the proper temperature, realizing the 
assumed conditions. 

In developing the methods of calculation, the discussion will be 
divided into Approximate and Exact Methods. In the Approximate 
Method, the trusses are considered to be very stiff, and the loads com¬ 
paratively light. Under these conditions the effect of the deformations 
due to stress, upon the general dimensions of the structure will be 
neglected. The cable is therefore assumed to retain its original 
parabolic form, and the hanger loads acting thereon are assumed 
to be uniformly distributed under all conditions of loading. This 
method is sufficiently accurate for most cases. 

For structures in which the trusses are not very stiff and the 
span long, the deformations of truss and cable can no longer be 



222 


SUSPENSION BRIDGES 


neglected. These conditions are considered in the exact method 
of calculation. 

(a) approximate methods of calculation 

187. General Expressions for Horizontal Component of Cable 
Stress and for Moments and Shears in the Stiffening Truss.—A cable 
over a single opening is stiffened by a truss suspended in any manner 
at Ri and R2 as shown in Fig. 17. Required the horizontal component 
of the cable stress. 

Since the stiffening truss, acting alone, is capable of supporting 
loads, the truss and cable constitute a redundant system. The cable 
may be conveniently regarded as the redundant member. The same 



general method of analysis may be employed as explained in Part I. 
In proceeding with this method we will imagine the cable cut at a 
point near the tower. This being done the stresses in all members will 
be determinate, and will correspond to the stresses 5 ' and the moments 
M' of Art. 217, Part I. These stresses in the towers, hangers, and 
cable will be zero, and the moments in the truss will be the same as 
if the cable was removed. Let H be the horizontal component of 
the cable stress and let this be taken as the redundant stress. T'hen 
from the theory of redundant members, as given in Part I, we have 
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for a system made up of members, part of which are acted upon by 
bending moments, and part by direct, or axial, stresses, 


S,-H 


V 1 

“ AE 


f 

7 ^ 

*/o hi 


V c' “ ^ , f‘M'm 


• (1) 


Where u is the direct stress in the hangers, the towers, and at any point 
in the cable, for a stress in the redundant member such that its 
horizontal component is i lb.; m is the bending moment at any point 
in the stiffening truss at the same time. The moment of inertia of the 
stiffening truss, /, and the area of the cable, Aj are considered as uni¬ 
form over their entire length. 

Eq. (i) is then a general expression for the horizontal component 
of cable stress for structures with horizontal stiffening trusses of any 
form. By calculating the values of A/', m, and w, subject to the con¬ 
ditions governing these values for the structure in question, and 
substituting in eq. (i), an expression for the horizontal component of 
the cable stress can be obtained for any particular case. 

The moment at any point in the stiffening truss after the addition 
of the cable will be given by the equation 

M = A/' + Hm .(2) 


This equation is obtained in the same manner as the expression for 
stress in any member of a system with a redundant member. 

The shear at the same point is 


a X a X d x d x 


(3) 


where V' is the shear in the truss before the addition of the cable. 

These general expressions will now be applied to particular cases, 
and values of horizontal component of cable stress, moment, and 
shears will be derived. 


(a) Structure over a Single Opening, Truss Hinged at the Ends 

188. Value of H for Various Cases.—Tn the structure shown in 
Fig. 18, the stiffening truss is a simple beam of span /, anchored at the 
ends, at which points it is free to turn. Required the stresses in the 
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various parts of the structure due to any loading. The horizontal 
component of the cable stress is given by cq. (i), when M', w, and u 
are determined for the conditions shown in Fig. i8. 

The value of M' depends upon the loading in question and is to 
be calculated as for a simple beam of span /. 



The value of m, the bending moment at any point in the stiffening 
truss for a i-lb. load at Ay acting horizontally, is found by taking 
moments about the neutral axis of the truss. Fig. 19 shows a portion 



of the structure removed with all forces acting, from which we find 

w = - (A + y) + // = - y.(4) 

The same result is obtained by the following method. The i-lb, 
load at A will cause an upward pull on the truss through the hangers. 
Since the cable is assumed to hang in a parabola this pull will be 
uniform over the whole truss. Its amount will be such as to make 
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H equal to one pound. From eq. (24) of Section i, we find that this 
8 f 

load must be pounds per foot. The bending moment at any 

8 f 

point in a simple beam due to an upward load of lbs. per foot, 

V 

^ f 00 

is-^ (/— 00). Then we have as before 

^ (^ - ^) — y • . • (4a) 

8 / 

Also from the equilibrium polygon as drawn for a load of-p 

I 

lbs, per ft,, we have in general, M ^ — H y, as given in Chapter II, 
Part I, As H is here taken as i lb., we have: m = — y. 

Substituting the values determined above in cq. (i), we have 

... (5) 




The term 




- of cq. (i), must be evaluated for the cable, the 


hangers, and the towcr.s. It is usual, however, to neglect the parts 
due to the stresses in the towers and the 
hangers, as these terms are very small in 

u__ J 

any ca.se, << i * i 

For the cable, the value of u for a i-lb, I * il 

dy ^ 

load at A, Fig, i8, can be seen from Fig, ' 


/ 


20 to be The clement of length I ^ / 

here becomes d s, the total length of the Fig. 20. 

cable from tower to tower being L. Also, 

A is the area of the cable and E the coefficient of elasticity. Then, 
for the cable, we have 


I ^ ^ ^ r^d 

UeJo ^ ^TeJo 
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From the equation of the parabola, origin at the centre, 

r, . 64 


Substituting this value in the above expression, we have 
/ 

For brevity, this integral will hereafter be referred to as Z,,, eq. (7). 

For the hangers, the value of u is equal to the upward pull of the 
cable on the truss for a i-lb. load at A, which has already been found 
8 /" 

to be —lbs. per ft. The length of hanger at any point is seen 
from Fig. 21 to be 

where = length of hanger at any point and = length of the 
centre hanger. The area of the hangers will be taken as A/^ per foot 


|<- X — >j 



Fig. 21. 


of length and E/^ will be taken as the coefficient of elasticity of the 
hanger ropes. 

Then for the hangers 


( 8 ) 

For the towers, the value of u is equal to the vertical component of 
the cable stress at point A, Fig. 18, for a i-lb. horizontal load at the 


64 /» 

Jo i* AhEk 
64f' („ . 
I* Ah Eh 


64 r 

I* Ah Eh 
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d y 

same point, or w = For the parabola, origin at A, when ^ = o 

CL X 

we have ^ Therefore u = The length of the tower 

dx I I ° 


will be taken as Fj^ and its area ^2'* Then we have for the towers 

^ uH 32 p Ft 
AE P At E . 


(9) 


Collecting the various terms, as given by eqs. (5) to (9) and insert- 

S'ul . 

ing in eq. (i), remembering that for this case the term I — is zero, 

JL lit 


we have 

II 




iSEI^ AE^ \ 3 ; ^ 


64/^ 


/> 

3 


Z ^f‘FT 

PAtE 


(10) 


which is the general expression for the horizontal component of the 
cable stress in the structure shown in Fig. 18. 

In this equation the value of M' depends upon the loading in the 
particular case. Therefore M' must be expressed as a function of x and 
the integration performed as indicated in eq. (10). For a single load 
Py a distance k I from the left end of the span, as shown in Fig. 18, 
the integral must be divided into two parts, one part for .r less than 
k ly the other part for a; greater than k L The term then becomes 

-~PfPk(,k*- 2 k'‘+i) .( 11 ) 

Substituting this value in cq. (lo), neglecting the effect of the 
hangers and towers, we have 


H 


EpfPk(lP - 2P + 1) 

15 ^ 


• . (12) 
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which is the value of the horizontal component of the cable stress for 
a single load P on the main span. The value of H is found to be a 
maximum when ^ == or for the load at the centre of the span. 

For a uniform load of p pounds per linear foot extending a distance 



kl from the left end as shown in Fig. 22, the jM'y d x 

becomes 

f^M'ydx = f'' {2-k)x- {I - :v)] dx 

+ £ - ^)] 


30 


pfPk^ + 5 )- 


The same result may be obtained from eq. (ii) by replacing 
P by pi dk and integrating between the limits k and o. We then have 

r M' y dx — r " p f P k — 2 i) d k ~ ^ p f P P {2 k* — ^ 
o o 3 3^ 

For this case, again neglecting the effect of hangers and towers, 
eq. (10) becomes 

^ pfPk^ (2 *■’ - 5 + 5) 


H = 


30 


15 A 


(13) 


which is the value of H for a uniform load extending a distance k I 
from the left end of the span. The value of H is found to be a maxi¬ 
mum when k = I, or for the entire span loaded, when 

ypfi^ 

H 


15 


Denominator eq. (10) or (12) 
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For a uniform live load p lbs. per lin. ft., covering a portion of the 
span as shown in Fig. 23, the value of ^M' y d x may be found from 
eq. (ii) as explained above. Thus we have 



ydx = ^ k{k^ - 2 + i)dk 

= [2 - tt- (5 - 5 »" + 2 (5 - 5 + 2 ^*) ] 

The value of H for this case is then 


H 


■^pfP[2 - n“ (5 “ 5 + 2 (5 ~ 5 + 2 ] 

Denominator eq. (12) 

When the distances A C and D B are equal, or for n = /fe 


(14) 


(5 _ 5 ^. + 2^3)] 

jy _ hj_ 

Denominator eq. (12) 


(IS) 


For opposite loading conditions, that is, for load on ^ C and D By 
Fig. 23, no load on C D, the value of H may be obtained by subtracting 
the value of H as given by eq. (14) or (15), fromZ? for full-load con¬ 
ditions, or 


H 


— pfl^ — Numerator eq. (14) or (15) 


Denominator eq. (10) or (12) 

189. Effect of Temperature Changes on H.—The effect of a change 

5 ' ul 


of temperature on the stress in the cable is found from the term I 


AE 


of eq. (i). Here —- is to be replaced hy co t d s, the change in length 

Jx lL 

of an element of the cable, d s, due to a change in temperature of i 
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degrees, the coefficient of linear expansion being denoted by (o. The 

d s ds^ 

value of u is again —. We then have a term of the form J (o t — 

(t 0^ V O ^ 

to be added to the numerator of the equation for H. Inserting the 
value of d s, and proceeding as in the derivation of Z, in cq. (7), we have 




Hereafter this expression will be referred to as eq. (16). 

Inserting this value in eqs. (10) or (ii), we have 

-PfPk{k^ - 2k^ + i) -EliotL^ 

jj _ _3___ fl7^ 

Denominator eq. (lo) or (12) ^ ‘ ‘ ^ 

which is the value of the horizontal component of the cable stress for 
a single load P, temperature effect included. In the same way we 
have for a uniform load of p pounds per foot 

^ pfPk^ - 5P + 5) - EI<otL, 

^ Denominator cq. (lo) or (12) * ' 

From eqs. (17) and (18) it can be seen that a rise in temperature tends 
to decrease the value of the horizontal component of cable stress, while 
a fall in temperature causes an increase. 

190. Moments and Shears.—^The moment at any point in the 
stiffening truss can be obtained from eq. (2) by substituting for M' 
and m, their values for this case, M' and — y respectively. 

We then have 

M = M' — H y .(19) 


That is, the bending moment at any point in the stiffening truss is 
equal to the bending moment at the same point in a simple beam of 
like span, minus the product of the horizontal component of the cable 
stress and the ordinate to the cable curve at that point. 

Likewise from eq. (3), the shear at any point is 


F = r' - H ^ = F' - Htan . . . (20) 
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where V' is the shear in a simple beam of the same span, and tan d, 
d y 

or -p, is the slope of the cable at the point. 

(t X 


191. Influence Line for Moment.—^The variation in the moment 
and shear at any point in the stiffening truss due to any condition of 
loading can best be studied by the use of influence lines. The influence 
line for moment at any point, as £, Fig. 24 (a), will now be drawn. 
For this purpose eq. (19) may be written 



(21) 


This equation is best plotted as the difference between the two quantities 
M' 

— and Hy as shown in Fig. 24 (6). The curved line ac b shows the 

y 

value of H, as calculated from cq. (12). Here P is taken as i pound, 
and the effect of temperature is neglected, as this may best be studied 

M' . 

separately. The influence line for —• is drawn in the same way as 


the influence line for a simple beam as explained in Part I. It 
is only necessary to calculate the maximum ordinate, which occurs 
at the point for which the influence line is to be drawn. From 
Fig. 24 (a) we see that for the i-lb. load at £, M' = nl {1 — n). Also 
at this same point y, the ordinate to the cable curve, is 4/w (i — n). 
This is obtained by substituting x n I in the equation of the cable 
curve referred to point A, Fig. 24 (a), as origin. Then we have 


— from which we see that the maximum ordinate is the same 

y 4 / 

for all influence lines. The lines a e and e b give the influence 


line for — for point E. 

y 

In the same way, the influence line for any other point Af, Fig. (a), 
can be drawn by locating the point m in Fig. (6) and drawing the lines 
a m and b m. The same curve for H can be used for all cases. 

192. Moments from Influence Lines.—The moment at point E 
for a load at point G will be given by the ordinate to this influence line 
at G multiplied by y, the cable ordinate at £, or 


Mr = (ordinate f g) X y. 


(22) 
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From the influence line it can be seen that this moment is positive for 

M' 

loads on the section D K, for here the value of — exceeds H. For 
the section K F the moment will be negative. 



Fig. 24, 


The maximum positive moment will occur when the load is at 
point E. For the load at point K the moment at E will be zero. The 
maximum negative moment at E will occur when the ordinate r s is 
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greatest. The load is then at a point about half way between K 
and F, the exact position being best determined by trial. 

The moment due to a uniform load of p lbs. per ft., extending 
over any portion of the span, is given by the product of the corre¬ 
sponding area of the influence diagram (shown by the shaded area) 
and the ordinate y of the given point. Or, in general, 

Mr P X (area influence diagram) X y. . . (23) 

For the maximum positive moment at £, the uniform load would 
extend from the left end of the span to point K, or 


^ P ^ a d c e. Fig. 24 (6) ] X y. . . (24) 

In the same way, the maximum negative moment occurs when the 
load extends from K to F, and its value is 

^ P X [^rea bres, Fig. 24 (6)] X y. . . (25) 

193. Effect of Temperature on Moments.—The effect of changes 
in temperature on the moment at any point will now be considered. 
Temperature changes affect the value of the horizontal component of 
the cable stress, but do not affect the value of M' in eq. (19). Then 
for a change in temperature we have from eq. (19), that the change in 
moment is 

— H y .(26) 


From eq. (17) we see that for a change in temperature of + / degrees, 
the value of the horizontal component of cable stress is 


H,- - 


E 11.01 Li 

Denominator eq. (10) or (12) ’ 


(27) 


Then from cqs. (26) and (27), the moment due to a change in 
temperature is 




EI cot Lty 

Denominator eq. (10) or (12) ’ 


. (28) 


Thus a rise in temperature causes a positive moment in the stiffening 
truss, and a fall in temperature causes a negative moment. 
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From eq. (28) we see that to obtain maximum moments for live 
load and temperature effect combined, positive live-load moments and 
temperature moments due to a rise in temperature are to be taken 
together. Maximum negative moments are obtained by combining 
temperature moments due to a fall in temperature with negative live- 
load moments. 

194. Influence Lines for Shear.—^To aid in drawing influence lines 
for shear at any point in the stiffening truss, eq. (20) will be written 
in the form 

V = (F' cot d — H) tan 0 .(29) 


The values of tan 0 , and cot 0 in this expression may be determined 
from the equation of the cable curve referred to point i 4 ,Fig. 24 (a) as 

origin, or tan 0 = ^ ^ (I — 2 x). For the influence line at point 

(IX If 


E, where x — nl, we have tan d = ^ (1—2 n). Eq. (29) then 
becomes 

-"] f <■ - • • (30) 


The influence line for the expression in brackets will be drawn. Here 
the value of H is again determined from eq. (12) as in the case of 
moments. 

The curve for H is shown by a ^ ^ t of Fig. 24 (c). The value of 

F 7 . . 

—-r is obtained by the same methods as for simple beams. 

4/(1 - 2 m) 

The ordinate c d, Fig. (c), obtained when the i-lb. load i.s just to the 

fl I 

left of point E is c d = — -—r-. --. Since this is a negative 

4/(1 - 2W) 

quantity, it must be plotted so as to add to H, or upward from 
the base line a b. For the load just to the right of point E, wc have 

d f ~ + - 4 ^;—^- 4 -. This ordinate is positive and is to be plot- 
4/ (i - 2 «) 

ted downward. The complete influence line is then as shown in 
Fig. (c). 



STIFFENED SUSPENSION BRIDGES? 


235 


195. Shears from Influence Lines.—^The shear at E, Fig. 24 (a), 
for a load at any point is obtained by multiplying the ordinate to the 


influence line under the load 


by the quantity ^ (i — 2 n). 


It can 


be seen from Fig. {c) that loads on the ends of the span cause negative 
shears at point £, while loads on a short portion of the span just to 
the right of E cause positive shears. 

For uniform loads, the shear at E is given in terms of the area of 
the influence diagram under the loaded portion of the span. The 
shear is given by the expression 


V = p 


X (area influence diagram) X ^ (i — 2 w). 


(31) 


For shear at the span centre, tan 0 in eq. (20) becomes zero. The 
cable then has no effect on the shear, which is now equal to the term 

pi 

F' alone. The maximum centre shear is therefore ± ^ for all cases. 

o 


196. Effect of Temperature on Shear.—^Temperature effects are 
found as before, a rise in temperature causing positive shears, and a 
fall in temperature causing negative shears. The general expression 
for shear due to temperature is given by eq. (28) when y is replaced 
by tan 0, the slope of the cable curve at the point in question. 

197. Deflection of the Stiffening Truss.—To determine the deflec¬ 
tion of the stiffening truss, consider the truss as a beam so loaded as to 
cause a moment M = M' - H y. For a uniform live load of p per 
unit of length, and a parabolic cable, 


M = ^x{l - x) - ^ 4 ^ x{l- x). 
2 r 


From Art. i, eq. (8), the load which will cause a moment M is 

d^M 

W = . 


Then for the stiffening truss 


w - 


d^M 
d x^ 
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and 


w — P — 


SfH 
P ‘ 


.From Table I, Art. 7, the deflection of a simple beam uniformly 
loaded is 


5 w 
3 ^ El 


Hence for the stiffening truss, the center deflection under a uniform 
live load of p per unit of length is 


d = 


_ 5 _J 1 

384 £/ 






(32) 


where H is given in Art. i88. 

The deflection of the stiffening truss due to temperature changes 
may be found in a similar manner. From eq. (26), Art. 193, Mt = 
— Hty, Then 

d^M Sfllt 

njQ = - = - 

J ^2 II 


and . 

where Hi is given by eq. (27), Art. 193. 


(b) structure over three openings, side spans 

SUSPENDED. TRUSSES HINGED 

198. Value of H.—When side spans are suspended from the 
cables, as shown in Fig. 25, eq. (i). Art. 187, must be made up to 
include these spans as well as the main span. 

Values of M', m, and u for the main span are the same as given in 
Art. 188. For the side spans, M' = Mi and 


m = mi 


Then 



- yi 


4/1 

IP 


{h- xi). 




ifPh 

15EI1 j 


and 


(34) 
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For the side span cable u = d si/d xi. Referring the equation of the 
side span cable to an origin at E, the low point of Fig. 6, Art. 176, 

X L-A h * ) 


Then, for the main and side spans 


"If 


J rh 

I 

(f 9-/0 - 


4 ^ 2 X 1^15 


= L. eq. (35). 

The side span temperature term is 




= oi 11 \ 11 H — 


4 {?, h- - 3 I2 h + h'^) F21 


Then for the main span and both side spans, 


- 3 l 2 h+h^)F^-]\_ , 


= utL, eq. (36). 


Collecting terms and substituting in eq. (i) 

r M' y d X + Y C yi d x — EI io t Lt cq. (36) 

-R-- T - r -(^7) 

+ + ( 35 ) 

15 15 21 A 

which is the expression for horizontal component of cable stress for 
the structure shown in Fig. 25. 

For any particular loading, values of I M'yd a; and! Afi'yid;c 

<yo Jq 

are found by the methods given in Art. 188. 

The horizontal component of cable stress due to temperature 
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change may be determined from eq. (37) by placing M' and M\, 
equal to zero. Then 

Ht=- ^ 36 ) _ _ (^ 3 ) 

Denominator eq. (37) 

for a rise in temperature. 

199. Influence Lines for Moments and Shears.—Influence lines 
for moments and shears in the structure of Fig. 25 are shown in Figs. 



28 and 29 of Art. 202. These influence lines are constructed by the 
methods given in Arts. 191 and 194. 

General expressions for moments and shears in the main span are 
the same as given in Art. 190. On substituting side span dimensions 
these expressions also apply for side span moments and shears. 

From the influence lines we see that for positive moments in the 
main span, the loading conditions are the same as for Art. 192. For 
side-span positive moments the side span in question is to be fully 
loaded, no load on the rest of the structure. 

For negative mcments in the main span the loading conditions 
are just opposite from those for positive moments; that is, the portions 
of the main span which were not loaded for positive moment, together 
with both side spans, are to be loaded for negative moments. In the 
side spans, the maximum negative moments occur when there is no 
load in the span in question, the main span and the far side span being 
fully loaded. 

Loading conditions for shear are similar in nature. Positive 
main-span shears occur for the same loading conditions as described 
in Art. 195. Negative shears occur under opposite loading conditions. 
Positive side-span shears occur under partial live load in that span 
only, negative shears occurring under opposite loading conditions. 
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200- Deflection of the Stiffening Truss.—The deflection at any 
point in the main span truss can be found by the same method as used 
in Art. 197. The resulting equation will be the same in form, the 
value of II, however, is to be calculated for the loadirig in question. 

For side spans, the same equations for deflection may be used, 
expressed in terms of side-span dimensions. 

From the equations thus derived it will be found that the greatest 
downward deflection of points in the main span, or side spans, will 
occur for loads in that span only. For greatest upward deflection of 
the main span, both side spans are to be fully loaded, the main span 
to be empty, or in the case of flexible trusses, the ends only being 
loaded. For the greatest upward deflection of a side span, the main 
span and the far side span are to be loaded, no load being placed in 
the side span in question. 

201. Deflection of Top of Tower or Movement of Saddle.—In 

structures over several openings, as shown in Fig. 25, the cable is 
made continuous from anchorage to anchorage. Two different meth¬ 



ods of attachment are used at the tops of the towers. In the first, 
the cable rests on saddles which arc free to slide, while in the second 
the saddles are rigidly fastened to the towers. In cither -case the 
action of moving loads on any span will tend to develop unequal 
horizontal components in the various parts of the cable, which must 
be equalized by changes in sag and span length. The point of attach¬ 
ment of the cables at the towers will then move until equilibrium is 
established. For such changes, the movable saddle slides over the 
top of the tower, no horizontal force acting on the tower except that 
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due to the friction of the rollers. In the case of the fixed saddle 
the tower must bend, thereby inducing bending stresses in addition 
to those due to direct load. If the towers are made comparatively 
flexible, the required motion can take place without causing heavy 
bending stresses. 

The amount of this movement in any case can be determined by 


means of the formula D 



M m 

~eT 


dx&s given in Part 


I. 


To find the deflection of the point A of the structure shown in Fig. 
25 we may remove the left side span, as shown in Fig. 26, and apply 
the general formula to this portion of the structure. For loads on this 
side span M — Mi — H yi and for i lb. horizontal load at the top 
of the tower, acting as shown, tn = — yi. 

Then 


-r 


Hyi^ 


Eh 


d X 


Ml yi 

Eh 


8 

15 Eh ' 


• . (39) 


/ Ml Vr 

~ d X are to be determined as in previous cases. 

E h 

For no load in the side span, but for loads in the main or far side 
Jm.’ yi d X = 0 and U is to be determined for the loading in 


span 


question. Then eq. (39) becomes 


D = + -lE-pA. 
IS 


(40) 


The movement of point A due to temperature changes is found from 
eq. (40) by substituting Hi as found from eq. (27) of Art. 193, in place 
of F. 

Eqs. 39 and 40 show that loads on the main and far side spans 
cause pwint A to move to the right, and that this motion is a maximum 
for maximum H, or for the main and far side spans completely loaded. 
Loads on the near side span cause point A to move to the left, and 
the greatest movement is caused for the side span fully loaded. For 




STIFFENED SUSPENSION BRIDGES 


241 


temperature changes, a rise in temperature causes point A to move 
to the left, and a fall causes motion to the right. 

202. Example. —The use of the equations given in Arts. 198 to 201 will 
be illustrated by drawing influence lines for an actual structure and calcu¬ 
lating values of horizontal component of cable stress, moment, and shear. 
The structure used for this purpose is the Manhattan Suspension Bridge 
in the city of New York. 

a. Dimensions of Structure .—^The general dimensions of the structure 
are shown in Fig. 27. The structure consists of four trusses, each suspended 



from a cable. The dimensions given are for each truss. The stiffening 
trusses are shown here to be horizontal, while in the actual structure they 
were built with a rising grade from each side toward the centre. The change 
was made to simplify some of the calculations relating to hanger and tower 
stresses. 

The live load for which the structure was designed was 16,000 lbs. per 
foot, or 4,000 lbs. per foot per truss. In the calculations to follow these 
s?me values will be used. 

b. Values of II .—As the denominator of the formula for H is the same 
for all conditions of loading, it may be calculated separately and used in the 
work to follow as a coefficient in the various equations. 

From eq. (37) we have 


Denominator = ^ 7 /1^ h -j Eq. (35). 

The values to be used are given in Fig. 27. The span and cable sag to be 
used are for centre to centre of end pins of the stiffening trusses. These 
values are 
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I = 1,446.7 ft. / = 145.3 ft- 

713 -5 ft- /i = 37 -2 ft. 

A = 275 sq. ins. per cable 


/ = 43,900 X ins.^ 

h ~ 50,860 X ins.^ 

Ls = 3,452 ft. 


The value of as given is calculated from eq. (35) in the following man¬ 
ner: The main-span portion of this quantity is to be taken up to point G, Fig. 
27, where the cable enters the saddle. From the figure, I = 1,460.5 ft. and 
f = 148 ft. The side-span cable lies in a parabola whose vertex is at point 
Af, 59.8 feet beyond Z), the end of the stiffening truss. From the figure li = 
780.04 ft. and F = 180.07 ft- These values substituted in eq. (35) give for 
the main span and for each side span, respectively, 1,583.3 and 805.8 feet 
For the portions of the cable on the tower and anchorage saddles and the 


portions in the anchorage, the value of 


. rd_^ 

J ^ 


length of that portion of the cable. 

The totals are then 

Main span 

2 (67 to A') 


Each side span 

{F to D) 

805.8 

Saddle at tower 

(F to G) 

95 

Saddle at anchorage 

{B to C) 

30-3 

End of truss to saddle 

(C to D) 

17.0 

Saddle to anchorage 

\ (-1 to B) ■[ 

59-3 

and in anchorage 

934.4 

2 


was taken as equal to the 


1,583-3 


q868^ 

3,452-1 ft. 

Use I, = 3,452 ft. 

The various members of the denominator then have the following values; 

15 

16 X 37.2^ X 713.5 X 43,900 


-pi 

15 


X 145-3’X 1,446.7 =16,290,000 


p'rr 

7 ^-- 


15 X 50,860 

43,900 X 3,452 
275 


909,000 

551,000 
n,750,000 


which is the value of .“Denominator eq. (37).” The equations for II take 
the form 



17,750,000’ 
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c. Influence Lines for Moment ,—The influence lines are drawn by the 

methods explained in Art. 199 from the equation - y. The curve 

for II is calculated from eq. (37), which, with temperature neglected and the 
denominator as calculated above substituted, becomes 


^ Pft- k (F - 2 F + i) 

II = i --- 

17,750)000 


Su])stituting main-span dimensions for / and /, and taking P ~ 1 lb. 


- X 145-3 X 1,446.7“ X k (F - 2 F + i) 


II = 


1777507000 


= 5.711 k (F — 2 F + i). 


I'he curve for II for loads on the side spans is the same in form and is given 
by the equation 


- X 37.2 X 713-5“ X ki - 2 hr + i) 


II = 


17,750,000 


= 0.307 k\ - 2 kr + i). 


For values of k from o to i, these expressions for II have the following values: 


k 

Main span II 

Sule span H 

0 

0 

0 

0.1 

0 .5602 

0 .0301 

0.2 

I 0599 

0.0569 

0.3 

I 4511 

0 

b 

00 

0 

0.4 

I.6996 

0.0913 

0.5 

I.7848 

0.0959 


(Symmetrical about centre of span.) 


ddicse values are plotted in Fig. 28. From these curves we see that loads 
on the side spans have a verv small eflect on the cable stress. 

M' 

The value of ^— was shown in Art. 191 to be a constant and to have a 
value of for the main span. Substituting main-span values we have 


M' __ I _ 1 , 446.7 

y ~ 4 / “ 4 X- 145-3 
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The corresponding side-span quantity is of the same form. Its value is 

ilf/ 713-5 

”v"' ^ tV 4 - 795 - 

4/1 4 X 37-2 

These values are plotted in Fig. 28 and influence lines drawn for moment at 
the quarter point and at the centre of the main and side spans. 

d. Moments from Influence Lines. —^The influence line shows that for 
maximum positive moment at the quarter point the left end of the main span 
is to be covered with live load, which will be taken as 4,000 lbs. per lin. ft. 
The area of the portion of the influence lines between the curves for H and 

Af' I 

— was calculated by dividing the area into vertical strips each — of the span 

in length. Then by scaling these ordinates the area was easily calculated. 

/.U' \ 

It was found to be 375.35 units, which represents the quantity y— - Hj 

in the general equation. The moment is then M = 4,000 X (375.35) X 
109 = 163,650,000 ft.-lbs. In this equation the term 109 is the cable 
ordinate, in feet, at the quarter point, as found from the equation 
4 / v I 

y = —^ (/ — .x) with vV == , / = 1,446.7 and / = 145.3. The term 4,000 is 

r 4 

the load per foot in pounds. 

The maximum negative moment at the quarter point is given by loading 
the right-hand portion of the main span and both of the side si)ans. The in¬ 
fluence line shows that the effect of loads on the side spans is such as to cause 
negative moments at points in the main span, so that these spans must also 
be loaded to obtain maximum negative moments. The area of the main 
span portion of the influence line is found to be 226.7 
span 43.4. The moment is then given by the expression 

M = — 4,000 (226.7 4 - 2 X 43-4) 109 = — 137,035,000 ft.-lbs. 

In the same way the maximum positive moment at the centre is found to 
be 107,800,000 ft.-lbs., and the negative moment is found to be 76,400,000 
ft.-lbs. 

These moments may also be calculated directly from the equation H y. 
For positive moment at the quarter point we find by scale from the influence 
line that the load is to extend 675 feet from the left end of the span. The value 
67 

of k is then — -- = 0.466. Substituting this value of k in eq. (37), neglecting 
the effect of temperature, we have 

„ 4,000 X 145-3 X 1446.7* X 0.217 X 4.117 _ 

jfi = -= 2,954,000 IDS. 

30 X 17,750,000 

which is the value of H for the given loading. 

The value of Af', the moment at the quarter point of a simple beam of 
span I for a load extending a distance k I from the end of the beam, is given 
by the equation 

'h {'7 - h\ h I 'T. h 




2 


2 
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Substituting k = 0.466, x — — and I — 1,446.7, we find M' =486,600,000 

4 

ft.-lbs. As before y = 109 ft. The expression for moment is then 


M = M' -- H y — 486,600,000 — 2,954,000 X 109 = 164,800,000 ft.-lbs. 


By comparing this value with the one calculated above from influence-line 
areas we see that they agree within 0.7 per cent. 

The variation in moments in the main span is shown by the moment curves 
of Fig. 28 which are drawn for maximum positive and negative moments. 

In the side spans, the influence line shows that for maximum positive 
moments the side span in question should be fully loaded, no load on the rest 
of the structure. The positive moment is then given by an expression of the 
form. 


(load per ft.) X ^Arca curve for — (area of curve for H) J X ordinate to cable 


It can be seen here that the only variable is the cable ordinate. As this follows 
the parabolic law, the moment also follows this law. For the centre point the 
moment is 

4,000 I ^-43*4J 37*2 == -f 242,300,000 ft.-lbs. 


For maximum negative moments the influence line shows that the main span 
and the far side span only are to be loaded, no load on the side span in ques- 

M ' 

tion. Then, in the above expression, the area of the curve for is zero. 

The area of the curve for H for the main span is found to be 1,649.5. 
expression for centre moment is then 

— Me = — 4,000 (Area H curves for main and one side span) y 
= — 4,000 (1,649.5 + 434) 37-2 = — 251,900,000 ft. lbs. 


The negative moments are seen to be a little greater than the positive 
moments. 

e. Influence Lines for Shear .—The influence lines for shear are drawn 
from the equation F = V' — H VdnO ^ {V' cot 0 — H) tan 6. From Art. 

194, tan 0 = ^ (i — 2 n), where n I is the distance from the left end of the 

span to the point for which the influence line is to be drawn. For a 
i-lb. load just to the left of the point in question, the ordinate to the line 

for F' cot 0 is given by the expression — 


r, and for the load just 


4/ (i - 2«)’ 

to the right of the point the value is + —”2 «) ' 

The influence lines for shear at the end of the main span and at the quarter 
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point are shown in Fig. 29. The ordinates to the influence line at the quarter 
point are found from the above values to be 


(1 - n) I nl 

4 / (i - 2 h) 4 / (i - 2 m) 


1.245. 


/. Shears from Influence Lines .—From the influence line for shear at the 
quarter point the loading for maximum positive shear is found to extend from 
the quarter point to a point 1,050 feet from the left end of the main span. 
Proceeding as in the case of moments, the area between the lines for V' cot 
6 and H is found to be 635.2 units. The shear is then 

-f F = 4,000 X 635.2 X tan 0 == + 510,350 lbs. 
where tan d ^ (i — 2 «). Here /== 145.3 /= 1446.7 J. 


The maximum negative shear at the quarter point is found for loading 
conditions which are opposite to those^for positive shear; that is, all the struc¬ 
ture is loaded except that part which was loaded for positive shear. The 
main-span influence-line area is found to be 489.36 and the area for both side 
spans is 86.80. The value of tan 0 is the same as before. 

Then 

~ F = 4,000 (489.36 -f 86.80) tan 0 ~ — 462,940 lbs. 


For the influence line for end shear, 
ordinates as given above is zero. 
Then 

(i — n) I 
- 2 ;/) 


the value of n in the expressions for 



2.489. 


The influence line shows that for maximum positive shear, the main span is 
to be loaded from the left end out to a point 512.5 ft. from the end. For this 
loading the shear is found to be -f 1,010,000 lbs. 

For maximum negative shear, opposite loading conditions occur for which 
the shear is found to be 845,500 lbs. 

The curves given in Fig. 29 show the variation in positive and negative 
main-span shears. 

The shears for points in the side spans are determined in exactly the same 
way. 

g. Deflection .—From eq. (32) we find the centre deflection to be 


d = 


384 E I 





The greatest downward deflection in the stiffening truss occurs when the 
main span is fully loaded, no load on the side span. The value of H for 
this loading is found from eq. (37) to be 6,606,000 lbs. Then in the above 
S f H 

equation = 3,664.5 lbs. This quantity is the hanger pull per foot, and 
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therefore shows the amount of the live load which is taken up by the cable 

when the truss is fully loaded, the proportion being = qi. 6 per cent. 

4,000 ^ 

The stiffening truss takes 4,000 - 3,664.5 = 335.5 lbs. or 8.4 per cent of the 
live load. Substituting these values in the above equation 


rj = 5 X (1,446.7)^* X 335.5 

384 X 29,000,000 X 43,900 


15.03 feet, downward. 


The greatest upward deflection of the centre point occurs when the side spans 
only are loaded, no load on the centre span. PTom eq. (37) the value of H 


is 347,300 lbs., and 


= 192.9 lbs. per ft. In this case, p in the equation 


for deflection is zero, as there is no load in the main span. The deflection is 
found to be 8.64 ft. upward. 

h, Efect of Temperature .—In the expression for temperature, the term Lt 
is to be calculated from eq. (36). Using the same general dimensions as for 
L, we have for the various parts of the cable 

Main span (G to K) i,540-5 


Main span 

{G 

to 

K) 



Each side span 

(/* 

to 

D) 

775 

6 

Saddle on tower 

(/' 

to 

G) 

9 

5 

Saddle at anchorage 

{B 

to 

C) 

30 

3 

End of truss to saddle 

{C 

to 

D) 

17 

0 

Saddle to anchorage 

ill 

to 

B) 

59 






891 

•7 


Use Lt = 3,324 ft. 


2 1,783.4 
3.323 -9 


rds^ 

For the portions of the cable on the saddle and towers the value of I 

is taken as equal to the length of that portion of the cable. The portion of 
the cable in the anchorage is not considered here, as it is protected by the 
heavy masses of masonry and is not much affected by temperature changes. 

From eq. (37), Art. 198, neglecting the terms for loads and considering 
temperature effect alone, we have 

_ El Pit Lt cq. (36) 

^ Denominator cq. (37) 

which gives the effect of temperature on the value of H, For co = 0.0000065 
and / = 55° the value of Ht is 

H ^ ±: 2 Q.OOO.OQQ X 43.900 X 0.0000 065 X 55 X 3,324 ^ ^ 

‘ 17,750,000 

This value is negative for a rise and positive for a fall in temperature. 

The effect of the change in temperature on the moments is given by eq. 
(26) of Art. 193, as 


Afi = ± y = db 85,230 X y. 





250 


SUSPENSION BRIDGES 


For moment at the quarter-point, we have 

Mt = ± 85,230 X 109 = ± 9,290,000 ft.-lbs. 

For a rise in temperature is positive. 

Then the total positive moment at the quarter point, live load and tem¬ 
perature combined, is 163,650,000 + 9,290,000 = 172,940,000 ft.-lbs. For 
a fall in temperature Mt is negative and the total negative moment is 
- i37>o35>ooo - 9,290,000 = 146,325,000 ft.-lbs. 

The effect of temperature on shear is given by the expression 

Vt = ± lit tan e. 


For shear at the quarter point this becomes 

Vt = + 85,230 X 0.200875 = -f 17,120 lbs. 
The shears then become 


+ = -f 510,350 + 17,120 - -f 527,470 

— Fj = — 462,940 — 17,120 = — 480,060. 


The effect of temperature on the deflection is given by eq. (33) of Art. 197 as 


rjt 


\jPo,tLt 

40 _ 

Denominator eq. (37) 
2.12 ft. 


5 X 145.3 X(1446.7)- X0.0000065 X55 X3,324 
48 X 17,750,000 


which is downward for a rise and upward for a fall in temperature. 


(b) exact methods of calculation* 

(a) Structures with Trusses Hinged or Continuous at Towers 
203. Method of Procedure.—In structures in which the span is 
long and the trusses comparatively flexible, the effect of deflection 
imder loads must be taken into account. In the general formula of 
Art. 187, the moment at any point in the stiffening truss was given as 
M = M' — H y. In this formula the deflection was neglected. If 
taken into account, the equation would read M = M' — // (y + 7;), 
where rj is the deflection at the point in question. From this equation 
it can be seen that the effect of this deflection is to reduce the amount 
of the moment, thus effecting a saving in material in the stiffening 
trusses. In the case of long spans this saving is considerable, as, 
for example, in the problem of Art. 202, the deflection was found to 

* Based on the work of Melan, ‘‘Eiserne Bogenbriicken und Ilacngebriickcn,” Leipsic, 
1888 and 1906. This method was fully developed by Mr. L. S. Moisseiff of the Depart¬ 
ment of Bridges of the City of New \ork, and used in the calculations of the Manhattan 
bridge, and again by the apthor, with various modifications, in the recalculations of this 
structure for the report of Mr. Ralph Modjeska to the City of New York. See also Max 
am Ende, in Proceedings Institution of Civil Engineers, 1898. 
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be almost 10 per cent of the centre sag. In the analysis to follow, 
values of moment, shear, and horizontal component of cable stress 
will be determined, taking into account the effect of deflection. 

In deriving the equations the same general assumptions will be 
made as before, that is: 

The initial curve of the cable will be assumed as parabolic. 

The entire dead load will be assumed as carried by the cable, 
causing no stress in the stiffening trusses. The truss is stressed by 
live load, and by changes in temperature from the normal. 

The notation used in the work to follow will, in general, be the 
same as in the preceding articles. For convenience this notation is 
repeated below: 

TI^ horizontal component of cable stress due to dead load 
and mean temperature. 

H additional horizontal component of cable stress due to any 
cause, such as live load or tem])erature change. 

7 ] deflection of truss and cable at any point from the normal 
position, due to 11 and any given live load (the effect of the stretch of 
the hangers is neglected.) 

p = live load per unit length on part or all of the main or side 
span trusses. 

w = dead load per unit length ^ load on cable, including its own 
weight. 

M' -= bending moment at any point in the truss due to the given 
live load, assuming the truss to be a simply supported beam. 

M -= actual bending in the truss at any point due to assumed 
conditions. 

V == actual shear at any point. 

/ = moment of inertia of stiffening truss. 

I = length of span. 

/ == centre sag of cable. 

Subscrii)ts will be used to indicate corresponding side span dimen¬ 
sions. 

The general form of the structure to be considered will be as shown 
in Fig. 25, of Art. 198. 

The main and side spans are suspended from the cable by hangers. 
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The trusses may or may not be continuous over the towers. However, 
the formulas will be developed on the assumption of non-continuous 
trusses. Continuity of trusses will modify only the values of the 
constants of Art. 205. 

204. Derivation of Formulas for Deflection, Bending Moment, and 
Shear.—Under all conditions of loading the shape of the cable con¬ 
stitutes an equilibrium polygon for the hanger loads. If the horizontal 
component of the cable stress is the moment of the hanger 

stresses on the truss at any point 2I', Fig. 30, is therefore equal to 




Fig. 30 , 


4- il) (y + 7 ;). But under the assumed conditions the portion 
H^y just balances the dead load; therefore the moment tending to 
balance the effect of the live load, or temperature change, is {H + 
jBTJ V H y. Hence the resultant moment in the stiffening truss 

due to this live load, or temperature 
change, is 

M M' - {H + HJv - Hy. . (i) 

Consider any portion of the truss along 
which p and I may be assumed as con¬ 
stant, and suppose that the left end of this portion is at a distance a 
from the origin. Fig. 31. The value of M'at any point in this sec¬ 
tion can be written 



Fig. 31 . 
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M' ^ + Q {x - a) - ^{x - ay, 

in which is the bending moment and Q the shear at the left end 
of this section. Also, from the initial parabola, origin at O, Fig. 30, 

y {I — x). Substituting these values in cq. (i), we have 

M=^M, + Q{x-a)-^-{x-ay-{H + HJr,-H\_^^{l-x)'^ . (2) 

With respect to the truss, the general relation of deflection to bending 
moment is 


Substituting the value of M from cq. (2) in this expression, placing 
H + 


El 


- = we have 


dx^ 


: C‘V --7 


{H + Ilw) 


[''■fi + Q {x - ") - (-V - «)’] - 


nc‘‘ 

VAfx 

{ 11 + Hu;)\ 

L r- ' 


Integrating cq. (3), again substituting M' for brevity, we have* 
H 


{H + HJ 




which is the deflection at any point in the stiffening truss. C, and 
C2 are integration constants to be determined from the conditions of 
the problem (Art. 205). Then from eq. (i), the bending moment at 
any point is 


M ~-~H 


[c,, 


H ¥- m - 


( 5 ) 


The shear at any point can be obtained by differentiating eq. (5), which 
gives 

V ^ - Hc[C,e‘’^ - C.e-^^] .( 6 ) 


♦ Equation (3) may be written in the form r* rf c’ (<i + b x f d x^) == c:* 7 + 

ex — cx I 

F {x). The integral of this is 7 -= /I, + A.^e — F {x) — ^ F" (x), in which A , 

and A^ are integration constants and F" (x) is the second derivative of F (x). From 

this is written eq. (4), substituting ■'7^ r~i7~ ^ ^2* 

Xl -T Jrluj II -T Jtltp 



254 


SUSPENSION BRIDGES 


Eqs. (4), (5), and (6) enable the deflections, moments, and shears 
to be calculated at any point in the main span for any given 
value of cable stress II and of load p on this span. The value of 
H to be used in these equations is given in Art. 206. For cases 
in which the deformation of the cable is known to be slight, the 
value of U as given by the Approximate Method, Art. 188, may 
be used. 

From eqs. (4), (5), and (6), it can be seen that the deflection, mo¬ 
ment, and shear at any point is no longer proportional to the load p. 
This is due to the fact that the horizontal component of the dead load 
cable stress, which existed before the advent of the live load, is 

involved in the quantity e, whose value is given by 

For this reason influence lines cannot be drawn for the above cejua- 
tions. In any case, however, the influence lines as drawn by the 
Approximate Method can be used as a guide in determining maxi¬ 
mum values. Then by several trials with about the same loading as 
required by the Approximate Method, the maximum is easily found. 

The formulas for deflection, moment, and shear are a|)plicablc to 
side spans by using the span length /j, and the centre sag/i, for these 
spans in place of the corresponding main span values / and /, The 
value of c is also to be used in terms of side-span (quantities. This 

HJ-J^ 

Eqs. (4), (5), and (6) may also be aj)jdied to structures in which 
the trusses are continuous over the towers. This may be done by 
making proper provision for this continuity in the term M' of eq. (4). 

In the previous work it has been assumed that the hanger pull due 
to live load is uniform over the entire length of the cable for the span 
in question. The exact amount of live load taken by the stiffening 
truss in any case may now be found by taking the second derivative 
of the moment for the given loading; that is, the load per unit length 
(P M 

~ From eq. (5), the load taken by the stiffening truss is, 

(t 

therefore, 


value is then 


(FM 
d X'‘ 




(7) 
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If p is the live load per unit length, the amount of load taken by the 
hangers is 

Hanger Pull = 5j = /» — /f [C, e'""' + Cj "]. . (8) 

Eq. (8) is the general formula for hanger pull. For any particular 
condition of loading, the constants C, and C2 must be determined for 
that case. 

205. Constants of Integration. —^The quantities C, and in eqs. 
(4)) (5)) (6). and (8) are constants of integration which must be de¬ 
termined for each different case of loading. Thus for each different 
value of p or I, there is a corresponding set of constants C, and C^. 

For a uniform load p per unit length throughout, and constant /, 
C, and Cj are obtained from the two conditions that for a; = o and 
X = / in eq. (5), M — o. Substituting these values, we have 


and 


c, + C, + - ff) -»• 


We have here two independent equations involving the unknowns 
Cl and C2, from which we find 


Cr -. , 

C2 


1 

cl 




j)\/= ]l) 


(9) 

(10) 


which arc the constants of integration for the main span fully loaded. 

For a uniform load of p per unit of length extending a distance 
k I from the left end of the span, as shown in Fig. 32, the constants of 
integration for the loaded section A B and for the unloaded section 
B Cy may be determined at the same time. The constants for the 
loaded section will be denoted by Cj and C,; those for the unloaded 
portion by C3 and C4. The additional equations now required for the 
four constants arc obtained from the condition that the moments and 
shears at the right end of section A B ol Fig. 32 are equal to those at 
the left end of section B C. The values of these constants will now be 
determined. 
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From eqs. (5) and (6) the moments and shears for the various 
sections are given by the following expressions: 



^-|)] ■ 

(A) 

Mbc - -ff[c3e'* + C, 

. . . 

(B) 


. 

(Q 

Vbc = - Hc[C,e^^ -C,e-^^] . . 

• • • • 

(D) 



The conditions from which the independent equations are to be made 
up. are as follows: 

For X ^ Oy M = o in cq. (^) 

X ~ ly M = o in cq. {B) 

X == k ly eq. (A) == cq. (B) 

X -= kly eq. (C) = eq. (D), 


Substituting these conditions in eqs. (A) to (D), the independent 
equations are found to be 


C3 6 ^ "h C4 C 


^kcl 


i(8f 

-i-'l -0 

cA p 

h) 

j. 

^-0 

0 “T 

dP 


. I /8/ 

2^ 

c^\P 

1 -fee/ 

'2 ^ 



K 


-kcl 
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From these equations, the values of the various constants are given by 








. (II) 




c^\P HJ .' ^ 

C,‘-C,e^^‘- .( 14 ) 


When cqs. (4), (5), and (6) arc used to calculate deflection, moment, 
or shear, the proper values of Cj and Cj are to be substituted as de¬ 
termined for the loading in question. Thus for the loading shown in 
Fig. 27, the deflection, moment, or shear at any point in section A B 
is found by substituting values of and C2 as given by eqs. (ii) 
and (12). For corresponding values in the unloaded portion BC, 
the values of the constants are given by C3 and C4 of eqs. (13) and (14), 
C3 and C^ replacing and C2 respectively. For this section, the 
value of p in eqs. (5) and (6) is to be taken as zero, as no live load 
exists on this section. 

For other conditions of loading, such as arc apt to arise in the 
calculation of stresses in any structure, the values of the constants 
of integration arc found by a process similar to that given above. 
Values of these constants for various cases ha\c been worked out 
and are given on Plates I to IV, Art. 207. 

The value of the constants for side-span conditions are exactly 
similar to those for corresponding mid-span conditions. 

Trusses Continuous over Towers ,—For this case the constants of 
integration are determined by equating the moments at the towers 
for main span with those for side span, the deflections at the towers 
equal to zero, and equal slopes for the tangents to the elastic curves 
on each side of the towers. 

206. Formula for H.— -In most cases it is desirable to use a 
formula for horizontal component of cable stress which will give 
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results more exact than those given by the Approximate. Method. 
For this purpose a formula for H will be derived in which the 
deflection of the truss and cable are taken into account. 

The cable stress, 2 ?, may be caused by a load on either main or 
side spans, or by temperature change. In deriving an expression for 
H the entire cable, anchorage to anchorage, must be considered. 
Imagine the hangers to be cut just below the cable and their stresses 
replaced by external forces. The total load per unit of length acting 
on the cable after advent of live load, or temperature change, will be 
equal to s^. The application of this live load, or temperature change, 
will cause the cable to stretch, and will also cause vertical displacements 
along the cable, some downward and some upward. The total work 
performed in this vertical movement must be equal to the total work 
done in stretching the cable, which may be divided into two parts, 
one part due to changes in the stress in the cable, and the other part 
due to temperature changes. 

Work in the Cable Due to Stress, —Let A be the constant area of 
the cable, and ds an increment of length. The stress at any point in 


d s 

the cable due to H is then H -r—. The stretch of the element is 

dx 

^ d s. The average total stress in the cable at the same point 
during the application of the load is and hence the 


work done on this element is 





H d^^ 
AE do(?' 


The total work 


on the cable may then be written 



In this equation the expression J is the same as already worked 

out in Art. i88 and referred to as L^, This notation will again be 
used. 

Work in the Cable Due to Temperature Change. —Let co be the 
coefficient of expansion, and t the change in temperature. The change 
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in length of any element d s is (o t d s, and the average stress is again 
hence the total work in the whole cable is 



(B) 


d . 

is again the same as given in Art. 189, and 


there called 

Total Work in the Cable .—From eqs. (^ 4 ) and ( 5 ) the total work 
in the cable is given by 



(15) 


Work Done by Vertical Displacement .—The load per unit length 
of the cable is and the movement is as given by eq. (4). Hence 
the work done is ^s^ri d x. The dead load is uniformly distributed 
along the cable, and for the purpose of calculating t) d Xy the 
additional load may also be assumed as uniformly distributed. Then 
may be found from the fact that the load per unit length is equal 
to the second derivative of the moment caused by the load. In this 
case the moment in terms of H caused by the load on the cable (neglect¬ 
ing the increment of deflection due to the additional load) will be 

{H + HJ y, where y = (I - x). Then we have 

3/ - (if + ffj (/ - A), 

and = +(if + IIJ y- (approximately). 

( H \ S f 
— + ff„j y-. The 

>vork in the cable of the main span is therefore given by the 
expression 

T) dx, 




(Q 
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A similar expression must be derived for the side spans. This ex¬ 
pression will be of the same form as that for the main span, given in 
terms of side-span dimensions. It is therefore 






The total work in the main span, and both side spans is then 

¥(f+ 

Expression for H ,—Equating the expression for work in the cable, 
as given by (15), with that of vertical displacement, as given by (16), 
/i P 

placing ^ == K, we have 

J h 

[/'V . Kf\ d ^(177 

Substituting the value of yj from eq. (4), integrating known values of 
functions containing x, and solving for Hy we derive the general 
expression 


H= 



'm' - ±\ 

> <r 

\dx-¥K 

r Term for 1 
Lside Spans] 

i 



r Terms for 1 
LSide SpansJ 

c>IP Pat 


(18) 


which is the horizontal component of the cable stress for a general case. 

The terms in brackets in eq. (18) indicate that terms for each side 
span are to be written out exactly similar to the preceding terms for 
the main span. If there are no loads in any span, then the values of 
M' and p for that span are zero. It is to be noted that in eq. (18), 
the quantities and Cj, and also c, contain the quantity H so that 
the value of H can be obtained only by successive approximations. 

Simplified Formula for H .—The expression for H given in eq. 
(18) can be simplified somewhat, for any particular form of loading, 
as the constants C, and Cj, and also any similar constants which 
may be involved, can be expressed in detail and some of the 
terms containing H transferred to the first member of the equation. 
Then by solving this equation for i?, an expression somewhat more 
convenient of application that eq. (18) can be obtained. This sim- 
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X 


plified formula for H will now be worked out for the condition of load¬ 
ing shown in Fig. 50. 

The terms in eq. (18) which depend upon the conditions of loading 
for their value are J' [m' — dx, — J' (C, d x, 

and the corresponding side-span terms. 

For the loading shown in Fig. 32. the term J' ^M' ~ 
takes the form 

Since, for the assumed loading, the side spans have no load, the corre¬ 
sponding side span terms are zero. 

The term — J' -f rfx is to be made up for the 

main and side spans. For the main span, the values of these constants 
are given in eqs. (ii) to (14) of Art. 205. Performing the required 
integrations, substituting the values of the constants, and reducing, 
we have 

- r (Cl dx = - {C, + C, d x 

• ■ + C.e-^dx ^ jc. (2 - - e-^) 


4 4 c - 2 4 2C-"'] 4 44 (i - ^ 


2 H c- 


c^-P 


_ _ yA - L. -cio-k)_^ci_^-ci_^kci_ g~kci 

c{e'=‘- c ^-- ) (H c-'- 

f I 


+2] 


+ ^ (" - 2 + J- • • (20) 


The corresponding side-span terms will be of the form 
- 2K 4 B^e'^'^dx, 


where B^ and B^ are the side-span constants. The values of these 
constants will be similar to those for the main span given in eqs. (9) 
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and (10), except that p is zero as there is no load on these spans. 
Proceeding as for the main span, we have 



-{■ B^e d X = — 


32 K - 1) 

+ l)‘ 





(21) 


Substituting the values of the expressions given in eqs. (19), (20), 
and (21) in eq. (18), and solving for Hy we have finally, 


(r{e^' — e~^^) of 

16/ (^>-1) 8/ 2 

c*/’(e'* + i) c’/ 3 

+ KT^h^(0^ +-t/,/.] L.+^ U 

A l) Ci^ly 3 -1 


which is the simplified form of the expression for the horizontal com¬ 
ponent of cable stress for the loading conditions shown in Fig. 32, 

For any other condition of loading, the value of H can be found 
by a similar process. On Plates I to IV are given such values for 
various conditions of loading. In these expressions the denominator 
is abbreviated by the letter with a subscript + / or — de¬ 

noting a rise or fall in temperature. 

Value of the Lenominator of eq, (22).—It will be found on com¬ 
parison of the various expressions for H, that one result of the above 
transformation has been to make the denominator of all such ex¬ 
pressions identical in form. All changes due to the various condi¬ 
tions of loading now appear in the numerator of the expression for 
H. The denominator of eq. (22) may then be determined sef)arately, 
and hereafter used as a coefficient in the various expressions. Its 
value is 




' 32/1^1-1) 16/, 
.Ci'/iMe'ii'+i) c,^l. 


c’lP^ Put 


The temperature term, 


Pwt 

8 / 


Lf, will be positive for a rise in tem¬ 


perature and negative for a fall. Hereafter, eq. (23) will be referred 


to as Z> ^ j for temperature conditions above the normal, and D _ , 
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for those below the normal. It is to be noted that D^t and 
are dependent upon II for their values, because of the quantities c 
and Cl which appear therein. To facilitate calculation by means of 
the modified formulas, the denominator as given by eq. (23) may 
be calculated, and tabulated or plotted for future reference. Such 
curves of values are given in Fig. 33. 

207. Conditions of Loading for Maximum Moments and Shears. 
Tables of Values. —The effect of the loading conditions on the value 
of the moment at any point can be determined by a study of eq. (i) 
of Art. 204. 

For positive moments at any point, eq. (i) shows that the value of 
M' is to be as large as possible, while H is to be small at the same time. 
In general it will be found that this condition is realized when the 
centre of moments and the adjacent portions of the span in question 
are covered with live load, no load on the rest of the structure. The 
temperature conditions existing at the same time must be such as to 
reduce the value of H. From eq. (22) we see that a rise in temperature 
is necessary to realize this condition. 

For negative moments at any point, the value of M' is to be as 
small as possible, while H is to be large at the same time. In general 
this condition is realized when there is no load on the portion of the 
structure adjacent to the moment centre, conditions opposite to those 
for positive moments. The temperature conditions must be such as 
to increase the value of H, Eq. (22) shows that a fall in temperature 
is necessary. 

The shear at any point is given by the equation 

~ = V' - HXaxiO 

a X 

where the notation is the same as given in Art. 190. 

From this equation we find, by a process similar to that given for 
moments, that similar loading conditions hold for shears as for moments. 

The loading conditions found to exist for the Approximate Method 
can be used as a guide for corresponding results by the Exact Method. 
By determining the loading conditions from influence lines as given 
in Arts. 191 and 194 and then applying exact methods, it is usually 
possible after one or two trials to arrive at the correct conditions 

II. — IQ 
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PLATE I 

Maximum Positive Moments and Shears. Center Span 

CASE: I 

Maximum Positm Moments; End to near Center. 

Maximum Positixe Shears; tnd, and near Center 



Conditions of Loadinq 

Main Span; Partially Loaded 
Side Spans; No Load 
lemperafure; H/qhcsf 






ODh 


Section AtoB 

CASE II 

Maximum Positive Moments near Center 
Maximum Positive Shears, dnd to near Center 
Maximum Downward Def/ect/on oF Center Po/nt. 





u3 

° >1 " 

h- Z --1 



Conditions of Loading 

Main Span; Partially L oaded 

Side Spans; No Load 
Temperature; Nfqhesf: 






CD, 


tt 


Section' BtoC^ (/-r]} 
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PL.ATG.II 

Maximum Nboatiy^ Moments and Shears, CtNTt/z Span 

CA SE III 

Maximum Net^ohVe Momenh; End to near Confer 
Maximum Neqafive Shears; End^ and near Cenfe/r 







f-- L - 



Conditions of L oadihg 

Main Spam Partially Loaded 
Side Spans: Fully Loaded 
lemperature; LokYesF. 






CD-t 


Section B to C 






CASE IV 


Maximum Negative Moments near Center 
Maximum NegahVe Shears, End to near Center 



Conditions of Loading 

Main Span; Partially L oaded 

Side Spans: Fully Loaded 
lemperature; Lowest 


H 


€D-t 


^hoh BMC ^ 

C ,=-Cr 
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PLAT£III 

Maximum Posmvc Moments and Shbars, Side: Spans 

CA5E:V 

Maximum Positive Moments; Loaded Side Span. 





CondiHons of L oad/hg 

Main Span; No Load 

Sidz Spans; Om, Fully Loaded; Olhtcffo Load. 

%mperafur€; H/qhesf: 



2p (e^^l) 
cj (e^-^w) 




VcAjtHu, / 


Section Ah B 


r'_ _ 


Cr 

CASC.VI 


Maximum Positive Shears; Partially Loaded Side Span 



Conditions of Loodmq 

Main Span; No Load 

Side Spans; One, Partially Loaded; Other, No Load, 
lemperotura; H/qhesF 
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PLATE IV 

Maximum Neoative. Moments AND Shears. Side Spans 

CASE VII 

ManimymNe^tiveMomznh: UnIcxidecI S/dc Span 


_^ 




3 

7 __ 



Conditions of Loading 

Main Span-, Fully Loaded 
SideSpans; One.NoLoadjOther./vHy Loaded 
Ibmperature; LaiyesF 



C,- 

CASE Yin 

Maximum Neqafive Shears. Partially Loaded Side Span 



Conditions of L oadmg 
Mam Span; 
Side Spans; 
Temperature: 


Fully Loaded , , »■ 

Or?e^ Partially Loaded; Other, fully Loaded 
Lorrest 




ij/li/nKivtprCaseyilJ 


CD-t 
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of loading. Problems bringing out these points will be given in 
Art. 208. 

To aid in the calculation of moments and shears for a structure of 
the type of the Manhattan Suspension Bridge, formulas for H have 
been derived for the various cases of loading which arise. These 
formulas are given on Plates I to IV. In calculating moments and 
shears eqs. (5) and (6) are to be used. The values of Ci and C2 which 
are to be used are also given on the Plates, together with the necessary 
temperature conditions. 


208. Example. —The exact methods of Arts. 204 to 207 will now be 
applied to the calculation of horizontal component of cable stress, moment, 
shear, and deflection in the case of the Manhattan Suspension Bridge. The 
dimensions of the structure are as given in Fig. 27 of Art. 202. The live load 
in all cases will be taken-as 4,000 lbs. per lin. ft. per truss. 

Values of Denominator D. —As stated in Art. 206, the value of the 
denominator is constant for all cases. The values of D-^t and D-t as given 
by eq. (23), were calculated for values of 11 ranging from o to 6,000,000, and 
for temperature conditions 55 degrees above and below the normal. The 
curves plotted from these results are shown in Fig. 33. From these curves 
the value of the denominator for any particular value of II can be deter¬ 
mined, thus reducing the labor of calculation. 

Values 0} Horizontal Component of Cable Stress. —The value of H for a 
uniform load of 4,000 lbs. per ft., extending from the left end of the main 
span to the quarter point, will be calculated to illustrate the methods em¬ 
ployed. From Case I, Plate I, the formula for H for this case, temperature 
considered as above normal, is, 



H 






■ cl{, I — fc) __ pCl p — c/ ■ ■ 


D^i 



PiotHu, j 

8 / 


This equation can be solved only by successive approximations, for the term 


c, whose value is given by (P 


El 


also contains II. 


In the solution 


of this equation, a value of H is assumed, from which the value of c is calcu¬ 
lated and substituted above. If the value of H was correctly assumed, the 
result of the substitution will equal the assumed value. Usually after one or 
two trials, a result is obtained for which the assumed and calculated values 
of H differ by only a small amount, which should be limited to 1 per cent. 

For the problem in question, assume H = 665,000 lbs. The value of 


Htt, is given by 


wP 


For the dimensions given in Fig. 27, with the dead 
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180,000 

125,000 

120,000 

Q 

115,000 ^ 
a 

3 

110,000 > 

105,000 

100,000 


1 , 000,000 2 , 000,000 3 , 000,000 4 , 000,000 5 , 000,000 6 , 000,000 

Values of H 
Fig. 3,5. 



Value of H In Pounds 
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load on the main and side spans taken respectively as 5,820 and 6,130 lbs. 
per ft., we have 


8 / 

8/r 


5,820 X (1446.7)^ 
8 X 145-3 
6,13 0 X ( 713-5)^ 
8 X 37-2 


= 10,480,000 lbs. 
= 10,480,000 lbs. 


Taking the average of these values, we find == 10,480,000 lbs. 

The moment of inertia of the main span is given as 43,900 ft.^ ins.* With 
E = 29,000 000 lbs. per sq. in., we find 


H + H,, 
El 


10,480,000 -b 665,000 
43,900 X 29,000,000 


0.000008754, 


from which c = 0.0029587. Also, ~ =• 337.98, -^- =■ 114,230.6, and 

0 0“ Ct 

38,607,000. 

For k = 0.25, p = 4,000, / = 1446.7, we have 


pkl 




7> 55b, 260,000. 


The values of the terms containing and are best found by 
logarithms (log e = 0.4342945). With c = 0.0029587, we have c I =-- 4*2805, 
from which log = 1.858967. The values of are found by multiplying 
log by i^. The values of the various terms are given in the following table: 


log^^ =» 1.858967 

= 72.2714 

cj 

e ~‘^‘ 

cl 

“ 0.0138. 

log = 0.464742 

“ 2.9157 

e ^ 

- 0.3430. 

p(i -\) cl ^ 1.394225 

e\cl ^ 24.7870 

e-Ui 

- 0.0403. 


For these values the second term in the numerator of the formula for II 
becomes 

P 

- 48.7167] = + 104,118,350,000. 

The value of the temperature term in the numerator is found to be 

P oj I 

- - - Lt “ — 22,720,000,000 

8 / 

where Lt = 3452 (from Art. 202), co = 0.0000066, and t = -f 55"^. 

The total for the numerator is -f 73,842,100,000. 

From the curve of Fig. 33 for we find the value of the denominator 
for // = 665,000 to be, = 111,300. The resulting value of 11 is then 
663,400 lbs. As this value is within 0.25 per cent of the assumed //, it will 
be taken as final. 

Values of H for a continuous advancing uniform load of 4,000 lbs. per 
lin. ft. for Cases I and III, as given on Plates I and II, have been calculated, 
and are plotted in Fig. 34. It will be noted in the curve in Case I, that the 
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effect of temperature above the normal, no load on the structure is such as to 
decrease the amount of the dead load cable stress. This effect also occurs 
under loading out to about the \ point. 

Moment at Quarter Point .—The general expression for moment at any 
point, as given by eq. (5) of Art. 204, is 

The constants of integration for loading conditions which give maximum 
positive moments at the quarter point are found under Case I, on Plate I. 
The values are, 



In the problem of Art. 202, the loading for maximum positive moment at 
the quarter point was found to extend from the end of the span to ^ = 0.466. 
Using this as a guide, the moments were calculated by the above equations 
for k = 0.400, 0.425, 0.450, and 0.475, which the maximum was found 
to occur for k = 0.425. For the various cases, the value of II was taken 
from the curves of Fig. 34. For k = 0.425 we find H = 2,022,000 lbs. For 
this value of H we have = 0.000009821 and c = 0.003134. The various 
terms in the above equation then have the following values: 

^ci — ^4.5340 « 93.Ill = 0.0105 

— ^0.575 cl 13*555 ^ — _ 0.0738 

P A 

— = IOO.7IO = 56.552 

2 II 0 00 

With these values we find 

^ 100.710 [i.vsss + 0-0738 - 0.0210] - 56.552 (i - 0.0105) ,. 

Cl —-- - . ~ >.- - =>-M 4 .II 9 

(93.111 - 0.0105) 

C, “ - 14.119^- - ——(0.0005554- 0.0019782) = + 130.750. 

0.00000902I 

I cx - 

For moment at the quarter point, we have v = —. Then e *= e = 3.106 

4 

^cj, 

and e **= 0.322. Substituting these values in the general expression, tO' 
gether with the values of C, and Co, we have 

Jf - - 2,022,000 [14.119 X 3.106 + 130.75 X 0.322 

+ o.ooo<^98 2 I (°-°°°5554 - 0.0019782)] 

* + 119,110,000 ft.-lbs. 
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By the approximate method, the positive moment at the quarter point, 
temperature effect included, was found to be 172,940,000 (Problem, Art. 202). 
This result exceeds the value given above by 45 per cent. 

Monicfit at CefUre .—The maximum moment at the centre of the main span 
was found to occur for a uniform load extending from ^ = 0.3 to = 0.7. 
Thfe formula for H and the values of the constants of integration are given 
under Case II, on Plate I. In the determination of the values of //, trial 
values were obtained by taking the difference between the ordinates at the 
ends of the load, as given by the curves of Fig. 34. The final value of 11 was 
usually found on the second substitution in the formula. By a process simi¬ 
lar to that used for moment at the quarter point, the maximum positive 
centre moment was found to be 89,710,000 ft. lbs. The final value of H was 
3,155,000 lbs., and the constants of integration were found to be Ci = 1.806, 
andC2 = 205.602. 

The Approximate Method result of Art. 202, temperature effect included, 
exceeds the moment given above by 33.9 per cent. 

Shear at the End of Main Span .—The maximum positive shear ac the left 
end of the main span was found to occur for a uniform load extending from 
the left end of the span to k = 0.325. 

The general formula for shear at any point is given by eq. (6) of Art. 204. 
V -C2e-^H 


The formula for //, and the values of the constants of integration are 
given under Case I, on Plate I. From the curve of Fig. 34, the value of H 
was found to be 1,200,000 lbs. With this value of II we find c = 0.003029. 
Cl ~ 43.05, and C2 = 259.72. At the end of the span, where x = o, we 
have, = I and e^^^ = i. The shear is then 


F = — 1,200,000 X 0.003029 (+ 43.05 — 259.72) = + 787,500 lbs. 
Deflection oj Centre Point .—The maximum downward deflection of the 
centre point will be found to occur for the main span fully loaded, no load on 
the side spans, temperature highest. The general equation for deflection is 

given by eq. (4) of Art. 204. Placing x - - and M' = in this equation, 

2 o 


we have 




H 


H + U. 


Cl + C2 e 


2 


+^+ 

^ 8 // 


I 




From the curves of Fig. 34, the value of 77 for the main span fully loaded, 
temperature above normal, is found to be 5,470,000 lbs. The value of c is 
then 0.003594. The constants of integration are given under Case II, on 
Plate I, with k and k' = o, or by Case I foi ^ = i. We then have 

For the value of 77 given above we find 

Cl = +0.07711 C2 = + i3-9^- 
Substituting in the above equation, the deflection is found to be 
17 = 0.34295 [0.07711 X 13.445 + 13-96x0.07432 +191.31-14.04-145.3] 
« 11.677 
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SECTION IV.—STRESSES IN LATERAL TRUSSES, TOWERS, AND 

FLOORBEAMS 

209. Wind Stresses in Structures with Horizontal Stiffening 
Trusses. —The action of wind forces on the side of the stiffening truss 
causes the truss to deflect laterally as shown in Fig. 35. This lateral 
deflection is resisted by the lateral trusses and by the pull of the cables. 



Fig. 35. 

From Fig. (d), moments about any point, horizontal forces only 
being considered, we have 

M = M' - (H + Hu) 17 + (// + Hu) (v-^) = M' - (// + Hu) s (24) 

From Fig. (c) we have z = assuming that the hanger at any 

point forms a straight line from the truss to a line joining the tops of 
the towers. Substituting this value of s in eq. (24), we have 

A/ = M' - (H + Hu) ^.(25) 

In eq. (25) y is variable as well as rjy and to reach an exact solu¬ 
tion is difficult. However, as the cable effect is of greatest importance 
along the central portion where y is nearly equal to / we may for 
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purposes of an approximate solution place y = f- The differential 
equation of the elastic curve of the truss is then given by 


_ 2 h c2 

dx^ ” f{H + //u) 


(26) 


where 


f in + g,,,) 

A El 


Integrating eq. (26), we have 


^) L ^ J 


Substituting this value of t) in eq. (25), the moment is given by 


• • (27) 


Cl + C2 - 


. . . . (28) 


where p is the wind load per unit length. 

The constants of integration in eq. (28) depend upon the loading 
conditions. It will be found that the moments are a maximum for a 
uniform wind load over the whole span. 

For uniform l6ad, the constants are determined from the condition 
that tor X = o or X = I, M = 0. The values are then 


C2{e“+i) .^ 

C2=Cic‘'. (30) 

Substituting the values of these constants in eq. (28), the moment 
at any point under full load is found to be 




The moment is found to be a maximum at the centre, where the value is 




(e“ + i) 


(32) 


The shear at any point is found by taking the first derivative of eq. (28) 
with respect to x. We then have 

V = -c [Cl e'* - C2 c””].(33) 

The constants of integration for any loading conditions are found by 
the same methods as given in Art. 205. It will be found that these 
constants can be obtained from those given on Plates I to IV by plac- 
ing/ = o and H = 1 in the corresponding case. 

210. Floorbeam Stresses. —In a suspension bridge with two cables, 
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the stresses in the floorbeams are found in the same way as for a 
simple beam supported at two points. Where four cables are used, 
as in the Manhattan Bridge, and the floorbeams are continuous, the 
analysis requires the consideration of the deflection of the cables 
and the continuity of the beams. Fig. 36 shows the arrangement 
used in the Manhattan Bridge. 

When all tracks, roadways, and side-walks are fully loaded, the 
cables will deflect equal distances and the reactions of the floorbeam 
will be equal. 

Under unsymmetrical loading the cables will receive varying pro¬ 
portions of the load, thus causing unequal deflections of the various 





B 



Fig. 36. 

cables and also of the points of support of the floorbeams. The beams 
are then continuous on four supports which do not lie in the same 
straight line. The maximum bending moments in the floorbeams will 
be found to occur for the loading which will cause the greatest difference 
in deflection of the cables. This loading is shown in Fig. 36 (ft), the 
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tracks and sidewalks on one side and the roadway being fully loaded 
over the entire length of the structure. The load taken by cable C 
is then transmitted entirely by the bending of the floorbeams. 

In determining the stresses in the floorbeams for the loading con¬ 
ditions given above, it is sufTiciently exact to assume the loads on the 
cables to be proportional to their deflection; and, as these deflections 
are large compared with that of the floorbeam, the deformations of 
the beam may be neglected. The reactions may then be found in 
the same manner as the fibre stress in a beam subjected to direct 
compression as well as moment. If P = total live load per panel, 
e = eccentricity, R = any of the four cable reactions, and a = distance 

P P € d 

of such cable from the axis, we have P = — ± ---“2 • Here the 

term J replaces the moment of inertia of the usual beam formula. 
With these reactions, the bending moments and shears are readily 
calculated by the usual methods. 

2II. Tower Stresses. —When the saddles are rigidly fastened to 
the tops of the towers, as in the Manhattan Suspension Bridge, the 



movement of the saddles due to changes in loading or temperature 
conditions will cause bending stresses to be set up in the towers. As 
this deflection must take place, the bending stresses induced will be 
proportional to the stiffness of the tower. 

The deflection may be determined by the approximate method given 
in Art. 204, or by a more exact method in which work done by ex¬ 
ternal and internal forces during the deflection arc placed equal to zero. 
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In Fig. 37, let A be the deflection of the tower, and {H + H^) 
the cable stress for any given loading conditions. Then the average 
v/ork done by the force {H + U^) moving through the distance A 
must be equal to the average work in the cable due to stress and 
temperature, and the work done in the deflection of the side 
span. The average work done by the force {11 + Hu) is given 


by y— + Hu j^. From Art. 206, the average work in the cable due 

jll \ d ^3 

to stress and temperature is respectively -h II,, ] | - and 

V 2 JX dx^ 

/II \ d 

^-h J The average work done in the deflection of 


The average work done in the deflection of 


the side span is given by 2 j J 'n\ d x where r)i is 

found from eq. (4) of Art. 204. Neglecting the work done in bending 
the tower, we have 

(y + ^ = (7 + ’l') + (7 + + v>dx. . (34) 

d d 

-—T, and I —— respectively 

0 dx" dx 

for the side spans only. Then from eq. (34), 


respectively 


A = La + W / Lt 4 " “7^ 

A E /i- 


B/i r 

Ir X 


r]i d X, 


The greatest deflection will occur when the main and far side spans 
are fully loaded, no load on the side span in question, temperature 
lowest. 

Substituting the value of rj for this condition of loading, the maxi¬ 
mum deflection is found to be 


^ («'*'■ + !) c,^li ' Ir 

The bending stresses in the tower are due to a horizontal load Q 

and a vertical load V as shown in Fig. 38 (a). 

The load Q is such that if applied at the top of the tower, it would 
(together with V) cause a deflection equal to A of eq. (36). The 
load V is equal to the sum of the vertical components of the cable 
stress acting on the tower, as shown in Fig. 38 (b). The amount of 
this force is given by 

(H + n,u) [tan a: + tan ai + A tan o: + A tan ai] 


16/1 8/1 


+ -/i/] 
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where A tan a and A tan ai are the changes in tan a and tan ai due 
to the deflection of the main and side spans. From eq. (4) of Art. 

204, A tan a = The loads Vi and V2 are the end reactions of the 

a X 

main and side spans. 

The amount of the load Q may be determined by placing the 
deflection of the top of the tower, as given by the equation of the clastic 



curve, equal to A as given by eq. (36). As Q is the only unknown, 
its value is readily determined. From Fig. 38 (a) the bending 
moment at any point in the tower, neglecting the effect of the loads 
Vi and F2, is given by 



Mx = V y + Q X . 

• (37) 

The differential equation of the elastic curve is 



^ F *. 

. (38) 

where 

1 

Integrating eq. (38) we have 



y = As\a.cx-\-B cos cx — ^x . . . 

• (39) 


where A and B are constants of integration. 
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If the moment of inertia of the tower is uniform over its whole 
length, the values of A and B are determined from the two conditions 
that for X = o, y = o and x = I, y = A, from which 

A = cosec. c I and B = o. 

Eq. (39) then becomes 


= 




sin c X 
sin cl 



(40) 


The values of Q and A are found from eq. (40) for the condition that 

^ = o when x = 1. 
ax 


We then have 


Vc 


(tan cl — cl) 


and 


(? = 


VAc 

(tan cl — cl) 


(41) 


where A is given by eq. (36). 

Substituting the value of y from eq. (39) in eq. (37), the moment 
at any point is found to be 


= {QIA-VA) 


sin c X 
sin cl 


(42) 


For X — Oj or at the top of the tower, M — o\ and for = /, or at 
the foot of the tower, M = {Ql + K A). 

As actually constructed, the sections in such towers are made to 
fit the stresses, so that the moment of inertia is not uniform. In such 
cases, the lower is divided into lengths over which the moment of 
inertia may be taken as uniform. Then by placing the moment and 
shear at the end of one section equal to that at the beginning of the 
next, a sufficient number of independent equations are obtained for 
the determination of the constants of integration. For this purpose 
the moment at any point, from eqs. (37) and (39), is given by 
Mx = F (^4 sin c a: + B cos c x). 

The shear at any point is 

= c F (i 4 cos c X — sin • c x). 

a X 

The deflection at any point is given by substituting the constants of 
integration for the section in question, as determined above, in eq. (39). 






CHAPTER VI 


MISCELLANEOUS PROBLEMS IN STATICALLY 
INDETERMINATE STRUCTURES 

Section I—Multiple Intersection Trusses 

212. General Formulas. —In Chapter VII of Part I, the general 
method of analyzing structures with redundant members was given 
and briefly illustrated. In the preceding chapters of this Part several 
special cases have been considered. There remain numerous other 
problems of statically indeterminate structures arising in practice 
which merit attention, but before taking these up in detail the method 
explained in Part I will be restated and the equations presented in a 
somewhat more general form. 

Consider a structure containing any number of redundant members 
and supporting certain loads applied at joints only. Assume, first, 
that all members are subjected to direct stress only (no members acting 
as beams). 

Let n = number of necessary members; 

m = number of redundant members; 

S = stress in any one of the n necessary members, due to the given 
loads; 

5 ’,, S^, Sj, etc., = stresses in the several redundant members due 
to the given loads (the stresses S, S^, S^, etc., occur simultaneously); 

S' — stress in any one of the n necessary members due to the ex¬ 
ternal loads, with all redundant members removed; 

u^ = stress in any of the n members due to a one-pound tension 
in redundant member No. i, all other redundant members being 
removed; Wj = stress for a one-pound tension in No. 2; etc., etc.; 

E, A and / = modulus of elasticity, area of cross-section, and length 
of any member. 

Then for any member 

S = S' + Si -f Mj ^2 + Mj S3 + etc. . . . (i) 
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Now, as in Art. 227 of Part I, we assume each of the redundant 
members in turn cut near one end, and place equal to zero the deflection 
of the cut end with respect to the adjacent joint. This deflection is 
expressed in terms of the deformations of the n necessary members 
and the redundant member in question. We thus have the general 
equations 


^nSUfl 

I 

'o~EA 
^nSuJ 
'o EA 
etc. 


+ 


-f 


EA, 

S2 I2 
EA, 


EA, 


= o 


= o 


= o 


(2) 


etc. 


Substituting the value of 5 from eq. (i) we have the following series of 
equations between the several redundant stresses and the stresses S': 




s + s (- ■ 


EA 


ea,‘'ea) ea^ 


v‘5'w,n 

+ .. etc = — 2- - 

+ ...CIC. I 

.S'uJ 


S,2'"p:- + S, 2 -^’ 


umJ 


EA 

etc. 


+ 


\E. 


etc. = 


+ y^) + 

EAp EA! 

etc. etc. 


etc. = — 2 


EA 

yS'U^l 


EA 


( 3 ) 


In these equations the summation in all cases extends over the n 
necessary members only, as no other member has a stress u. If we 
consider that the u for the redundant member in question is unity, then 
the two terms in the parentheses may in general be represented by the 


single 


summation I 


uH 

EA' 


In this manner as many equations may be written as there are re¬ 
dundant members. The numerical values of the coefficients of 
‘S'l, S,, 5*3, etc., and of the second members of the equations, are readily 
calculated and the resulting linear equations may then be solved for 
5 i, S,y etc. The value of any stress S is then found from eq. (i). It 
is well to note that the several coefficients of S^y S,, etc., of eq. (3) 
contain products of u which arc, in each equation, the product of a 
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particular u times each of the other in succession, the latter corre* 
spending to the S of the same term. 

As already illustrated by the analysis of Art. i66, the displacement 
diagram may be used advantageously in calculating the various sum¬ 
mations in eq. (3). For this purpose all redundant members are to be 
considered as cut near one end. A displacement diagram is then 
drawn for a one-pound load applied at the cut ends of No. i, no 
external loads acting; another diagram for a one-pound load at the 
ends of No. 2, etc,; one diagram being drawn for each member. 
Finally, a like diagram is drawn for the external loads, involving the 
stresses 5 '. It will then be found that all the coefficients of - 5 ,, ^2, etc., 
of the first of equations (3), are given by the first diagram; those of 
the second equation by the second diagram, etc.; and all the summa¬ 
tions of the second members of the equations are given by the last 
diagram mentioned. Or, in detail, considering the first diagram, the 

quantity 


EA, 




I 

Ya 


j is the relative displacement of the cut ends 


of redundant member No. i; the quantity I 


w, Wo I 


is the relative 


displacement of the cut ends of No. 2, etc. In the diagram constructed 

S'u I 

for the external loads, i* relative displacement of the cut 

ends of No. i, etc. It will be noted that I given in both the 

u.u^l 

first and second diagrams, and I third 


diagrams, etc. The utilization of this principle (of reciprocal de¬ 
flections) will make it necessary to construct but a portion of the 
displacement diagrams of the second and succeeding members. 

In case the structure includes members acting as beams then the 


expressions for deflection include terms of the form 


/ 


M dx 

~ET 


m. 


If 


the redundant members themselves are subjected to direct stresses 
only, then eq. (2) takes the form 


S Wj / 
o'Ta 


n r M dx 


. nil - 1 - 


'EA^ 


= o . 


( 4 ) 
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in which M = bending moment in any member under normal con¬ 
ditions, and Wj = bending moment due to a one-pound tension in 
redundant member No. i. In the same manner as S is expressed in 
eq. (i) we may write M = M' -h Wj + ^2 Wj + ...etc. The 
values of S and M being substituted, gives a series of linear equations 
similar to (3), as follows: 


o / I V , V ^ rm,m.dx\ 

\ea\ + ^ Hi + “ J “ EA' + ^ J “£7“7 


V 


/ w, m^dx\ 
~^EIf 


-f .. .etc., = — X- 


m^dx 


Instead of assuming as the unknowns the various direct stresses 
5*,, iSj, etc., it is sometimes more convenient to take certain of the bend¬ 
ing moments as the unknowns, or certain direct stresses together with 
certain moments. In this case the values and Wj, corresponding to 
an unknown bending moment Afp are respectively the stresses and 
moments in the various members due to a bending moment of unity 
in the redundant member. The resulting equations are then the 
same as (5) excepting that certain unknown moments, Af j, Mj, etc., 
are used instead of the stresses ^2, etc. 

213. Equations Derived from the Principle 0} Least Work .—^The 
entire internal work of displacement of a structure is given by the 


expression 


Work 


5 ^/ ^ rM^dx 

'2EA “ y 2EI' 


( 6 ) 


If the structure contains various redundant stresses 5 i, Sj, etc., or 
moments Afp M^y etc., the first derivative of the expression for work 
may be written with respect to each of the unknowns in turn, as 
explained in Part I, Art. 216, and each of these expressions placed 
equal to zero. This gives us, for member No. i. 


SI dS ^ rMdx dM 
EA ' dS, ^ El ^ dS 


But in general == and as here defined. Furthermore, 

in (7) the expression I includes also member No. i, in 

E A a 

d S 

which = I, hence (7) is identical with (4). 

o j 
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With respect to any unknown moment Mj the derivative is 


^ rM dx d M 

^ J • IW, 


EA ‘ dM 


in which vtt- and ,, r- is the stress or moment in any member due 
aMi dM^ 

to a unit bending moment in the redundant member. These quanti¬ 
ties may be called and as before. The physical interpretation 
of eq. (8) is that the relative angular change in the two cut ends of 
the redundant member is zero, corresponding to the longitudinal 
movement in the case of redundant direct stresses. 

214. Forms of Trusses and Methods of Analysis. —The most 
common types of multiple intersection trusses are the double War¬ 
ren or triangle truss and the Whipple or double intersection Pratt 
truss. These forms have been fully treated in Part I by the usual 
approximate methods, based on the assumption of independent action 
of the two web systems. This same method of treatment may be 
applied to triple and higher forms of multiple trusses with generally 
satisfactory results. 

Where the several systems are connected at points other than at 
supports, as when inclined end-posts are used, some ambiguity arises 
in the usual approximate treatment (see Art. loi, Part I). Uncertainty 
of procedure also arises in the case of an odd number of panels or an 
otherwise unsymmetrical system. In the case of curved chords, also, 
the w^eb systems cannot act independently to so great an extent as with 
horizontal chords. In certain other multiple forms it is difficult or 
impossible to separate the structure into two or more single systems 
so as to arrive at any satisfactory solution by approximate methods. 

It is the purpose of the following articles to explain more fully 
than was done in Part I, the use of exact methods of calculation and 
to illustrate by examples the errors involved in certain cases by the 
application of the usual approximate methods. 

215. The Double Triangular Truss with Vertical End-Posts.— 
The results given in the example of Art. 224, Part I, showed that the 
usual assumption of independent action of the two web systems gives 
correct results for the chord stresses under uniform loads, and that the 
maximum error in web stress when calculated on this basis was, in the 
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truss in question, only 5 per cent, and this for the web member nearest 
the centre. For all other web members the error was too small to be 
noted. In the case of an eight-panel truss of similar form, analyzed 
by Winkler,* the corresponding errors in the web stresses ranged from 
o to I per cent from end toward centre. The first counter-stress 



showed an error of i.i per cent and the second counter-stress an 
error of 4 per cent. 

From these and other examples it may be concluded that in the 
form here considered, the number of panels being even, the results 
by the approximate method are well within the desired limit of accuracy. 

216. Double Triangular Truss With Odd Number of Panels .— 
When the number of panels js odd then the symmetry of the systems 
IS interrupted and their independence of action is more in question. 


a' 



A peculiar condition arises in such systems when the structure is fully 
loaded. In the truss of Fig. i, for example, under full uniform load, 
there is no shear in the panel d e and hence, apparently, no diagonals 
need be stressed in this panel. It is obvious that any stress which 
may exist in one of the diagonals is opposed by an equal stress in the 

♦ “ Thcoric dcr Briicken,” TI Heft. 


II .—22 
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Other. Assuming independent systems, however, there will be a 

tension in each diagonal of - P, if a through bridge, and an equal 

compression, if a deck bridge, where P = joint load. It is sometimes 
assumed that under a uniform load, since there is no shear in the 
central panel, neither of the members d E or D e arc stressed, and 
that the two web systems break up into a different arrangement from 
that existing under an unsymmetrical load. 

The maximum stresses calculated under the two different assump¬ 
tions differ considerably. Thus, assuming independent systems, and 
all joints loaded, we have 


Vert. comp. aS = -yP 

12 

Vert. comp. A b —P 


whereas, with members D e and d E out of action, the values arc 

IP and — P respectively, a dilTerence of ~ P. Then in the chord 
7 7 7 

members the assumption of independent systems gives stresses as fol¬ 
lows {d = panel length, h *= height): 


DB-a^P; de-*^p- 

7h ’ 7h ' 

CD.-'^P; cd-il^P. 

7 h ’ 7h 


The assumption of zero stress in the members D e and d E gives 

42 d 


CD ^ DE = de 
c d 


7 h 

35 ^ 

7 h 


P-, 


It will be found that, in general, the stresses in each diagonal under full 


load, obtained by the two different methods, differ by -P, and the 

7 

* 2d 

stresses in each chord member differ by — P. 

7k 

To determine the correct distribution of stress, and to illustrate 
further the analysis of multiple intersection trusses, an exact analysis 
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will be made of the seven-panel truss of Fig. i. Span = 7x24 = 168 
ft.; height = 32 ft. The member .4 a is taken as the redundant member 
and its stress for a concentrated load at each of the joints g, f, and e 
is determined. To simplify the numerical work each joint load is 


Member 

A 

u 

U 1 

A 

uU 

A 

Load 

AT g 

Load at f 

Load 

AT e 

S' 

S'til 

■ a' 

S' 

S'ul 

A 

S' 

S' ul 

“X' 

A a 

22 

-f- 1-00 

4-.182 

.182 







A b 

25 

-125 

— .2^,0 

.312 

0 


0 

0 

0 


0 

0 

aB 

25 

-1-25 

- .250 

•312 

-1.25 

4 - 

•31 

-2.50 

4 - 

.62 

- 3-75 

+ -93 

Be 

20 

+ i .25 

+ -312 

•390 

+ 1.2$ 

4 - 

•39 

4-2.50 

-f 

•78 

+ 3 - 7 S 

4-1.17 

bC 

20 

+ 1.25 

+ .312 

•390 

0 


0 

0 

0 

0 

0 

Cd 

14 

-1.25 

- .446 


0 


0 

0 

° 

0 

0 

cD 

14 

-I. 2 S 

- .446 

■558 

-1.25 

4 - 

•56 

-2.50 

4-1 

.12 

- 3-75 

4-1.67 

De 

12 

+ 1.25 

.521 

.652 4-1.25 

4 - 

■63 

4*2.50 

4-1 

•30 

+ 3-75 

4-1 -95 

dE 

12 

+ 1.25 

+ -521 

.652 

0 


0 

0 



0 

0 

Ef 

14 

-I '25 

- .446 

■558 

0 


0 

0 


5 

0 

0 

eF 

14 

-1.25 

- .446 

• 55 » 

-1.25 

4 - 

•56 

-2.50 

4-1 

.12 

4-5.00 

-2.23 

Fg 

20 

+ r .25 

+ -312 

•390 

+ 1.25 

4 - 

•39 

+ 2.50 

-f 

•78 

-5.00 

-1.56 

IG 

20 

+i .25 

+ .312 

•390 

0 


0 

+8.75 

4-2 

•73 

0 

0 

Gh 

25 

-1.25 

— .250 

.312 

0 


° 

10 

00 

1 

4-2 

.18 

0 

0 

gH 

25 

-1.25 

1- -250 

.312 

+ 7-50 

- 

1.87 

-2.50 

4 - 

.62 

4-5.00 

— 1.25 

Hh 

22 

4 -1.00 

4 -. 182 

. 182 

— 6.00 

— 

1.09 

4-2 .00 

4 - 

•36 

— 4.00 

- .72 

A B 

20 

+ -75 

-h . 112 

.084 

0 


0 

0 


D 

0 

0 

a b 

20 

+ -75 

4 - . 112 

.084 

+ *75 

4 - 

.08 

4-1.50 

4 - 

17 

4-2.25 

4 - .25 

BC 

36 

- -75 

— .062 

.047 

-1.50 

4 - 

.09 

-3.00 

4 - 

.19 

-4.50 

4- .28 

b c 

36 

- -75 

— .062 

.047 

+ -75 

— 

•05 

+ 1.50 

— 

.09 

4-2.25 

- .14 

CD 

50 

+ -75 

k -045 

•034 

-I .50 

— 

.07 

-3.00 

— 

.14 

— 4.50 

— .20 

c d 

50 

+ -75 

+ -045 

•034 

4-2.25 

4 - 

10 

+4.50 

4 - 

.20 

4-6.75 

4 - .30 

DE 

50 

-- -75 

- -045 

•034 

-3.00 

4 - 

.14 

— 6.00 

4 - 

•27 

— 9.00 

-h .40 

d e 

50 

- -75 

- 045 

•034 

-1-2.25 

— 

. 10 

+ 45 ° 

— 

.20 

4-6.75 

- 30 

EF 

50 

+ -75 

4 - .045 

•034 

-3.00 

— 

.14 

— 6.00 

— 

.27 

— 9.00 

- .40 

cl 

50 

+ -75 

-f .045 

.034 

+ 3 75 

4 - 

•17 

+ 7 .,50 

4 - 

•34 

4-6.00 

4 - .27 

FG 

36 

- -75 

— .062 

.047 

-4 50 

4 - 

.28 

— 9.00 

4 - 

•56 

— 3.00 

4 - .19 

fg 

36 

- -75 

— .062 

.047 

+ 3-75 


•23 

4-2.25 

— 

.14 

4-6.00 

“ -37 

GH 

20 

+ .75 

4 - .112 

.084 

-- 4-50 

- 

•50 

4-1.50 

4 - 

•17 

-3.00 

“ -34 

gf^ 

20 

-f 

-vi 

4 - .112 

.084 

0 


0 

+ 5- 25 

4 - 

•59 

0 

0 

y 




7 436 


- 

•33 


-^13 

.26 


— . 10 
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taken as 7 instead of unity, and the panel length and height are called 
3 and 4 units, respectively. The complete calculations are given in 
the subjoined table. The values of the cross-sections are approxi¬ 
mately what would be required for a railroad structure designed for an 
£-50 loading. 

The stresses in ^4 a are then as follows: 


for load at g, ^ a 
for load at /, ^ a 
for load at ^ a 


- »33 

7436 

7-436 

10 

743b 


= + 


= + 


.045 

1.784 

.013. 


For loads of unity instead of 7 these stresses become, respectively, 
+ 0.006, — 0.255, + 0.002. 

For loads at i, r, and d the stresses in 4 a arc the same as in H h for 
loads at and respectively. Knowing the stresses in 4 a for loads 
at /, and e, the corresponding stresses in H h are readily found. 
They are — 5.96, -h 0.216, and — 3.99 respectively; hence, dividing 
by 7, we have for stress in 4 a for unit loads at i, c, and rf, the values 
— 0.852, 4- 0.031, and — 0.570, respectively. 

These values for stress in 4 a are the shears in the end panel a h, 
of the full system as shown in Fig. i. The shears in the dotted system 
are found by subtracting the above values from the total shear. The 
shears in the end panels of the two systems, for unit loads at each joint, 
are given below, together with the shears calculated on the assumi)tion 
of independent action of the two web systems, and the percentage of 
error of the latter values. 

The assumption of independent systems therefore gives somewhat 
too small results for the dotted system and too large results for the 
full system. The chief reason for this variation is the fact that, as 
regards shears in the left half of the truss, the dotted system is some¬ 
what more rigid than the full system. In the right half the full system 
is the more rigid and the maximum in g H will be the same as the 
maximum in 4 ft, etc. Fig. 2 shows the values above given, plotted as 
influence lines for end shears or vertical components in the diagonals 
of the two systems. The dotted line a' h represents the total shear. 
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For all joints loaded the true shear in panel de oi the full system 
(vertical component in d£), is 1.638 — 2.00 = —0.362, giving a 
tensile stress in d E. In the dotted system the shear (vertical com¬ 
ponent in D e) is 1.363 — i.oo = + 0.363, giving a tension in X> e 


SHEARS IN THE END PANEL (FIO. 1) FOR UNIT JOINT LOADS 


Joint Loaded. 

Full System 

Dotted System 

True Shear. 

Approx. 

Shear. 

% Error. 

True Shear. 

Approx. 

Shear. 

% Error. 

g 

— .006 

0 


4 - .149 

+ .143 

-4.0 

i 

+ -255 

+ .286 

4-12.2 

-f .031 

0 


e 

— .002 

0 


-f .431 

4 - .429 


d 

+ -570 

+ '572 

4-0 4 

+ .002 

0 


c 

- .031 

0 


+ -745 

+ .714 

-4.2 

b 

+ .8^2 

I 

4 - .857 

4-0.6 

1 + 005 

0 


AU Joints 

-f 1.638 

+ i- 7 'S 

-^A 7 

+ >•363 

4" 1.286 

- 5‘7 


equal to that in d E. The assumption of independent systems gives 
2 

values of P or .286 for each, instead of .363. 

7 . 

The stresses in the centre diagonals being known, the stresses 
in D and d e are readily obtained by moments, and thence 
the stresses in the other chord members. The resulting value for 

D E = {6 + .363) P ^ 6.363 Py compression, and in de s, 

value of (6 — .363) P -= 5.637 ^ P, tension. By the approxi¬ 
mate methods, assuming independent systems and a shear in each 
system of ^Py the values are 6.286 j^P and 5.714 ^ P^ respectively. 

The errors involved arc .077 f P in each case, or 1.2 per cent and 

n 

1.4 per cent. For other chord stresses the same absolute errors are 
involved, but the relative errors increase toward the end of the span. 

From these calculations it may be concluded that the assumption 
of independent web systems, in the case of an odd number of panels. 
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will lead to results substantially correct, but that the assumption of 
zero stress in the central web members, under a symmetrical loading, 
is considerably in error. If approximate methods are to be used, the 
stresses for all conditions of loading should therefore be determined on 
thp basis of separate action of the two web systems. 

217. The Double Triangular Truss with Inclined End Posts.— 
Fig. 3 shows a more common arrangement of end posts than that of 
the truss analyzed in the preceding article. Such an arrangement, 
however, makes the determination of stresses by approximate methods 



somewhat more uncertain than in the cases already considered. The 
joints B and H must be considered as belonging to both systems and 
loads at these joints must be divided in some approximate manner. An 
equal division is generally assumed. It is to be observed also that a 
load applied at b, or brought there by the member bC oi the full 
system, is carried up to B where it then exerts an influence on the dotted 
system B c D. The complication arises from the fact that the two 
systems are connected at point By which is itself not rigidly supported, 
a condition not present in the trusses previously considered. Inasmuch 
as this arrangement is common in the various forms of multiple inter¬ 
section trusses, an analysis will be made of the truss of Fig. 3. The 
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same height and panel length will be taken as in Art. 216, and the 
same values of cross-sections. The values of i 4 , m, and uljA for the 
various members are as follows, assuming J 5 6 to be the redundant 
member: 


Member. 

A 

sq. in. 

U 

ul 

A 

Member. 

A 

sq. in. 

u 

ul 

A 

Bb 

22 

+ 1.00 

00 

+ 





Be 

20 

-1.25 

- .312 

BC 


+ -75 

+ .062 

bC 

20 

-125 

- 312 

b c 

36 

+ -75 

+ .062 

Cd 

14 

+ 1.25 

+ .446 

CD 

50 

“ -75 

- .045 

cD 

14 

+ I. 2 S 

+ .446 

c d 

50 

- -75 

1 

b 

De 

12 

- 1-^5 

“ -521 

DE 

58 

+ -75 

+ 039 

dE 

12 

-'^•25 

- 521 

d c 

58 

+ -75 

+ ■°39 

Ef 

12 

+ 1.25 

+ .521 

K F 

58 

- -75 

- -039 

eF 

12 

+ i 25 

+ .521 

et 

58 

"•75 

“ -039 

FR 

14 

-1.25 

- .446 

FCr 

50 

+ -75 

+ 045 

/('• 

14 

“ 1-25 

- .446 

/.? 

50 

+ •75 

+ -045 

G h 

20 

+ 1 25 

+ .312 

GH 

3 ^> 

~ -75 

— .062 

Rll 

20 

+ 1.25 

+ .312 


36 

“* • 75 

— .062 

11 h 

22 

1 — I .00 

- .182 






The graphical method will be used in this case. Fig. 5 is a dis¬ 


placement diagram of the structure for the values of 


ul . 

-j- given above, 
A 


It is begun at h and H h is assumed to remain vertical. The point 
b^ on the diagram represents the cut end of 5 6, at a point near b. 
The vertical distance from b^ to b in Fig. 5 represents the displacement 


of fr, referred to b, and is the quantity - 


uH 


A 


of the formula. 


Call 


this deflection 8 . Then, as in Art. 222, Part I, for a load unity on any 


joint as h, the quantity i’ 


S'ul 

A 


is equal to the deflection of h, due to 


forces of unity acting at b and b^. Call this deflection The stress in 
the member B b, due to unit load at h, is then equal to this deflection 
8 )^ divided by the deflection 8 . Before measuring the deflections of 
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the several joints it will be necessary to draw a correction diagram. 
Ihe points a and % standing fast. This is shown in dotted lines. 
^ From the diagram the following deflections are 

i ''v measured: 




— 0.61 


- 4.72 

1 • 

11 


— 0.42 


+ 0.42 

ji 


- 2.49 

^6 = 

- 6.61 

! V 


0.0 




BT& 

K 

Fig. 5. 


The deflection of with respect to i = 5 = 7.20. 
Dividing the above values by 7.20 we derive the 
stresses in 5 6 tor unit loads at the several joints. 
These stresses will be the shears on section q car¬ 
ried by the full system. The shears carried by 
the dotted system (member B c) will be found by 
subtracting from the total shears the several 
stresses in B h. The resulting values in the two 
systems arc as follows: 


Joint Loaded. 

Shear on Sec. q. 

Stress in li b. 

Vert. Comp. B c. 

h 

.125 

-f .084 

+ .041 

g 

.250 


-f .192 

i 

•375 

+ -345 

+ .030 

e 

.500 

00 

-f .500 

d 

.625 

+ .655 

— .030 

c 

•750 

- .058 

“H .808 

b 

•875 

+ .916 

— .041 

All loaded 

3 500 

+ 2.000 

4 1.500 


In Fig. 4 these results are plotted as influence 
lines for B h (shown by the full zigzag line), and 
for vertical component m B c (shown by the 
dotted line). The line a' i is the line for total 
shear, and if the systems of bracing were entirely 
independent the vertices of the influence lines 
would fall on this line and on the zero line a i. 
The variation from this assumption is clearly shown 
in the figure and also in the table given above. It 






MULTIPLE INTERSECTION TRUSSES 


293 


is noted that the load at h divides itself between the two systems, 
but that the larger part is carried by the full system (68 per cent); 
the load at g goes mainly to the dotted system, but a considerable 
part (about one-fourth) to the other system. At / the proportion 
taken by the dotted system is still smaller, while at e the load goes 
wholly to the system to which this joint belongs. For a full load, 
the member B b carries exactly the load belonging to the full system, 
and hence for this condition the two systems may be taken as inde¬ 
pendent and the maximum chord stresses so found will be correct. 
The stresses m d E and E f o. 

For maximum stress in h C and C load to d. Afaximum shear 
in full system = .084 -f .058 + -345 + -^SS = 1.142 = vertical com¬ 
ponent in 6 C and C d. By the apj)roximate method, assuming the load 


I 

at h to be equally distributed, shear = -7 4- ^ ^ -- 1.06, an error 

of 8 per cent. For maximum stress indE and E f, load to/. Shear == 
.084 + .058 + .345 = .487. By the approximate method, shear = 

X '1 

— 4- ^ .437, an error of ii per cent. For maximum m B c load 

10 8 


to r. Shear carried by B c = 1.500 4- .041 = 1.541. Approximate 
method gives 1.562, an error of 1.4 per cent. For maximum m c D 
and D c, load to c. Shear = .763. Approximate method gives .812, 
an error of 6.4 per cent. For maximum in c F and F g load to g. 
Shear = .233 and a[)proximate method gives .312, an error of 34 per 
cent. 

From these calculations it may be concluded that in a truss of this 
type, with an even number of panels, the chord stresses are correctly 
found by assuming independent systems, and the web stresses will be 
found with a reasonable degree of accuracy on the same basis, it being 
assumed also that loads at b and h or B and H arc equally divided 
between the two systems. 

' 218. The Whipple Truss.—In the Whipple truss, Fig. 6, the ap¬ 
proximate method of solution also leads to results very nearly correct. 
In the type shown in Fig. {b) the arrangement is somewhat more favor¬ 
able than in Fig. (a), as in the latter case the loads at c or C are dis¬ 
tributed over both systems in a manner not readily estimated. The 
two systems are not of equal flexibility, the full system containing six 
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members up to D,and the dotted system eight; the former will therefore 
carry more than one-half of the shear going to the right support. The 
entire shear is, however, small, and it may be assumed without material 
error, as in the triangular truss, that one-half is carried by each system. 




(b) 


Fig. 6. 

Loads at other joints will affect to a small extent the systems not be¬ 
longing to the joint in question, but except for point c, independent 
systems may be assumed. The chord stresses will be correctly obtained 
for full load on the basis of independent systems. Winkler finds in a 
truss of lo panels of type (b) an error of only 2 per cent in the maximum 
stress in web members. 

219. Other Multiple Systems.—Fig. 7 illustrates a case of a double 



system of web members in which the two systems arc very unlike in 
flexibility and the structure is not homogeneous. The dotted members 
may be considered as redundant. The loads at c and e can be carried 
by members B c and e F alone, and this path is much more rigid than 
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the path over the dotted members and thence down D d and up the 
inclined members d F and b B, As a result, the dotted members will 
be found to take much less than half the loads at c and and the 
stresses can only be guessed at unless the theory of redundant members 
be applied. Such irregular systems are undesirable and uneconomical 
as they cannot be designed so that the unit stresses are of the proper 
values in all the members. 

Again, if the double system is to be used in a cantilever arm, as in 
Fig. 8, an odd number of panels as shown in Fig. (a) is better than an 



even number as in Fig. (ft). The heavy concentration P is carried by 
the member a 5 to the point B where it is divided between the two 
systems. In Fig. {a) the two paths over which it travels to the support 
on the right 2iVQ B bC d E /, etc., and B c D e etc. These two paths 
contain an equal number of members and, for equal working stresses, 
have about the same rigidity. In Fig. (ft) the number of panels from 
ft to i is odd, and the dotted path from B to i contains nine members 
and the full path only seven. The two paths will therefore be quite 
unequal in rigidity and the full system will carry considerably more 
load than the other, assuming the same size of members. Being 
forced to deflect equally at B it follows that whatever the size of the 
members of the two sy.stcms, the unit stress in the dotted system will 
be considerably less than in the full system. Furthermore, this con¬ 
dition cannot be avoided no matter what the size of the several 
members. 
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Other illustrations of a similar sort might be given, as, for example, 
the combination of an arch and a truss. The arch, being the more 
rigid under symmetrical loads, will carry nearly all the load in such 
cases and the truss will serve mainly as a stiffening truss under moving 
lo^ds, as in the case of the suspension bridge. 

220. General Conclusions Regarding Multiple Systems.—^From the 
results of the preceding analysis, and also from a general view of the 
matter, it may be concluded that, where multiple systems are so ar¬ 
ranged as to be very nearly alike in design so that their relative rigidi¬ 
ties will be about the same, the loads will distribute themselves nearly 
equally among the several systems, a condition which permits them to 
be assumed to act independently in the analysis. The slight uncer¬ 
tainty of stress in such systems is of small moment as compared to the 
advantages which they may afford in the case of very large structures 
especially with reference to convenient panel length and size of joint 
details. In fact their use will, in some respects, give a more homoge¬ 
neous design and one freer from secondary stresses than a system of 
sub-paneling such as employed in the Pettit truss. For large struc¬ 
tures where the web members of a double system are large enough to 
be of satisfactory size such a system is well worth consideration. 

In one respect a structure with redundant members is theoreti¬ 
cally not, in general, the most economical form. As illustrated by the 
foregoing discussion a structure with redundant members cannot be so 
designed that all members shall be subjected to any prescribed working 
stress. If there is, for example, one redundant member, the distortion 
of this member is fixed by the distortion of all the others; that is to 
say, its unit stress is a definite function of the unit stresses in all the 
other members, no matter what its size. In the example of the swing 
bridge of Art. 72 it was shown that, whatever the size of the centre 
diagonals, their unit stresses would be very small. This defect in 
structures with redundant members is of importance only in cases 
where the several parts or systems are of unequal flexibility, as in the 
example cited and in such a truss as shown in Fig. 7. This condition 
shows, however, that the principle of equal flexibility or rigidity of 
each part of a redundant system is essential not only for convenient 
calculation but for economy of design. 

Again, in the double system with an odd number of panels, it is 
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seen that under full load, tension exists in both of the diagonals in the 
central panel, some shear being transmitted each way across this panel. 
This is, in general, an uneconomical arrangement and shows that an 
odd number of panels is not desirable. In a multiple intersection truss 
the principle of symmetrical arrangement and equal flexibility should 
therefore prevail. 

221. The Double Triangular Truss with Verticals.—Not infrequently 
a case will arise where an analysis is required of a truss of the type 
shown in Fig. 9. This truss may be looked upon as a double triangular 


abcdefqh 



truss with the two systems connected at each panel point. Under this 
assumption the two diagonals of any panel are made of about equal 
size and the verticals arc all alike (excepting the end posts), and of 
sufficient size to equalize the loads on the two systems, or to carry a 
half-joint load in tension, in case of a through bridge, or in compression, 
in case of a deck bridge. 

In some respects a truss of this kind is advantageous as compared 
to the double .system without verticals. It provides convenient points 
of attachment for the floor beams in the case of a through bridge, it 
avoids excessive variations in web stress due to concentrated loads 
passing from one sy.stcm to another, and it reduces the secondary 
strcs.ses, as will be shown in Chapter VTI. 

Under a full uniform load the verticals perform little service, as the 
deformations of the two diagonal systems are nearly alike and hence 
the verticals can receive but little stress. In this respect they are in 
a somewhat similar condition to the vertical stiiTcners of a plate girder. 
Under partial loads, however, they tend rapidly to equalize the stresses 
in the two diagonal systems. To just what extent this is accomplished 
and the errors involved in an approximate analysis based on such an 
assumption, together with the probably maximum stress in any one 
vertical, may be approximately determined by the analysis of a typical 
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problem. Such an analysis will also serve to illustrate a case of several 
redundant members. 

Assume dimensions as given in Fig. 10. The cross-sections of the 
members are also given in the figure. The two diagonals in each panel 



are assumed to be of equal section, and all verticals except the end 
posts are 12 sq. in. in area. The panels are numbered as shown. 

There are eight redundant members in this structure, each inter¬ 
mediate vertical being redundant, and, in addition, one such member 
due to the double system. It will be more convenient in the analysis, 
however, to assume one of the diagonals in each panel as redundant, 
which, if removed, gives a Pratt system of bracing with no redundant 
members. The dotted diagonals will be assumed as the redundant 
members and their stresses will be called 5 i, S2, etc., the sub¬ 
script corresponding to the panel in question. 

222. General Equations .—With the truss loaded in any manner a 
series of eight equations may be written out, similar to eq. (3) , Art. 212, 
in which the stresses in the eight redundant members appear as the 
unknowns. These are then determined by a solution of the eight 
equations. The modulus E will be omitted as it is constant. In these 
equations Wj, U2, Wg, etc., arc the stresses in the members due to tensile 
stresses of one pound in the several redundant members. No. i. No. 
2, etc., all other redundant members being removed excepting the one 
in question; and S' is the stress in any member due to the given loads, 
all the redundant members being removed in this case. It will be 


u ^ I 

noted that the first equation contains the several products I 

/L 


,, «i 


M, Mj/ U,UJ 


—, etc., and the second equation the 
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products 2 — ■ , 2 


„u,u.l „u.u,l 

2 - ^ , 2 —I—, etc. These products 


are independent of the loading on the structure and will be first de- 
iermined. 

I 

223. Valties of I —, etc.—L(ti Fig. ii represent any panel, 

member No. 6 being the redundant member. Obviously a tension 
in this member will cause no stress in any mem¬ 
ber of the truss except in the quadrilateral 
M m n N. Represent the dimensions as shown, 
and number the members i, 2, 3, 4, and 5. 



I 

Then the stresses u and the products — will be 

as given below (the term ^ for the redundant 

member is included by considering that for this member w = + i). 
The sectional areas of the chords are denoted by and A'c, of 
the verticals hy At, and A'^y and of the diagonals hy A^ and A^a* 


Member. 

1 

A 

U 

«1 

A 

u^t 

A 

I 

d 

^0 

d 

c 

(P 
c Ao 




Af 

d 

(P 




0 

c 

c /I'o 

^ c^A'o 

3 

h 

Ar 

h 

c 

h* 

C Ar 

^ <^Ar 


h 

A* 

_ h 

h' 


4 



c 

CA'y 

+ . 

5 

c 

Ai 

+ I.O 



6 

c 

A'a 

+ I.O 




In this case the areas of the two chord members of any panel are 
equal, and also the areas of the two diagonals. The areas of the two 





300 PROBLEMS IN STATICALLY INDETERMINATE STRUCTURES 


verticals are different for panels i and 8. We have then, in general, 
for any panel 


I 


u^l 

A 


2 cP ^ h? 2 c 


• ( 9 ) 


For simplicity the values of d, h, and c will be taken at 3, 4, and 5 
units. Substituting these values in (9), and the values of A^, A^, and 

A a for the several panels, we get values of 2 )“^ (including l/A for 

redundant members) as follows: 


Panel 


1 

2 


3 

4 


7 

8 



0.838 
0.987 
1.184 
T.297 
1.297 
1.184 
0.987 
0.838 


The values of U2, 1/3, etc., are very readily found in this case. 

The only members having a are those of the quadrilateral A ab By 
and the only members having a U2 are those of the quadrilateral 
B b cCy hence the member B bis the only one having both a and a u^. 

h 

For this member the value of Wj ==-and the value of ii2 also equals 


h , 

hence —— = + -^-7- 
c A c-A, 


-f 0.213. The only members having a 


W3 are those of panel 3, and hence no member has both a and a 

w, W4 I 

A~~ 


therefore I - = o. 


Likewise J 


o, etc. It follows, in 


the same manner, that in the second equation of (3), 2’~ 

/x 


= 4- 0.213, and I 


u.uJ 


+ 0.213, and all other products of this 


kind are zero. Likewise in the third equation, J 

and I — = + 0.213, etc., etc. 

S'ul 


. W 3 ^2 I 


4 0.213 


224. Values of I ——.—The analysis will be made for a single 


load at each of the joints h, g, /, and e, so that the problem will be 
completely solved for any combination of loads. Inasmuch as the 
five members of a panel are the only ones that have a stress u due to 
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S' u I 

the stress in any one redundant member, the values of 2 —r- are 

A 

readily calculated. Let M m n Ny Fig. 12, represent any panel of the 
truss and suppose the truss to be loaded with a single load at any 
joint, either on the left or right. Let V = resultant of all forces on 



the left of a section through the panel, assumed as acting at a dis¬ 
tance a from m, and taken as positive upward. Then the values 
of .S’' for the members of panel m n are as follows: mn = + V ajh, 
M N -= - F (u -f d)lh; M m ^ N n -Vy Mn = V cjh. If 
the load is applied at n then the stress \n N n ^ P — V The 

values of —^ for any panel are then as follows: 


Member. 

S'ul 

A 


V (a -f d) 

I 

he Ac 


V a (P 

3 

h c 'c 


y JP 

3 

C A. y 


VIP 

4 

cA\ 


V A 

5 

hAa 


For .4. 


A\ and A^ 
^S'ul 


A\ we have 

2 Ir 


- U r ^ "1 


. . . (10) 

^ ^ ^-1 n S' U I 

Where the load is located at «, then the value of 2 —~ is in- 

A 

Ph^ ^ . 2h^ . . }i^ 


creased by 


T 1 1 11 2 Jr , h 

In the end panels the term —7- is —— 

cA,, cA, 


+ 


cAyy . ^ ^ cAy, cA, cA; 

The remainder of the calculations are given in the following table. 
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VALUES OF FOR JOINT LOADS OF 8 UNITS 


Panel. 


a 


yt S' u 1 

^ ~~A~ 

for V == I. 


^ S' u 1 

for P =8 


kcA^ 

cAy 

hA^ 

Load at h . 

Load at g . 

Load at /. 

Load at e. 

(i) 

(2) 

(3) 

(4) 

(s) 

( 6 ) 

(7) 

( 8 ) 

(9) 

I 

.067 

•413 

.250 

•73° 

+ -730 

+I.460 

+2.190 

+ 2.920 

2 

•037 

•533 

.312 

.882 

4 - .882 

+ 1.764 

+ 2.646 

-f-3 528 

3 

.027 

•533 

■447 

I .007 

+I.007 

+ 2 .014 

+ 3 .021 

+ 4.028 

4 

.023 

•533 

•521 

! 1.077 

+ 1.077 

-2.154 

+ 3-231 

+ 2.176 

5 

.023 

•533 

•521 

1 I .077 

+ 1.077 

+ 2.154 

+1.099 

-4.308 

6 

.027 

•533 

•447 

I .007 

+i.007 

— .118 

-5-035 

— 4.028 

7 

•037 

•533 

•312 

.882 

— 1.250 

-5.292 

-4.410 

00 

fO 

1 

8 

.067 

.267 

•250 

•584 

— 4.088 

-3-504 

— 2 .920 

-2-336 


In Col. (5) arc given the sums of the values in Cols. (2), (3), and (4). 
The load P is assumed to be eight units for sake of convenience in the 

, S'u I 

^Iculation of shears. The several values of 1 ' - - are found by mul- 

A ^ 


tiplying the values in Col. (5) by the respective shears. Thus for 
load of 8 at A, the shear in all panels from i to 7 is unity and posi- 

S' u I 

tive, hence for all panels from i to 6 the value of I —— is the same 

A 

as given in Col. (5). For panel No. 7 the load is at h and hence, 

P h" 

as shown on page 301, the quantity-or — 2.132, is to be added 

c Ay 

to this sum, giving a total of — 1.250. In panel No. 8 the value of 
2 A" 

—is given as .267 only, as the member I i has zero stress for S' 

C Ay 

in all cases. For load at A, the shear in panel 8 -- -- 7, hence 
S' u I 

I —— 7 X .584 = —4.088. For a load at g, the shear on the 


left of g = 2, and on the right it is — 6, hence the values of I 




are found by multiplying the values in Col. (5) by these shears re¬ 
spectively, and for the panel No. 6 adding the quantity — 2.132 as 
before. The values for loads at / and e are found in a similar 
manner. We are now prepared to write out the several equations 
for a load at any joint. , 
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225. Solution of Equations .—Following the general eq. (3) the 
several equations between the eight redundant stresses for a load at 
h are as follows: 


(I) 

.838.<?, 

+ 

•213 ■‘>2 



— 


•730 

(2) 

.213 5, 

+ 

.98752 

4- 

•2r3 .9, - 

— 


.882 

(3) 

.213 5, 

-f ] 

:. 184 S % 

f 

.213 .9, = 

— 

I. 

0 

0 

( 4 ) 

•213 s . 

-f ] 

1.297 5, 

4- 

•213 5, = 

— 

I, 

.077 

(5) 

.213 5, 

4- ] 

[.297 5, 

4- 

-213 5, = 

— 

I 

.077 

(6) 

•213 

+ I 

.1845,, 

4- 

•213 5r = 

— 

I. 

007 

(7) 

■ 213^6 

4- 

0 

00 

4- 

•2135, = 

'f 

I 

.250 

(8) 

.213 5, 

4- 

.838.9, 


== 

4 - 

4 

.088 


The solution of these eight equations is a comparatively simple 
matter on account of the manner in which the unknowns appear. The 
work is given below in detail, and the explanation follows: 


(lO 

s, 

4- . 254 = 

- 

.872 

(20 

S, 

+ 4*63 So s^ = 

— 

4.14 

(a) 


4.38 .S, + .S’j - 

- 

3-27 

(aO 


+ .22853 = 

- 

-747 

(30 

S^ 

+ 5-5^^ + S^ 

- 

4-73 

(M 


5-33 -S., + 5^ = 

- 

3 98 

(60 

S, 

. 188 — 

- 

.748 

(40 

S2 

4-6.09 -f Sr^ = 

- 

5.06 

(0 


5 .’90 5, + 5^ = 

- 

4-31 

(^0 

S, 

+ .17055 

- 

-730 

(50 

S, 

4- 6.09 5,5 + 5^ = 

- 

5.06 

(i) 


5.92 5,. + 5„ == 

- 

4-33 

id') 


+ .ibpkS'^ 

— 

-732 

(60 


+ 5 *5^^ d- Sj 

— 

4-73 

(O 


5-39 d“ ‘^7 “ 

- 

4.00 

(O 

•s, 

4- . 186 S-j = 

- 

•742 

(7) 

_.5, 

4 4*63 kS'7 + Sf^ 

4 

5.87_ 

if) 


4.44 kS'7 d- S^ - 

4 

6.61 

if') 

-- 

+ -223 58 

+ 

1.490 

(80 

•S'; 

+ 3-93 S 8_= 

+19-19 

i£) 


3-71 s. 

+17.70 

ig') 


Ss 

+4-770 
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Dividing (i) and (2) by the coefficients of gives (i') and (2'), 
and subtracting we get (a); then from (a) and (3) in like manner we 
get (a'), (sOj and (6); then from (b) and (4) we get (c), etc. Finally; 
from {g) we get = +4.77. Substituting back in (/') we get 
then in (e') we get 5 ,., etc. The values of the stresses in the several 
redundant members arc given in the table below. 

In like manner the stresses for loads of 8 units at the other joints 
are found. The results are all given in the following table: 


VALUES OF STRESSES IN REDUNDANT MEMBERS 


Panel. 

Stresses S,, 

S2. ETC., POR A Load op 8 Units at 

Each Joint. 







Load 

at h. 

Load at g. 

Load at /. 

Load at e. 

I 

_ 

•71 

-I 44 

-215 

00 

GO 

1 

2 


.61 

— I .21 

— I 82 

-2.38 

3 

- 


-I 25 

-I 84 

— 2.65 

4 

— 

•63 

- I . 23 

— 2 00 

-1.76 

5 

— 

•59 

- 1-37 

— 1.16 

+ 3.26 

6 

- 

,82 

~ -53 

+ .5 94 

+ 2 '35 

7 

+ 

•43 

+4 

+ 3 03 

•E 2.6 2 

8 

+ 4 

•77 

+2 93 

+ 2-73 

+ 2.12 


For loads on the other joints the strej^^cs can readily be obtained from 
the above values by considering the total shear in the panel. Thus 
for load at d, symmetrical with /, tlie stress in the member a B is the 
same as that in//i for load at/. But for load at / the stress in /t / = 

+ 2.73, and as the shear = — 5.0, the stress in // z = 5.00 X - — 

4 

2.73 = 3.52 compression, which is the desired stress in a B, 

226. Stresses and Influence Lines for the Diagonals ,—For conveni¬ 
ence in determining maximum values the stresses in all the diagonals, 
both the redundant members and others, have been calculated for all 
panels in the left half of the truss, and for a load of eight units at each 
joint. The results are tabulated in table on next page. 

The values of the stresses in the two diagonals of a panel indicate to 
what extent the verticals cause the shears to be equally divided between 
the two members. For loads somewhat remote from the panel in 
question the stresses are nearly equal, as, for example, for a load at 
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STRESSES IN ALL DIAGONALS FOR JOINT LOADS OF 8 UNITS 


Joint 

Loaded. 

Panel i. 

Panel 2 . 

Panel 3. 

Panel 4. 

aB 

A b 

bC 

Be 

c D 

Cd 

dE 

De 

h 

- 71 

+ -54 

— .61 

4" .64 

- 63 

4- .62 

- 63 

4- .62 

s 

-I 44 

4 -1 .06 

— 1.21 

4-1.29 

-1.25 

+1.25 

-1.23 

4-1.27 

/ 

-2.15 

-f r .60 

-1.82 

+ 1-93 

— 1.84 

4-1.91 

— 2 .00 

-f 1.75 

e 

- 2.88 

4-2.12 

-2.38 

4-2.62 

— 2.65 

+ 2-35 

— 1.76 

+ 3-24 

d 

-3-52 

+ 2-73 

-3.22 

+ 3 03 

— 2.31 

+ 3-94 

+ 2-59 

— I . 16 

c 

-4.57 

+ 2.93 

— 2.64 

4 “ 4 • 86 

+ 1.97 

- -53 

+ 1.13 

-1-37 

b 

-3 98 

+ 4-77 

4-1.68 

+ .43 

+ -43 

- .82 

+ .66 

- 59 

All joints 

-19.25 

+ 15-75 

— 10.20 

4-14.80 

— 6.28 

4-8.72 

-1.24 

+376 


h or g, the stresses in the diagonals of panels 2, 3, and 4 are nearly 
equal. In panel i the member a B invariably receives the greater 
stress on account of it being the more direct path to the support at a. 
For a load at / the stresses in panel 4 are 2.00 and 1.75, showing a 
greater variation than for load at g; and for load at c, they are 1.76 
and 3.24, or nearly as i to 2. In panel 3 they are 2.35 and 2.65 re¬ 
spectively. 

These results are graphically shown in Fig. 13, plotted as influence 
lines for diagonal stress in the four panels. In each case the straight 
line a' i represents one-half of the shear. Fig. (/) shows the influence 
line for diagonal stress in panel No. 4 if no verticals are used. The 
ecjualizing effect of the verticals is very apparent. From these influence 
lines, the maximum stresses in the members B c, C dy and D Cy are found 
to be about 10 per cent (11.4, 10.9, and 9.4 per cent) larger than if 
calculated on the basis of their carrying one-half of the shear. The 
maximum stresses mbCj c D, and d E are correspondingly smaller. In 
the end panel, the stress in a 5 is about 7.5 per cent greater and in B a 
7.5 per cent less than one-half of the shear. Without the verticals, 
the stresses range from 15 per cent to 30 per cent greater than half the 
shear. 

227, Stresses in the Intermediate Verticals .—The stress in any 
vertical is conveniently found from the stresses in the two diagonals 
meeting the vertical at the upper chord joint. A detailed analysis 
for loads of 8 units at the various joints gives the following results: 
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STRESSES IN THE VERTICALS FOR JOINT LOADS OF 8 UNITS 


Joint Loaded. 

Bh 

C c 

Dd 

Ee 

h 

-h .06 

— 

.02 

4 - .01 

— .02 

g 

-f .12 

- 

•03 

— .02 

-t- .08 

f 

+ .17 

- 

.08 

4 - .07 

- -47 

e 

+ .21 

+ 

.02 

- -47 

4-2.81 

d 

+ -39 

- 

•58 

4-2.78 

- -47 

c 

- 23 

+ 2 

•53 

- -48 

-f- .08 

b 

-f 2 .84 

— 

.69 

+ -13 

— .02 

All joints 

+356 

4-1 

•15 

4 - 2.02 

+ 1.99 


It is seen that the stresses clue to loads at joints remote from the member 
in question are small. For a load at the adjacent joint the stresses 
arc generally from 5 to 8 per cent of the joint load and compressive; 
and for a load at the joint, it ranges from 2.53 to 2.84 units, or from 32 
per cent to 35 per cent of a joint load, and is tension. If the verticals 
were of larger section these stresses would be somewhat larger, ap¬ 
proaching one-half of a joint load, and the diagonal stresses would be 
more nearly equalized; if smaller, their stresses would be less and the 
diagonal stresses more unequal. For loads at the upper joints, the 
stresses in the verticals would be compressive and about the same in 
amount as above given. For equal loads at upper and lower joints 
the stresses in the verticals would be practically zero. 

228. Gejieral Conclusions ,—For the double triangular truss with 
verticals it may be concluded from the above analysis that the stresses 
in the diagonals will be practically equalized except for loads at joints 
adjacent to the panel in question, and that the maximum stresses in 
the diagonals of any panel will not vary greatly from the half shear 
(about 10 per cent in the truss here analyzed). In the analysis of 
such a structure, therefore, closely approximate results will be reached 
on the basis of equal distribution of the shear. The errors in chord 
stress under this assumption will be very small near the centre and will 
increase toward the end, where they are the same as in the web mem¬ 
bers. 

The maximum stresses in the verticals will be less than one-half of 
the excess of the joint load of the loaded chord above that of the un- 
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loaded chord. In a through bridge this stress will be tension and in a 
deck bridge, compression. The presence of verticals avoids excessive 
web stresses and local deformations, which occur in the ordinary 
double intersection truss, due to concentrated loads that may 
happen to be spaced about two panels apart. This condition is 
favorable to low secondary stresses as demonstrated more fully in 
Chapter VII. 

229. General Case of Double Diagonals in a Pratt System. —In 
Art. 224, Part I, an example of equal double diagonals was analyzed, 
assuming the chord members to be indefinitely large and the verticals 
six times as large as the diagonals (as in an upper lateral system). In 
that case it was shown that the stresses in the two diagonals were 
nearly equal but of opposite sign. A more general solution will here 
be given so that the relative stresses for any such case can be de¬ 
termined by substitution. It is here assumed that both diagonals 
are in action. If both members are slender bars, this condition will 
require an initial tension equal to the calculated maximum com¬ 
pression. 

Fig. 14 represents any such panel. V is the shear In the panel, or 
resultant of forces on the left, and is applied a distance a from m. 
Let the sectional areas be represented by etc., as given in the 

table following. If member 6 be taken as the redundant member 
the values of u, u I!A, S', etc., are as follows: 
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The value of the stress in the redundant member is then written 

^S'ul 

out from the general formula 5 , --jy-. It is, therefore, 
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Fig. 14 . 

If the chords arc nearly equal and the verticals also, as in the case of 
a lateral system, then 
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Again, if the chords and verticals arc very large as compared to the 
diagonals, the terms containing these areas disappear and we have, 
approximately, 

o ir ^ /--N 


h A^ + A'd 


■ • (13) 


that is, the stress in each diagonal will be proportional to its area, and 
the unit stresses in the two will be the same. 

The above analysis excludes from consideration the effect of 
double diagonals in adjacent panels. The exact solution of such a 
case may be made in the same manner as the problem of the previous 
article. 

230. The Counters of a Baltimore or Pettit Truss.— The true 
distribution of stress in the diagonals of a Baltimore or Pettit truss 
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may readily be determined in a manner similar to that used in the 
preceding article. Fig. 15 represents a panel in a Baltimore truss 
in which a counter N O or mO is required. It is assumed that there 
is sufficient initial tension in the members so that none will become 
sl^ck. Assume O N (No. 8) to be the redundant member, V — shear 
on section cutting panel 0 n, and P = load applied at O. The 


M,> 1 N 



Fig. 15. 


required calculations are given below. The areas of sections are 
designated as in Art. 229, the areas of the diagonals being called AJ^ and 
Aj, for M n, and A'^, and A'j^ for m N. The values of « arc the 
same as in Art. 260. 





Comparing with cq. (13) it is seen that the stress carried by the counter 
O is the same as given by eep (13), modified by the term 
P A\j — A 

_ ^ which is of little consequence. Hence we may say 

4 Afi A d 

as in Art. 229. that the shear is distributed approximately as the 
sections of the diagonals, provided neither diagonal in question 
becomes slack through lack of initial tension or rigidity. In panel 
m 0 the same principle will hold, and the stresses in M O and m O 
will be approximately as their sections, the one taking tension and 
the other compression. 

In case some or all of the diagonal members are thin bars, inca¬ 
pable of carrying compression excepting by reason of initial stress, it is 
generally assumed that no compression will be carried by such mem 
bers. In this case the member or members of the two panels which 
will first become slack are the ones that otherwise would receive the 
greatest compression. Suppose, for example, that all diagonals are 
eye-bars and that the shear in panel 0 n is positive. The shear in 
panel mo will then be a greater positive shear. Members 7 and 3 
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will tend to take compression and 7 more than 8. Hence 7 will slacken 
and the load at O will be carried by O AT acting as a sub-tic. If the 
shear in 0 n is negative and that in mo also negative, but smaller, On 
will tend to slacken more than M O and hence may be considered as 
not acting. The member M O will then act as a sub-tie. If the shear 
in w is negative and in m o positive, then both O n and m O tend to 
slacken and the one may be omitted in the panel of the greater shear. 
Either M O or O N acts then as a sub-tie. 

If m O is made a compression member, then according to the same 
principles, when the shear in o n is positive m O will act and O N 
become idle; and when the shear in on is negative, On will drop 
out whether the shear in m 0 is positive or negative. 

These conclusions accord with the assumptions made in the 
analysis of Part I. Similar assumptions may be made in the case of 
the Pettit truss. 


Section II.—Lateral Truss Systems 

231, Forms of Lateral Trusses and General Methods of Analysis.— 
Lateral truss systems, whether for trestles, towers, buildings, or bridge 
crusses, may be of the single Warren type, as in Fig. 16 (a), the double 



Warren type, Fig. (6), or the type shown in Fig. (c), which may be 
considered a double Warren type with verticals (in case the diagonals 
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are stiff members), or a Pratt type with two diagonals in each panel 
(in case they are slender rods or shapes incapable of taking compres¬ 
sion). By reason of the fact that lateral struts are generally required 
for other purposes, the most common ty])e of lateral system is the third. 

In Figs, (a) and (h) the stresses due to the lateral forces are calcu¬ 
lated without difficulty, the two systems in Fig. (b) being treated as 
independent. In Fig. (^:) the stresses may be closely determined by 
a consideration of the principles illustrated in the problem of Art. 229, 
The chords being large and the lateral struts generally of good size, 
the shear may be assumed as equally divided between the two diagonals, 
if they are capable of carrying compression. In that case the stresses 
in the struts are small—not more than a half-panel load. If the 
diagonals are slender rods, then the Pratt system is to be assumed. 
If both diagonals are assumed to act equally, then the chord stresses 
are determined by moments taken at a transverse section through 
the point of intersection of the web members. The moments of the 
stresses in the two web members will cancel. 

232. Stresses Due to Distortions of the Main Members.—In forms 
(a) and (b) the direct stress in the main members, either tension or 
compression, causes no stresses in the laterals, as these members can 
resist stress only to the extent that they are prevented moving laterally 
at B and B^ or D and D\ which is only through the bending resistance 
of the longitudinal members. In form (c), however, the presence of 
the members B 5 ', C C', etc., ])revents such lateral movement, and any 
direct stress in the main members will give rise also to some stress 
in the diagonals, with stresses of opposite sign in the lateral struts 
BB', etc. In form (<i) a compressive stress in the main members will 
cause them to be bent slightly to the left at B and B' and at D and 
D', while C and C' stand fast. In form (b) they will be bent out¬ 
ward at B and B' and at D and D'. In form (c) they will be held 
more closely in line throughout. The secondary stresses due to this 
bending are greater in forms (a) and (b) than in form (c) and is a 
matter discussed more fully in Chapter VII. If the main members 
are in tension, as in the lower lateral system of a bridge, all conditions 
are reversed as to sign. 

It will be desirable to estimate the stresses in form (c) due to stresses 
in the main members. Let Fig. 17 represent any panel in a lower 
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lateral system of a bridge truss, and let member m N he taken as the 
redundant member. Consider equal longitudinal forces S , applied at 
M, N, m, and «, and let 5 , = the diagonal stress, assumed to be the 



Fig. 17. 


same in all members. The total longitudinal force acting at each 
d 

joint is + 5 ,—, and is generally a known quantity. Call this force 
c 

P. Then the calculations are as follows: 
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Noting that 5 , « 5 , we derive 




^ ^ fl. 

Ac Ad 

For the case where the vertical members are large, as the floor beams 
of a through bridge, we have, very closely 

^d^Ad + c^Ac . 

Suppose, for example, that A^ == ]4 and c — 1.3 d. Then 
= 0.13P. That is, the diagonal stress is 13 per cent of the total 
longitudinal force P. If the verticals in this case had an area equal 
to the diagonals, the value of would be 0.091 P, 

It will be seen that the narrower the truss the greater the proportion 
of stress carried by the diagonals. In the end panels of a bridge the 
laterals are large and the chords small, so that a very considerable per¬ 
centage may be carried by the former. The unit stress in the diagonals 
resulting from these indirect stresses can never be as great as that in 
the chords themselves, as they are stressed less for 
equal longitudinal distortion. From eq. (3) we 
have approximately (A^ being small as compared 1 T 

s p ^ . i\y\ 

to That is, the unit stress in / \ 

Ad Ai^ C' I / \ 

the diagonal will be approximately equal to that in 1 / \ 

the chord multiplied by or by \ 

In the case of trestle towers of the form shown in 1 ^ -^ 

Fig. i8, sufficiently approximate results may still / \ 

be obtained by assuming all the stresses in the / \ 

diagonals, due to vertical loads, to be equal. An 
unsymmetrical load P' is equivalent to a central t t 

load P' and a moment P' X «. This moment, *** 


being uniform from top to bottom, causes little or no stress in 
the web members, while the central load P' is divided equally be¬ 
tween the two posts and causes the same stresses in the web members 
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as above calculated. Hence we may say in general that the same 
stresses are caused in the lateral members whether the load is central 
or eccentric. 

The braced arch with chords parallel, or nearly so (Fig. 19), is 
another form of truss in which the chord members generally are all 



in compression. Such longitudinal deformation will cause consider¬ 
able stress in a web system of the form shown in Fig. (a). And 
for the reasons already given, a system such as shown in (6), while 
comparatively free from lateral stress, is likely to be subjected to 
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large secondary stresses. (See Art. 323 for further consideration of 
this matter.) 

233. Lateral Stresses in Curved-Chord Trusses.— Fig. 20 (b) 
represents the upper lateral system of a curved-chord truss. Under 
the lateral forces the shears in the panels of the lateral truss will be 
the same as if the truss were a plane figure. In analyzing such a 
structure these shears should first be found. Suppose then the stresses 
in the lateral diagonals be resolved into A", F, and Z components, as 
indicated in the figure. Then the Z-component of any diagonal is 
equal to the lateral shear. The stress in any diagonal member = 

shear X . The stresses in the struts are equal to the shears. 

The same result will be reached if the upper lateral truss be flattened 
out or developed into a plane figure, and the stresses found as for a 
plane truss, using the actual joint loads. 

The stresses in the diagonals having been found, the stresses in 
the members of the main truss are found as follows: Pass the vertical 
section, p q. At each joint of the main truss, as 1 % resolve the diagonal 
stress into three components. The Z-component is balanced by the 
joint load and the stress in the strut. The A' and Y components act 
in the plane of the main truss as external loads. This resolution being 
carried out for each joint we have the main truss on the windward 
side acted upon by forces as shown in Fig. (a), and that on the lee¬ 
ward side as shown in Fig. (r). (The jiortal effect is confined to the 
lower chord.) These external forces produce certain stresses in the 
main members which are readily determined in the usual way. 

234. Lateral Bracing Necessary for Rigidity of Trusses. —Let Fig. 
21 represent an ordinary framed structure in space, consisting of 
two main trusses, a A Bhy and A' B'b\ and two lateral trusses, 
A A^ B' B and a a' b' b. The structure is made rigid in cross-section 
by the diagonals A a' and B' b at the ends. Evidently no further 
bracing is necessary for rigidity. Such a structure may theoretically 
be supported at any three joints and still retain its form. A less 
amount of bracing will give a structure not rigid in itself and which 
needs support at more than three points. 

The number of necessary members for rigidity of a structure in 
space can readily be determined as follows: Starting with the simplest 

II .—24 
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plane figure, the triangle, three members are required to fix three 
points, a, 6, and c, Fig. 22. Having these points fixed, three additional 
members are required to fix a fourth point, t/, not in the same plane. 
Then for another point, e, three more members will be required; and 



so on. Hence if w = total number of joints in the figure and n = 
number of necessary members, we have the relation 


» - 3 = 3 (w - 3), or « = 3 w - 6. 


(4) 


C 


This relation will sometimes assist in determining the question of 
redundancy in space. In Fig. 21, for example, there are 28 points, 
which will require 3 X 28 — 6, or 78 members for rigidity. A count 
of the members shows 25 in each main truss, 13 additional members 
in each lateral system, and two more in the end 
bracing, or 78 in all, which is just sufficient to 
satisfy the requirements. Transverse bracing in 
intermediate panels is redundant. 

Rigidity may also be secured in Fig. 21, by 
omitting all but one of the lateral diagonals in 
one of the lateral systems and employing trans¬ 
verse bracing in each vertical panel. This 
gives the same total number of members as before. By the use of 
four supports a rigid system will result with transverse bracing in 
each panel and with all diagonals omitted in one lateral system. The 
use of two lateral trusses together with transverse bracing introduces? 
redundancy, and while often desirable from a practical standpoint, 
this arrangement complicates the analysis somewhat, although in 
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most cases the stresses are not large and this difficulty is of little 
practical consequence. 

235. Redundant Reactions. —^Theoretically a rigid frame needs 
support at three joints only, and if we resolve all reactions into com¬ 
ponents in three directions, parallel to rectangular axes, the number 
of components need be only six to provide for loads acting in all direc¬ 
tions. Supports at more than three joints, or supports so arranged 
as to involve more than six possible component forces, give rise to 
redundant reactions, the exact determination of which requires the 
application of the theory of redundant members, as for the swing 
bridge and the arch of less than three hinges. Stated in another 



way, where reactions arc redundant, they depend upon the dimensions 
of the members, and any errors in construction, or a settlement 
of supports, will cause stresses in the structure. Changes of tem¬ 
perature may also give rise to stresses in such structures. In the 
ordinary type of bridge structure redundant supports and redundant 
bracing arc usually employed and the danger of undesirable stresses 
arising from such redundancy is generally of little consequence. 
However, as unusual conditions may require them to be considered, 
they will be briefly discussed. 

Fig, 23, (a), (6), and (c), shows the usual provision for vertical and 
horizontal reactions for a bridge truss. Supports arc provided at he 
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four points, a, a', 6, and V. The reaction components are eight in 
number; four vertical reactions for the two main trusses, two horizontal 
lateral reactions, and Hj, to resist wind and other lateral forces 
and two horizontal reactions, and to resist longitudinal forces. 
The latter are supplied at the fixed end of the structure. 

Theoretically, therefore, there are two redundant reactions. One 
of the vertical reactions may be considered as redundant and one of 
the horizontal reactions. Any three of the horizontal reactions would 
be sufficient for stability in a horizontal plane, but, obviously, such 
a combination as H\y and would be impracticable, as the 
structure would then act as a cantilever under wind forces, resulting 
in excessive lateral movements of the free end. The omission of one 
of the reactions or II\ would be admissible, as the longitudinal 
forces are small and reactions at a and 6, as shown, would be sufficient. 
A fixed point at a, therefore, with the truss free to move in any direction 
at a' and 6', and longitudinally at b, would provide fully for horizon 
tal forces without redundancy. 

Usually both a and a' are fixed, in which case a further re¬ 
dundant component is introduced at a', inasmuch as the reaction 
Hi then becomes divided between the points a and a' in an indeter¬ 
minate manner. Temperature changes will then also develop lat¬ 
eral reactions at a and a'. Practically, the ordinary truss is relatively 
so narrow that a rigid fastening at both a and a' are not objectionable. 
For wide structures, however, expansion and contraction need to be 
provided for by allowing free lateral movement of cither a or a\ At the 
same time both points may be fixed as regards longitudinal movement. 

The lateral forces being relatively small, and the lateral trusses 
flexible, the indeterminate character of the stresses due to redundancy 
of lateral supports in the ordinary bridge truss is of little importance 
and will not be further considered. The redundancy of vertical 
supports is of more importance, esixicially with reference to stresses 
caused by unequal settlement or other variation of level. This 
question will be considered more fully, 

236. Stresses Due to Unequal Settlement of Supports. —In the con¬ 
struction of a large bridge, the ordinary procedure is such that the 
structure is fitted to its supports in the riveting of the lateral systems, 
so that slight irregularities in level of supports arc taken care of. 
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Any subsequent settlement of one of the four supports, with respect 
to the plane of the other three, will cause stresses throughout the 
entire structure which will be now considered. 

A deck structure will be considered with full end bracing, Fig. 24. 
The problem is solved by calculating the deflection of one point, 
as a, with respect to the plane of the other three, due to a force of unity 



acting upward at a. The corresponding reactions at the other sup¬ 
ports will also be unity as indicated. The stresses it in all the members, 
due to these forces, are determined and then the desired deflection of 

I 

a is found from the usual equation J = J 

In finding the stresses u it is convenient to first pass a plane m n, 

cutting all the lateral members. Since there is no external load acting 

at any joint excepting at the four points, a, a', 6', and 6, the lateral 

or Z-components of all the lateral members arc equal to each other, 

as shown by considering the lateral forces acting at any joint. Let 

U be this lateral component. Then let the stresses in all the upper 

and lower diagonals be resolved into Z- and .Y-components, and the 

stresses in the end diagonals into Z- and F-components. The JY- 

components of the upper and lower lateral diagonals will be equal to 

d . h 

U X and the F-components of the end diagonals will be U y 

Consider now the forces acting on one of the vertical trusses (Fig. 
25). At each joint where a lateral diagonal is connected there will 

be a horizontal force equal to U and at the end joints A and b there 
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will be vertical forces of U -j. The Z-components of the lateral diag¬ 
onals and struts act at right angles to the plane of the main truss and 
balance each other. The various forces shown in Fig. 25 are therefore 



in equilibrium; hence we have, from moments about fc, if » = number 
of panels, 

I X nd = U^.nh + U^.nd, 

0 b 


whence 


”- 7 }, .( 5 ) 

The value of U being found from (5), the remaining stresses arc 

1^2 1 

readily found, and thence the value of I 

Bj a 



In the case of inclined end posts and full diagonal bracing, Fig. 
26, the equation of moments gives 
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U = 


n b 
n — I ' 2 k 


( 6 ) 


in the case of curved-chord trusses the lateral or Z-components will 
still be equal, but the diagonals of the laterals of the curved chord will 
have both vertical and horizontal components, as in Art. 233. 


b' c' d' E' F ' 



Fig. 27 . 


Example. —Take a Pratt truss of six panels, with dimensions and cross- 
.sections as given in Fig. 27. The lateral diagonals which are shown are 
those that will be in tension, with reactions at a and g as indicated. 


The value of U is, from eq. (6), equal to ^ X ^ = 0-343- Thei 
U = 0.450 and = 0.600. The horizontal force acting at each joih 


of the main truss is therefore 0.450, and the vertical forces at B and g an 
0.600. The.se being known, the .stresses in all the members are readily found. 

. I 

The value of 2 ' yr-: “ 0.0000156, which is the deflection in inches for a 
Hj a 

one-pound reaction. A settlement of one-tenth inch therefore causes a 
change in reaction of 0.1/0,0000156 or 6,400 lbs. Such a reaction produces 
stresses in all members of 6,400 X u. For all laterals the lateral component 
of such stress will be .343 X 6,400 or 2,200 lbs. This example indicates the 
relative importance of stresses due to settlement of supports. 


In the case of a through bridge the end bracing consists of portals 
instead of full diagonal bracing. The stresses in all members of the 
Structure, except the members of the portals, due to the one-pound 
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reaction will be the same as in the case already considered. In the 
portal there will be bending moments as well as direct stress. The 

quantity will then be calculated for all direct stresses and 
for all members acting as beams. In the latter expression 


/ 


d X 


c' 


m is the bending moment at any section due to the one-pound re- 

I 

The sum of all terms and 

EA 

will give the desired deflection. 
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In the example given suppose the end bracing 
consists of a portal of the dimensions shown in 
Fig. 28; c =420 in., h — 192 in., /j = 4,cxx5, 1 ^ = 
2,000. Assuming fixed ends, the value of m 

t T for the posts is approximately — , and 

for the beam C C' it is — — U —7 ^ “ X 

4 20 2 

( “V \ d V 

i ^ j. Integrating the value of —for the post from o to r, and 

for the beam from o to we have the following: 
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The total value of I f is therefore -f- ). 

J L 1 \24 h /j 48 h IJ 

Substituting numerical values, this is found to be equal to X 

In the case of the full diagonal bracing, instead of this term we had the value 

of for the diagonal member. This amounted to Thus the portal 

frame lends to the distortion or deflection about four times as much as the 
full diagonal bracing. The total deflection is in this case 0.000026 in. in 
place of 0.0000156 for the fully braced ends, or almost double. This 
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illustrates very well the flexibility of portals as compared to full diagonal 
bracing. 


237. Stresses in Lateral Trusses Due to Vertical Loads.— The usual 
form of lateral bracing, arranged symmetrically with respect to the 
centre of the structure, receives no stress from vertical loads excepting 
that due to the distortions of the chords of the main trusses as explained 
in Art. 232. In the lateral system .shown in Fig. 27, the members are 
not arranged symmetrically and it will be found that vertical loads on 
the main trusses will cause slight stresses in the laterals, for the sum¬ 


mation 



will not be zero. 


In the solution of such a problem one of the laterals may be taken 
as the redundant member. The stresses S' are then simply the stresses 





in the main trusses due to the vertical loads. The stresses u will be 
the .stresses in all the members due to a one-pound tension in the 
lateral. These are readily found. The forces acting on the main 
truss will be similar to those shown in Fig. 26, but here the value of 
U is unity, and the end reactions arc to be determined. 

In the case of a skew bridge the lateral stresses due to vertical 
loads are considerable, especially in a double-track structure where 
the skew is large. As an example of such a case assume a truss of the 
general dimensions and sectional areas given in Fig. 27, but built in 
the form shown in Fig. 29, the skew being one panel. Suppose one of 
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the trusses {bCG h) be loaded with a unit load at each upper joint. 
Let it be required to determine the resulting stresses in the laterals. 

Assume any one of the laterals, asC C', to be the redundant member. 
The stresses u will be the stresses throughout the structure due to 
a^ one-pound tension in this member. They are found as explained 
in Art. 236. The lateral component of all lateral members Will 
be unity, tension in some and compression in others. The stresses 
5 ' will be those in truss b C G liy due to the vertical loads only. 


Calculating the summations i* - and -T we find the stress in 


C C', from the formula 5 = — i* 


S' ul / vr I 

/ I —, to be — O.I2Q lbs. 


The relation of the skew to the lateral arrangement being the 
same, when viewed from either side, it is evident that unit joint loads 
on the truss a' B' F' g' will cause a stress in F F', and the lateral 
struts in general, of 0.129 lbs. compression. If the load per lineal foot is 
5,000 lbs., the total floor-beam load is 5,000 X 21 = 105,000 lbs., and 
the stress in each lateral strut, due to such load, will be 105,000 X 0.129 
= 13,500 lbs. compression, and in each diagonal it will be 13,500 X 


= 22,300 lbs. tension. The unit stresses for the areas assumed 
192 

will be 270, 1,700, and 4,460 lbs. per sq. in. respectively. 

The use of smaller laterals will result in a greater flexibility and a 
smaller stress in each member, but the unit stress will be slightly larger. 

238. Transverse Bracing.—As shown in Art. 234, a bridge may be 
considered as fully braced when provided with an upper and a lower 
lateral system and end bracing. For sake of additional rigidity against 
lateral vibration under moving loads, transverse bracing is generally 
inserted at each panel point. In through bridges this is made of 
portal form and as deep as the head room will permit; in deck bridges 
it consists of full diagonal bracing. This intermediate transverse 
bracing may be considered as redundant, and an exact analysis of its 
stresses can be made only on that theory. However, it is not important 
that an exact analysis be made, as the stresses are small und ?r any 
reasonable assumption, and minimum sections are generally sufficient. 

The stresses in the transverse bracing will be considered in two 
parts: (a), the stresses due to lateral forces such as wind pressure, and 
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(b), the stresses due to vertical loads applied unequally upon the main 
trusses. 

239« (ci) Stresses Due to Lateral Forces ,—Consider any panel, 
D dyoidi through bridge, Fig. 30. Lateral forces applied at the panel 




Fig. 30. 


are P and P\ Were the transverse bracing not present, the load P 
would be carried wholly by the u{)pcr laterals to the portal and thence 
to the supports; and the load P' would be carried wholly by the 
lower laterals to these same points. The transverse bracing, how¬ 
ever, connects the two lateral systems at each panel point and modi¬ 
fies more or less this distribution of the load. 

The relative amount of stress in the transverse frame may be 
estimated by considering the deflections of the lateral systems at D 
and d. The joint load P is much smaller than P\ and, likewise, the 
sections of the upper lateral members are smaller than those of the 
lower system. On the whole, the sections are in proportion to the 
loads, and hence the unit stresses and deflections in the two lateral 
systems will be approximately the same under full load. If the upper 
lateral system were of the same length and was supported at the ends 
in the same manner as the lower system, the deflections would be equal 
and therefore the transverse bracing would remain practically un¬ 
stressed. Instead of this being the case, however, the upper laterals 
transmit their load down the portals, which are much more flexible than 
full diagonal bracing. Hence the upper laterals, with the portals, con¬ 
stitute a more flexible path than the lower laterals. Th^ point D will, 
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therefore, tend to deflect more than dy and to throw some stress on the 
transverse bracing, with a corresponding additional load upon the 
lower laterals. Inasmuch, however, as the intermediate transverse 
bracing is more flexible than the end portals, the proportion of the 
load P which will be transferred to the lower laterals by means of the 
transverse bracing will be small. An assumption commonly made is 
that the transverse bracing may transmit as much as one-half the upper 
load, P. The upper laterals are, at the same time, designed to carry 
all the upper loads and the lower laterals the lower load. These 
assumptions are sufficient for all ordinary cases of simple truss spans. 

If the bridge is a deck structure the end bracing will be full diagonal 
bracing, and each lateral system will be more nearly equal in flexibility. 
In this case the transverse bracing will be but slightly stressed. 

In general, the distribution of loads in the case of redundant lateral 
systems can be estimated with sufficient accuracy by considering the 
relative rigidities of the several systems. If one complete system 
(preferably the most rigid one) is made sufficient to carry the entire 
load, the auxiliary systems may, with entire safety, be designed arbi¬ 
trarily. Their object is usually to increase the general stiffness of the 
structure, and minimum sections consistent with this end are suitable 
for the purpose. 

240. (6) Stresses Due to Unequally Loaded Main Trusses ,—When 
the vertical trusses are unequally loaded, as in the case of a double¬ 
track bridge, their deflections will be unequal and the transverse 
frame will tend to throw the trusses out of a vertical position. If it 
were not for the lateral bracing there would be very little resistance 
to such warping of the main trusses, and the stresses in the transverse 
bracing would be very slight. Where, however, an upper and a lower 
lateral system exist, such warping is resisted, and to that extent throws 
stress upon the transverse frame. Under unsymmetrical loads, there¬ 
fore, the transverse bracing receives some stress, the amount depending 
upon its rigidity and the rigidity of the lateral trusses. The maximum 
effect will occur in the case of a deck bridge where the transverse 
frames and end bracing are composed of diagonals under direct stress. 
Such a structure will be considered in detail. 

Let Fig. 31 represent the transverse section of a deck bridge, and 
P an eccentric load. The load transferred to the truss D d will be 
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+ I)’ 


and to the truss Z>' d' will be P 
2 P e 




The excess 


on D d over D' d' will be —^—, which is the only portion of the load 


which need be here considered. A similar condition will exist at all 
the other panel points. 

An exact solution of this problem would require the simultaneous 
consideration of all the transverse frames, each one furnishing one 
redundant member. However, for the purposes 
of this discussion, it will be sufficient to con¬ 
sider a single panel, such as D J, with its trans¬ 
verse bracing, and determine the stresses in the 
diagonal of such bracing due to a load of one 
pound applied at D. 

Wc will assume a truss of the dimensions 
shown in Fig. 27. Transverse diagonal bracing 
will be assumed in panel D J, consisting of two 
bars of 2 sq. in. each. If a considerable initial 
tension is applied these may be considered equivalent to a single 
member of 4 sq. in. in area, arranged as shown in Fig. 31. A 
load of I pound is applied at D and the problem is to deter¬ 
mine the tensile stress in the transverse diagonal due to this 
one-pound load. It is solved in the usual way by the theory 
of redundant members. The diagonal £>' d is taken as redundant, 
and the stresses u determined throughout the entire structure 
due to a one-pound tension in this member (including the value 
w -= I for this member itself); also the stresses S' in the truss 
a B F g, due to the vertical load of one pound at D, Then the 



stress in D'd 



The result of this calculation is 


a tension in D'd of 0.20 lb. The vertical component of this is 0.175 
lb. That is, the transverse bracing transfers 17 per cent of the load 
at D to the opposite truss. 

In this calculation it is found that the deformation of the member 
D'dy itself, has a large influence on its stress. If, for example, it is 
made 2 sq. in. in area instead of 4 sq. in., its resulting stress will be 0.166 
lb , with a vertical component of 0.144 lb., a decrease of 17 per cent. 
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Again, if the bridge were a through bridge instead of a deck struc¬ 
ture, with the portal form of end and transverse bracing, the flexibility 
of the lateral systems would be more than doubled, reducing the 
possible load transferred to less than half of the above values. In 
siich a case it is a very liberal estimate to assume that lo per cent of the 
excess vertical load may be transferred to the opposite truss. 

In double-track bridges the excess load on the near truss is approxi¬ 
mately one-half the total load on one track. Ten per cent of this will 
equal 250 to 300 lbs. per foot, as the amount transferred. The 
lateral component of this will be only about one-half, or 125 to 150 
lbs. per foot as the load on the lateral trusses due to eccentric loads. 

We may therefore conclude, in general, that the stresses in the 
transverse frame from eccentric loads will not be greater than that 
caused by assuming one-half the lateral load on the unloaded chord 
to be carried by the transverse frame. 

241. Proportions of Lateral Bracing for Maximum Ridigity.— 
In many cases the question arises as to the most suitable panel 



length for the lateral system. Thus, for example, where the panel 
length of the main truss is long, either one or two panels of the 
lateral system may be made to correspond with one panel of the 
main truss; or, on the other hand, in double track bridges of short 
panel, the panel length of the lateral truss may be made equal to 
either one or two panels of the main truss. In general, the panel 
length selected should be such as to give the maximum ridigity to the 
lateral system for the given working stresses. An approximate theo¬ 
retical analysis of this problem will be of some assistance in selecting 
the best proportions. 

Let Fig. 32 represent any lateral truss of n panels. Under a load 
P the truss will deflect a distance determined by the formula I 

E A 

It will be assumed that the chord members are large as compared to 
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the web members so that their influence upon the deflection may be 
neglected. 

Let /j = working stress in the diagonal members and = working 
stress in the struts. Under full load the stress 5 in any member will 
be approximately equal to f^A, or f^A, as the case may be. The 

stress u, for deflection at the centre, will be X for each .strut and 

2 b 

for each diagonal. Hence, summing the products we get, for 

h A 


the struts, 2 ' 


, S ul 


n_bf, 
'2 £’ 


EA 

The deflection is therefore 


and for the diagonals. 


^ S u I n d ft 
“ Ya ^ VbE’ 


J = 


n 

TFe 


(b^fc + ^V<). 


( 6 ) 


For a variable panel length d, we have n = Ijd. Substituting in (6), 
and placing c’ = we get, in terms of d, etc.. 


Diflerentiating this with respect to d, equating to zero, etc., we find 
that for a minimum value of J, or for maximum rigidity, the length 
of panel is 


d ^ b\l 


fc +fl 

Si ' 


( 8 ) 


If, for example,/, is approximately equal to X/> we have d = 1.22 ft. 
Where the struts are very large, as in the case of floor beams used as 
.struts, then / may be placed equal to zero and for maximum 
rigidity, d = b. 


SECTION in.— THE QUADRANGULAR OR PORTAL FRAME* 

242. The Quadrangular Frame.—Many problems arise in which 
an analysis is required of the stresses in a framework of four sides 
without diagonal bracing, such framework depending for its stability 
upon the bending resistance of its various members. An example 
of such framework is the ordinary bridge portal, or the viaduct or 
elevated railroad bent in which diagonal bracing is omitted. Wind 
* See Ch. VIII for application of slope-deflection method to the problems of this section. 
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bracing in tall buildings is frequently made of the portal or quadrangu 
lar form and occasionally high trestles are made of this type. Each 
transverse panel of a through bridge also forms such a framework, in 
which a correct determination of the stresses due to the load on the 

floor beam as well as lateral forces re¬ 
quires a consideration of the deformations 
of all the members of the frame. 

The stresses in a quadrangular frame 
are not statically determinate as they are 
dependent upon the deformations of the 
several members. A general solution of 
this problem will first be given, after 
which the analysis will be applied to sev 
eral special cases. 

243. General Solution.—Let ABED, 
Fig* 33> be a complete rectangular frame 
supporting any loads, Pj, P2, etc. The 
reactions, and R2, are supposed to be determined by consider¬ 
ing* the structure as a whole, and the conditions of its sup¬ 
ports. The problem is to determine the stresses in the frame. 

The general method of solu¬ 
tion used in the case of the arch | Mo |Pj 

with fixed ends can be advan- x- 
tageously applied here. The 
frame is cut at a convenient 
point, as at the centre, C, and 
the internal forces, M^, V^, and 
H^, acting at this section treated 
as the unknown quantities. 

They are indicated in Fig. 34 
in the direction which will be 
considered as positive. Then, 
selecting any other convenient 
section, as F, as the section of reference, assume this section to stand 
fast and treat the right and left half of the frame exactly as the twe 
halves of the arch in Art. 154. In brief, express the deflections and 
changes of angle at C, of each half, with respect to the fixed section 



Fig. 34. 






THE QUADRANGULAR OR PORTAL FRAME 


333 


at Fy by means of the general equations of Arts. 2 and 3. Then 
equate these functions for the two halves, thus deriving three equa¬ 
tions from which the three unknowns, and are found. 

As in Art. 154, let and M\ represent the bending moment at 
any section in the right and left portions respectively, due to the given 
external forces, and the total bending moments, and x and 
y the co-ordinates of any section, measured from C, as origin, x to 
be considered as positive toward the right for the right half and 
toward the left for the left half. Let / = moment of inertia of the 
section in general. Then, since the horizontal and vertical components 
of the deflection at C, for the two halves must be equal, and likewise 
the angular change, we have, as in Art. 154, with due regard to sign, 
and considering E as constant, 


/ 


MiX ds 

/• Mr X d s " 

/ “ 

1 —/ - 

Miy ds 

Mr yds 

I “ 

1 I 

Mids 

Z' Mr d s 

I " V 

1 I 


(i) 


For the left side, 

M^ = M't + + H^y - V,x. 

For the right side, 

H^y + V,x. 

Substituting in (i), we have for the general case, the following three 
equations between the unknowns M^y H^y and 




J x^s J ^rrxds J ^f'lXds 

• (j) 



(*xyds\ r M' vJs 

Ji / = r~ 

(3) 



(*M'ds 

, / r» - J / • • • 

(4) 


In any problem the numerical values of the various coefficients 
of M^y H^y and should be first calculated, after which these equa¬ 
tions are readily solved. 

II.—2 s 
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244. Symmetrical Frames. —^For a frame symmetrical about a 
vertical axis, equations (2) to (4) become much simplified, the 
various functions of x and y for the left side being equal to 
similar functions for the right side. The several equations re¬ 
duce to the following; 



' x^ds 

I 


r* M'l xds . 

I 

/* M'rXds 
' I 


'yds 



/* M' yds 

~r 

\ I - 

^ 1 

K 

fds 

•4 1 



I'M'd s 
' I 


In this expression, signifies the integration for one-half only. Solv¬ 
ing for V^, and we derive as in Art. 154, 



Inasmuch as each term contains a value of I, the result will 
be the same if, instead of using actual values, only relative values 
are employed. This is a more convenient method in the investi¬ 
gation of general problems in which the relative proportions of the 
various members may be assumed. 

If the dimensions of a symmetrical frame be as shown in Fig. 35, 
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the values oi the several integrals of the above equations, which d 
not involve M', are as follows (for one-half only): 



The integrals involving Af' depend upon the external loads. For a 
single load P, applied a distance a, less than from A, there will be 



Fig. 35. Fig. 36. 


moments M', as shown in Fig. 36 , and the various integrals are as 
follows: 


Integral. 

C to A 

.1 to D j 

1 ) to F 

F to B 

CM' d s 

Pa^ 

Pah 

1 P a b 

J 1 



2 i 

1, 

CM' y d s 


Pa /i» 

Pabh 

J I 


2 I, 

2/a 

CM' xds 

Pa*Jb a\ 

Pa h h 

5 

Pah^ 

J I 

10 

2I, 

48/, 

48/. 







336 PROBLEMS IN STATICALLY INDETERMINATE STRUCTURES 

Example. —Assume the following data (Fig. 35): A = 150 in.; & = 120 
in.; = 8,000; = 2,000; /g = 4,000; a = ft/4 = 30 in. It will be con¬ 

venient, and lead to the same results, to call /2 = i; = 2; /i = 4. 

We then have, for one-half of the frame, 


■ y* y = 15 + 150 + 30 = 195. 

y* = 11,250 + 4,500 = 15,750. 

/ y^ds 

'— j — = 1,125,000 + 675,000 = 1,800,000. 
d s 

—— = 18,000 4 - 540jOOo + 36,000 = 594,000. 


And for the entire frame. 


J ■ j - = - P (112 + 4,500 4 - 900) = - 5,512 P. 
J M y d s^ _ p (337,500 + 135,000) = - 472,500 P. 


M' xds 


rU'xds CM'x 

Jl I Jr I 


= - P (5,625 + 270,000 + 22,500 - 4,500) 

= - 293,625 P . 


Substituting in Eqs. (6), (7), and (8), we have, 


Fo = 


2[(iS.75oF - 195 X 1,800,000] 
- 293,625 


2 X 594,000 


p = - .247 p. 


-5,5x2 + 2X .0 25 8 X 15. 7 50 p 

2 X I 9 S 


245. Quadrangular Frames with Brackets.—Fig.s. 37 and 38 illus¬ 
trate other arrangements with respect to the manner of applying the 
load. In Fig. 38 the moments M' in2I C and A G are zero, and inGD 
it is + P a. The general formulas given in Art. 243 api)ly directly to 
these cases, the only feature requiring notice being the values of the 
moment M'. 

These forms are often used in highway bridges where sidewalks arc- 
supported on brackets. 
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246. Frame with Posts Fixed at Ends.—If the posts A D and 
B E are fixed at the lower end, Fig. 39, then the formulas above de- 




Fig. 37. 


Fig. 38. 


veloped will apply by making /, =00 . For a single load P the integrals 
given in Art. 244 may be substituted directly in eqs. (6), (7), and (8), 



omitting values for member D E. By such substitution and reduction, 
there result the following values: 


= 


2,Pa {h - a) 7 , 

2hU,+AbhI^ ■ ■ 

(b — a) {b — 2 a) /j' 


M, = 


( 


2 


+ 6bhl 
2 {b — a) 1 2 


r-) 


hi. + 26/2 
The value of a is taken less than b/2. 


)■ 


• ■ (9) 

• • (10) 

. . 
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Having the values of H^, V^, and for section C, the values of 
the moments and stresses at any section are readily found. Thus 

at A we have — V^— — P a; at D, Mp = M V^- — 

2 2 

P a + H^h; etc. 

For two loads P, symmetrically placed, = o, and and 
are twice the values given by (9) and (ii). Moments at A and D are 
then 


2 Pa {b — a) 1 2 
hi, + 2 bT~ 


+ 


P a{b — a) I2 

hl, + 2bl, ' • 


(13) 


The point of inflection, O, is located a distance above the base equal to 

Ao = J .(14) 

247. Frame with Posts Hinged at One End.—This case is solved 
by placing the horizontal deflection of E with respect to D equal to 



zero, or, what is the same thing, treating the forces H as redundant 


forces. In either case we have 




rn^ds 


= o, in which 


El ' J El 
M' is the moment due to the load P, and w is the moment due to a 
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value of H equal to one unit. This reduces to the same general 
expression developed for the two-hinged arch: 


H = 


/ 


M' yds 


r 


' ds 


The integrals are as follows: 


• (15) 


Integral. 

D io A 

A to B 

B to E 


h} 

hh^ 

JP 

J I 

zh 

h 

3h 

C M'yds 


P a (b —a) h 


J / 

0 

2 /. 

0 



- 



Substituting in (15), we have 

3 PU (h - a) I , 

^ 4h~I, + 6bhl, . 

The value of H being known, the bending moment at any section 
is easily found. 

Example. —Let Fig. 41 represent an elevated railway bent with the 
dimensions as shown. Let = 50,000; 1 2 = 640; area of column = = 


f"-13*^--0- -6- "6- ^ -13^- 


m 


' 44 - 


15 




lUi 


Fig. 41. 


20 sq. in.; width of column = 15 in. Calculate the bending moments and 
fibre stresses at A and due to four loads of 60,000 lbs. applied as shown. 

(a) Fixed Ends. —Eq. (12) may be used, calculating the term a (6 — a) 
for the two symmetrical pairs of loads. There results: 

Ma = — 846,600 in. lbs.; /« = 9,960 lbs. per sq. in. 

Mp =^+ 423,300 in. lbs.; // = 4,980 lbs. per sq. in. 
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The direct stress in the columns is equal to 120,000/20 = 6,000 lbs. per sq. in. 
In this case therefore the bending stress is greater than the direct stress. 

(b) Hinged Ends .—Use eq. (16), giving H = 3,000 lbs. Then Ma = 
3,000 X 18 X 12 = 648,000 in. lbs.; and/« = 7,600 lbs. per sq. in. 


- 6 -.. 


It is to be noted that in both cases the bending moments are nearly 
proportional to the value of /j, and that having the bending moments 
the value of / is proportional to the width of the member. Hence it 
may be said that the fibre stress in such a case is approximately pro¬ 
portional to 1 2 Cy or the moment of inertia times the width. For low 
stresses, therefore, a relatively narrow column 
is very advantageous. 

248. Temperature Stresses. —Wdiere one 
side of the frame is fixed in length, as in the 
preceding two cases, changes of temperature 
will cause stresses in the structure. These 
arc found by placing the deflection of E with 
respect to D equal to the change of length of 
A B due to change of temperature. For hinged ends, Fig. 42, the 

M y d s rr r d s 

£ 7 “ 


Fig. 42. 


deflection is A, 




H 


d s 

J eT 


This reduces to 


. H / 2 h h\ 

ijr, + 7 ;) 


Let 0) == coefficient of expansion. Then A^ 
for temperature changes, 

^ Ewtb 




For fixed ends at D and £, Fig. 43, we 
may determine the total angular change A <p 
from D to £, and the total horizontal move¬ 
ment A Xy and write A ^ == o and A rv = 
As in Art. 154, we have 


.... (17) 

<0 th and we have 


~ A^ « -- cot K 



A CP 


f 


Mds 

El 


and A 


»=/ 


M yds 
~EI * 


Fig. 43* 
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Let = moment at D and E. Then M Ilf y. Substitut¬ 

ing this value of M in the above integrals, we have 




Solving for ami we derive 


/ ds 

in 


Ht 


M, 


/ ds p y'^ d s / p y d s'^‘ 

in J ^YF ~ \J ~eJ) 

H.fl^ 

(fs . 


/ (t s 

T 


(19) 


(20) 


Expressing the several integrals in terms of the dimensions of the 
frame as given in Fig. 43, we have 


Integral. 

D to A 

A to B 

B to E 

Cds 

h 

b 

h 

J I 

h 

I, 

L 

Pyds 

JiL 

bh 

/i* 

J I 

2/3 


2 If 

PyUs 

jd 

bh‘ 

/;’ 

J I 

3/. 


3 L 


Substituting and reducing, we have, 




Mf 


3 EI^{b I2 + 2 hlt) lotb 
h^i 2 bl, + hlf) • 

3 Elf (J) 12 -f hlf) (otb 
E‘i 2 blf + hlf) ■ 


Mf- Hfh ^ - 


3 ElflfCotb 

tlFfff'VhJd 


(21) 

(22) 

(23) 
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The distance of the point of inflection above the base is 


h = = A bl, + hl, 

° Ht bl, + 2hi; 

Example. —Let it be required to calculate the temperature stresses in 
the bent of Art. 247 for an increase of tem|)erature of 50 degrees, the coefficient 
of expansion being .0000065. 

a. Fixed Ends .—The value of o) th ~ .0000065 X 50 X 44 X 12 == 

0.1716 in. Then by Eq. (22) = 206,000 in. lbs.; and /j = 2,410 lbs. per 

sq. in. From (23) Ma = — 199,000 in. lbs., and fa == 2,330 lbs. per sq. in. 

b. Hinged Ends. —Eq. (18) gives Ht =467 lbs., and hence Ma = 467 X 
18 X 12 — 101,400 in. lbs., and fa = 1,182 lbs. per sq. in. 

Temperature stresses are about double for fixed ends as for hinged ends. 
The values would be exactly double if were indefinitely large. 

249. Effect of Lateral Forces.—Fig. 44 represents a quadrangular 
frame, symmetrical about a vertical axis and acted upon by the hor¬ 
izontal force P, applied at B. The reactions are assumed to be applied 
as shown. It is required to determine the stresses in the frame. The 



A _Ic_ P 



h 1 f 

1 1 



1 

f 

If 


«--5- _ -> 

1 


D 

1 

1 

I 3 1 

E 

fh \ 







. 44 - 


general solution of the problem is the same as given in Art 274. A 
section is taken at C and the values of H^y V^, and determined by 
the general formulas of Art. 243. The moment diagram for the 
moments M' are shown in Fig. 44 (6). The values of the several 
integrals involving M' are as follows: 
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Integrals. 

C to B 

J 5 'to E 

E to F 

F toD 

r M'ds 


Ph^ 

Phh 

J I 

0 

2/, 


r yds 


Ph* 

PJiH 

J ~ 1 ~^ 

0 

3h 


21, 

r xds 


PhH 

^Pb*h 

Ph^h 

J I 

0 

4 h 

48/, 

48/; 


Substituting in eqs. (6), (7), and (8), we derive the following: 


3/0 = o- 


= 


H,-f 


p«+ m 

\4/2 12/3/ 

r J;L ++ JL~\ 

L-24-^1 4-^2 24/3-J 


(25) 

(26) 

(27) 


The important results are, that, where the members A D and B E are 

p 

alike, o and i? that is, the point C is a point of inflection 

P 

and the value of is which signifies that the lateral pressure, P, 

is carried equally by the two sides of the frame. It also follows that 
the point of inflection in £ is at the centre, P, and the value of the 
shear at this point is found by interchanging and in eq. (26). 
It is 


M h 


12 IJ 


r y -| 

^ L 24 /i ^ 4 /j ^ 24 /,J 


Ph 


(28) 


The sum of + Vp must equal as will be found by 

adding (27) and (28). 
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If = /3,thenF„ = = 

The forces acting on one-half the frame are clearly shown in Fig. 45. 
If the posts are fixed at the base, then /g = <x , and we have 


7 = - P 




The point of inflection in the vertical post is 

. ^ u 1 • Vob , P K) . 

found by placing -1-^- = o, where 


I is the distance of this point above the base. 

I 250. Partially Trussed Portal Frames.— 

Y _Frames of the type shown in Fig. 46 are partly 

jpy trussed and partly a framework of beams. 
Pjq Members FG and UK are hinged at their 

ends, and hinges exist at A and B, and may 
or may not exist at D and E, As in Art. 249, there will be a 
point of inflection at the centre C, and the compression at C will 


The horizontal reactions at D and E will each be —. 

2 


If the 



posts are fixed at D and £, there remain to be determined the moments 
if 1 at these points, or the distance of the point of inflection above 
D. If the posts are hinged, all external forces become known and the 
problem is solved as explained in Part I. The influence of the de¬ 
formations due to direct stresses will be neglected as it is very small 
in any case. 
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In the solution of this problem it is sufficient to consider one-half 
only, as shown in Fig. 47. The problem is solved by the application 
of the theory of redundant members. A convenient form of solution 




is to place the deflection of the point C equal to zero, as is evident from 

the symmetry of conditions. The general expression for this deflection, 

/ M lit d s , 

j —, in which 


M is the actual moment at any section and m is the moment due to 
unit load acting at C. Fig. 48 shows the moment diagrams for 
moments M and m. The values of M and w, and of the several inte¬ 
grals, are as follows, origins taken at C, ^ 4 , and D: 


Quantity. 

C to F 

A io F 

A to G 

G to D 

M 

i 

0 

— Vo -— X 

a 

P{c — ho ) X 

2 (/l - c) 

P{ho - x) 

2 

m 

— X 

h 

— — a 

bx 

h 

^ X 

a 

2 {h - c) 

2 

M m 

Vox* 

4 ^: 

Ph (c - ho ) X* 

4 (h-cy 

Ph {ho — x) 

4 

Cm mds 

0 

1 

Vo (4 - «) “ 

Ph(c - ho ) {h - c) 

Pb c (c — 2 ho) 

/ 7 



12 1 2 

8 /, 


ih 
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Adding the several integrals, substituting = — 

solving for h^, we derive 

h (b — 2 ay + 2 b c (c + 2 h) 

~ {b-2ayi, + 4b~'i2C + h)J^ '’ 


K) 


and 


• (30) 


The value of being known, the stresses in the portal arc found as 
for the case of hinged ends, the point of inflection O being taken as 
the hinge. For such cases as shown in Fig. 49, the solution will be 



reached from eq. (30), by placing =oc; or, what is the same 
thing, by placing the lateral deflection of the two points A and G equal. 
Dividing both numerator and denominator of (30) by and then 
placing = a., we derive 


h - ^ ^ ^ 

° 2 (2 c h) 


(30 


which is the same value as deduced in Art. 199, Part I, eq. (29). 

251. Frames with Inclined Posts. —^The general methods of Art. 
243 are obviou.sly applicable to such frames as illustrated in Fig. 50. 
If the frame is symmetrical about a vertical axis the effect of a horizon¬ 
tal force P is similar to that in a rectangular frame. The centre points 
of members A B and D E are points of inflection, and the direct stress 

■ An- P 
m A B 

2 

Placing the deflection of C with respect to F equal to zero (Fig. 51), 
enables the values of F, and to be determined in the same manner 
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as in Art. 249. This deflection is most readily found by the general 
expression L — J" —where x is the abscissa measured from 

the origin C. For member C A, M = V and f — y - — = ; 

«/ / 24 Ix 

■y writing this deflection as 


iikewise for F D 


/ M xds 
__ == - 


z ^2 

24 h 




jr 

6 .—^-4 


Fig. 51. 

minus, since it tends to diminish the deflection of C relative to F. 

/ I^ 'I xds 

—j—- is found as follows: 

Py 

For any point Ny the moment M = x - 


Also we have 


d s ^ 


dx 

sin 0 bn 


- . d Xy and y = cot 0 = - {2X — b^ 

4 Dy 

F Mxds 2V,c 2j <> 1. \ j 

/- ^x^dx - / {2x^ — bix)dx 

J I (62 - b,) I, I (b - 


We then have for A Dy 
Mxds 2 F, c 

'2 

= _ Phci2 K + b,) 

12 I2 24 ^2 

We therefore have, after multiplying through by 12, 


V,c{b2^ ^h,b2^-bd) 

T I 


P/ic(2 6,+ &,) 


Also 


2/. 

F, + F, = 


2/, 

Ph 


2/, 


(32) 


irom which F, and F, are readily found. 


• . ( 33 ) 
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252. Portal Frames of Multiple Stories. —In building construction, 
and occasionally in other structures, quadrangular lateral bracing is 
used consisting of several such frames placed one above the other or 
side by side (Fig. 52). The analysis of such frames may be made in 



Fig. 52. Fig. 53. 


the same manner as for a single quadrangle. A section p taken 
through the centre, and at each point C, there are three unknowns, 
M, Vy and H, The necessary equations are obtained by writing out 
for each story the same relations as expressed in Art. 243, thus giving 
three equations for each section, corresponding to the number of un¬ 
knowns. 

If the framework is symmetrical about the section p q, as is usually 
the case, then the points of inflection of the several transverse beams, 
A By will be at the centre point C, and the several values of H will 
be one-half the lateral force, P, applied at the respective level. There 
remain to be determined then only the shears, F, at the sections C. 
The necessary equations are obtained by placing equal to zero the 
deflection of with respect to Cj, also that of Cj with respect to C3, 
etc. This gives five equations in the structure shown. The sixth 
ia found by taking moments of all the forces about A „ giving 
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— F — = ^ [Pj (Aj + + ^3 + /ti + /ts) +P2 (^3 + /ts + h^ + h^ +etc.] 


The deflections are very easily expressed in terms of V and P by use 

% d X 

——. The necessary equations 

will be given here for a five-story frame, using the notation shown 
in Fig. 53. 

For the deflection of C, relative to C^, we need consider only the 
members C^A^A2C2- Using Cj, A^, and C2 as origins, the moment 

h P 

in Cl ^1 = Fi x; that in ^1 ^2 = j-^ A2C2 

it is — F2 considering as plus a moment which contributes to the 
downward deflection of Ci relative to C2. The value of the integrals 

J* will be as follows: 

Fi 


for Cl A 1, 


for A^ A 2, 


24 V 


whence we have 


4/2 8/3 

V 

for ^,C2,- 

24 13 


V,bJi, 

1 2 ^ 6 6 /, “ 2 V 


(34) 


For the deflection of Cj with respect to C3, consider only the 
frame C2 A2 A^ C^. The moment in C2A2 = F2 aq in -^2^3 it is 

(Fi + F2) ~ ^ y; and in ^3 C3 it is — F3 a:. Ex¬ 

cept for the member A2A2 the values are similar to those in the first 

/ Af X d X 

—-— for 2I2 A3 is 


(F. + F2) 


h-h^ Pjiji^h {P,+P3)h3‘b 


4/4 


4 I * 


SL 


II. - 26 
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We then derive the expression, corresponding to (34), 

(K. + FJ ^ K tiW. ( ) 

i 4 0736/5 2/4 

For the next section, with origin at C3, the moment in ^3^4 is 

equal to (F. + Fj + F,) - - 

22 2 

We derive then, as before, 

(Ka+Pa+Pa) ----(36) 

And for the lower story wc derive in a similar manner: 

(K.+ V,+ V,+ V,+ Pa) = 

(P,+ Pa+ Pa+ P.+ P,)h2 + 2[P|(/i, + .../la ) f P,{h, + ...h,) + P.(/l, + h.) + P.hAh, , , 

VT,, --• • ( 37 ) 

Then taking moments about a 4 „ we have 

(V,+ ..+ r.)- = + ■■ + + -Pa(/<a + ■■ + /la) + P,{Ih + h,+ It,) + P, {h, + k,) + PJ ,, 

These six linear equations between the values of F are readily 
solved after substituting numerical coefficients. The values of F 
being known, the moments are readily found at any section. For 
more numerous stories additional equations arc 
j j, I easily written out following the form of eq. (37). 

.,—2a— 3^ i If the lower ends of the posts arc fixed, then the 

‘ |i j value of / for the lower strut is «. If hinged, 

^ j; ^ the value of F, for the lower strut is zero in 

|v eq. (37), and equations of deflection arc written 

E i , out for all stories above the lowest. 

For a large number of stories an exact 
”1 analysis becomes quite laborious. Approximate 

Fig. 54. results may be reached by assuming that the 

point of inflection of the columns is midway between the lateral 
struts. For any particular joint the forces acting arc then as shown 
in Fig. 54. H, represents half the sum of all the lateral forces above 

p 

this story, and — the lateral force applied at this section. Taking 


Fig. 54. 
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moments about E, we have V - = 

2 


b (Aj + h^) , P^2 


H-, whence 


2 (fet + -f P ^2 
2 b 


(39) 


253. Portal-Braced Towers with Inclined Posts.—The Kinzua 
Viaduct, constructed in 1900, is of the type shown in Fig. 55. The 




lateral rigidity is secured by relatively deep struts riveted to the main 
columns of the towers. The analysis of such a structure may be made 
in the manner explained in the preceding article. Points C2, etc., 
are points of inflection, and their deflection with respect to each other 
will be zero. Fig. 56 rep^'csents one-half the structure. The equations 
will vary from those of the preceding article on account of the inclined 
posts, in the same manner as those of Art. 251 differ from those of 
Art. 244. For the struts, the integrals are of the same form as in Art. 
244. For the posts they are different. 


r M xdx 

—-—^ for A 1 A2 is 

Vi Cl {bi^ + 61 1)2 + b 2 ^) P \ hi Cl (2 62 + bi) 
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and for the top story the equation is the same as eq. (32) of Art. 251. 
For the second story the integrals for C2A2 and are equal to 

V V 

-7 and-respectively. For A2A3 the effect of and V2 is the 

2424 is 

same as that of a force 4- Fj acting at Co, and is found by substitut¬ 
ing Vi -f V2 for in the expression above, and changing subscripts. 

Ti. * (F I “ 1 “ F2) C2 (fto“ 4 ~ bn b^ 4 " ^3“) iir j 

It is — - - - -=4:--. For the horizontal forces — and 

12/4 2 

P , P + P . 

their effect on ^2^3 is the same as a single force —^—~ applied 

P h 

at Ca, together with a constant moment equal to ■ K The former 

• 1 ^ 4 - F2) ^^2 ^2 (2 ^3 4 - b .^ ^ TI // 

IS equal to -=-. The constant moment —— 

24/4 2 

applied in ^2^3 is at an average distance x from Cj equal to 

4 

r.._ .u:__ /•.WX(/.V P, /t.C, (b, + b,) __ 


hence for this 


is part y* • 


After multiplying 


through by 12 the equation for the second story becomes then 

(Ft + F2)c2(V +^2^3 +V) F2V F3V 

I, 2/3 2I, 

_ { P 1 4~ F2) ^2 ^2 (2 ^3 4~ ^2) 4~ 3 ^\ ^2 (^2 4- ^3) . 

2/4 • ^ 

For the third story the equation is 

(F4 4-F2 4-F3)C3(&3^4-^>3^+M . ^ V ^ b ,^ 

I, 2 I, 2// 

(Pi 4- ^2 4-P3) ^3^3(2^4 4- 63) 4- 3[P 1 (^14- /^2) 4- P2/^2X3(^3 4- ^4) . 

2/, * ^ 


Then from moments about ^3, we have 




P, (//, + ...//.) 4 - P, (h, + ... h,) -f P, (h, + h,) + PJi, 


Example. —The Kinzua Viaduct. (Trans. Am. Soc. C. E., Vol. 46, 1901.) 
Fig. 57 represents a section of the Kinzua Viaduct, at a point of maximum 
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height, where five stories are employed. The dimensions c. to c. are as shown 
and also the values of the several moments of inertia. 

The posts are assumed as fixed at the base, which is equivalent to assuming 

Zu =00 



For the top story we have, by substituting in (32), 

V\ X 3 ^- 6 ( 9 > 5 * + 9 5 X TQ-g 4 - iqV ) ^ X 9 - 5 * __ U2 X iq.q* 

10,750 2 X 107,500 2 X 5,500 

^ 26,800 X 31.1 X 31-6(2 X 19.9 -f 9.5) 
2 X 10,750 


(fl) 


or 


1.989 — 0.716 V2 = 60,500. 
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Then from (40) we have 

i6.68 + 17.40 V2 — 2.005 F3 = 1,021,000. • • * (6) 

In a similar manner, for the 3d, 4th, and 5th stories we have 

46.1 Fj + 46.1 Fj + 48.11 F3 - 3.54 F4 = 3,602,000. (c) 

78.65 Fj + 78.65 Fj + 78.65 F3 + 82.19 V4 “ 6.26 F5 = 7,163,000. (d) 

126.0 Fj + 126.0 F3 + 126.0 F3 + 126.0 F4 + 132.26 Fg == 12,785,000. (e) 

(F3 does not appear here as =00). 

In eliminating, note that F5 may be eliminated from the last two equations, 
then F4 from the resulting equation combined with (r), then F3 and Fj, 
getting finally the value of V^. Then by substitution the other values are 
readily found. The results are, 

Fj = 38,900 lbs., F4 = 12,400 lbs., 

Fj = 23,400 lbs., Fg = 9,900 lbs. 

Fj = 16,300 lbs., 

These agree very closely with those given by Grimm in Trans. Am. 
Soc. C. E., Vol. 46, p. 32, calculated from the theory of least work. 

If the posts were hinged at the base, then eq. (e) would no longer hold good. 
In its place we would make use of eq. (42), taking moments al)()ut the foot 
of the post. 


254. Deflection of Quadrangular Frames.—The relative rigidity 
of quadrangular frames, or portals, as compared with full diagonal 
bracing is a matter of some importance. In any given case the de¬ 
flection of such a frame is readily found from the general formula, 


A = 



Mmds 

El 


•, where m is the moment due to a one-pound load 


acting at the point whose deflection is desired. General formulas 
are unwieldy except in simple cases. Such a case is that of the 
symmetrical frame subjected to a lateral force as discussed in Art. 
249. A comparison of its deflection with that of a fully braced frame 
will be instructive. 

The lateral deflection of the frame of Art. 249 can be calculated 
by considering the lateral deflection of point C with respect to F, of 
the half-frame as shown in Fig. 58. Let = moment at A due to 
the lateral force, and = moment at D. The moment in A D, 

at any point distant x from A, will be ilf = If, + (M, — M,) 
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— + The moment in Z> i? at any point distant X 

2 OC 

from F = M2 For a one-pound load applied horizontally at C, 



Fig. 58. 



Fig. 59. 


the moment in A C *= o, that in .4 Z> == w = rc; and that m D F 

2 hx rr^t^ . , r Mmdx 

The integrals J — j —- are then as follows: 


= m ~ 


h? 

For AD, + M2 

0/2 3^2 

h h 

For D F, M2 Jy' 

o is 

The deflection is, therefore, 

+ 2M,)A + M,A]. . . . (43) 


For a fully braced rectangular frame (Fig. 59), the deflection is 
found from the formula A = I Assuming approximately that 


the section of the diagonal is small as compared to the other members 
of the frame, we derive the value 


^ (h^ + 5=) 
EA b 


(44) 


in which S is the total stress in the diagonal due to the load P. 

To compare the relative values of A in (43) and (44), suppose 
that b ^ h, and = 1 ^. Then M^ = Mj. Also let S/A = s ^ 
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working stress in the diagonal of Fig. 59, and let / = maximum fibre 
stress in the members of Fig. 58, due to the moment M^y and let = 
the half width of members of Fig. $8 = distance from neutral axis to 


M 2 h? f 

extreme fibre. Then in eq. (43), — == fjCy and hence Ai= — 

i 3 ^ 

2 h s 

And in (44) Aj = The ratio of the two values is 

hi 


A, hf 

Aj 3 ex' 


( 45 ) 


Generally the adopted working stress f, for lateral forces, will be much 
less than 5. Suppose fis then 


A, h 

A2 12 c 


(46) 


In this case, therefore, the deflections of the two forms will be equal 
if the half width, Cy of the members, is equal to 1/12 the height of the 
panel. Generally the members are of much more slender proportions. 

The preceding analysis shows that the quadrangular frame will be 
relatively flexible as compared to a diagonal bracing unless the working 
stresses for the lateral forces are small and the width of members large. 
The analysis also shows that for given working stresses the flexibility 
is inversed proportional to the widths of the members (not to the 
moments of inertia). 


Section IV.—Trussed Beams 

255. The King Post Truss.—A combination form of beam and 
truss often employed is that shown in Fig. 60. The member A B 

is a relatively large beam, supported by 

k-^- *1 the trussing at C. Loads may be ap- 

1^--^ ^ _I plied at any point. The beam AC By 

~~\Y therefore, acts as a strut in the truss 

•”* A. D B as well as a beam carrying the 

D >''' applied loads directly. The stresses 

Pjq may be solved by the general method 

of redundant members, assuming the 
stress in C P as redundant. This member is cut at C and the de¬ 
flections of the beam above, and the truss below, are placed equal. 
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Let — stress in C D. The deflection of the beam is that due 
to the load P and the force S^. By Table i, Art. 7, this is equal to 

_ aA - 

12 £/ V 4 / 


The deflection of the truss is found by 


48 El 
Sul 

calculating the value of I ^ The calcula¬ 

tions are as follows: 


Member. 

S 

u 

ill 

A 

Sul 

A 


Sri 

1 

P 

SrP 

I 

4 h 

4 h 

8/7 24 i 

S2IPA1 




h 

Srh 

2 

— Sr 

— I 

“I7 



, SrC 

, c 


5rC* 

3 

+ 71 

+ 71 

2 hA^ 



Adding, and taking twice the given values for members i and 3, we 
have for the truss = 


• r. . - ^ 

■■ 2 h^E^A^. 


whence, writing the deflections equal and solving for S^y we have 


• 5 , 


Pa 

12 -Et ^1 ' 4 



_ P h P ' 

it IP E2A2^ 2 hP E^A^ 48 £1/1 


(47) 


Frequently the beam is of wood and the trussing iron or steel, in which 
case the values of the various moduli must be used. Generally the 
terms in the denominator of (47) involving direct stress are small as 
compared to those involving moment, and may be neglected, giving 


^ P a 

~ir \ V 



(48) 


which is the centre reaction for a beam continuous over three supports. 

For a uniform load Wy extending from a distance a to B. 
distance a = the numerator of (47) is changed by placing P =» 
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•wdx and a = x, and integrating P a — o’) from x^ to ac,. Foi 
a full uniform load the numerator is the central deflection of a beam 


uniformly loaded = —7^7* 

384 £/ 


256. The Queen Post Truss Without Diagonals. —Trussed beams 
are sometimes made of the form shown in Fig. 61, the member A D 


A 


Fig. 61. 

• 

being a continuous beam. No diagonals being used in the middle 
panel, the rigidity of the construction depends upon the strength of 
the beam, the trussing furnishing equal reactions at B and C. 

Let = stress in B E and C F, assumed as equal. This is very 
nearly true, as the small deflections of E and F do not appreciably 
change the inclinations of ^4 £, £ F, and F D. The horizontal com¬ 
ponents oi A E and F D being equal (equal to the stress in £ F), their 
vertical components are equal and hence the stresses in £ £ and C F. 

The problem is solved by determining the sum of the deflections 
of points B and C as regards the beam, and placing this equal to the 
same sum as calculated from the truss. Since the truss alone is 
unstable, the deflection of one of the points depends upon the other, 
but the sum of the two is a definite quantity. 

For a load F, placed between A and B, the deflections of B and C 
are given by the table of Art. 7. They are 



4 


Pa 
9 El 



A 


e 


Pa fSP 
iS EI\ 9 



Then 
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For two upward forces applied at B and C, the deflection of each 
point is equal to 

162 El 

< S P 

and the sum of the deflections for the two points is ^1‘iie 

81 El 

downward deflection of the truss at B and C, due to two forces 5 ^. 
is calculated as before. It is 


A" = s r—-— 


Placing Aj, + 


2 h P 2 (P 

E^A, 27 k^E.A] h^E^A 

A", and solving for 5 ^, we have, 


— 1 . 

i,Aj- 


' “ 4- JA 4. 

9 h^E^A, E,A^ 27 h-E^A^ h-E,A, ^ 8i £^7, 
For a load between B and C 


162 £1/i 


[27 (a I - a^) - P] 


in which is the denominator in eq. (49). For a full uniform load 
of w per unit length, the value of is 

11 wP 

= .(5.) 

If the direct stresses are neglected in (49), the value of the denomi- 
nator becomes equal to —For a load at 5 or C, a = //3, and 

oi E1 

we have =* PI 2, that is, the truss carries one-half the load and 
the beam one-half. The upward pressure at C is also P/2, thus 
giving a point of inflection in the beam at the centre. 

For trussed beams of three or more panels, with full diagonal 
bracing, the case becomes similar to the calculation of secondary 
stresses in trusses with rigid joints. This case is fully treated in the 
following chapter. 
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257. Truss of Several Panels with Diagonals Omitted in One 
Panel. —It is sometimes desired to estimate the supporting power of 
a truss from which one of the web members has been removed, the 
chords being continuous and the joints riveted. The strength ol 
such a truss is dependent upon the bending resistance of the chord 
members C D and E F, but the exact stresses therein, due to a given 
loading, can be calculated only by considering all the joints of the 
structure. Generally a sufficiently exact result can be obtained by 
assuming the points of inflection oiC D and £ jp to be at their centres, 


C Ml G D 



G and H, Let V = shear in panel E F, caused by any load. Fig. 62, 
The sum of the moments at C and £, in C D and E F, is then 

V X -f and the relative moments carried by the two members will 


be in proportion to their moments of inertia (their deflections being 
equal). Hence we have 4- = F-, and ^ == whence 


M, 


Vd I, 


and = 


M, 

VdF 


(52) 


2 ( 7 ,+ /,) 2 ( 7 .+ 7 ,)• 

For a more exact solution recourse must be had to the methods used 
in calculating secondary stresses (Chapter VII). 


Section V.—Beams on Multiple Elastic Supports 

258. The General Problem. — ^The problem of determining the 
distribution of loads upon elastic supports, transferred thereto by 
means of an intermediate beam, is one which frequently arises in 
practice, particularly in connection with bridge floors of various types. 
The maximum load supported by a single cross-tic, or one element of 
a steel floor system, consisting of closely spaced transverse members, 
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such as /-beams, or trough-shaped sections, are problems of this 
kind. Usually a solution is reached by making an approximate 
estimate which will be certain to be on the safe side. It is not difficult, 
however, to arrive at a reasonably exact solution by methods used in 
solving other statically indeterminate combinations. In the following 
articles a general solution will be given, and a diagram from which 
numerical results may readily be obtained for a variety of conditions. 

259. General Method of Solution. —^Fig. 63 represents an arrange¬ 
ment such as here considered. ^ 5 is a longitudinal beam supporting 



SEC. q 

Fig. 63. 


a concentrated load, P. The beam, A By rests upon numerous trans¬ 
verse beams, i, 2, 3, 4, etc., which in turn arc supported at their ends 
by relatively deep and rigid girders or other rigid supports. Fig. {b) 
shows one of the transverse beams M N, supporting two longitudinal 
beams, A B, symmetrically placed, as in the case of the usual single- 
track railway bridge-floor. The beams M N may be ties resting upon 
stringers, or units of a steel floor system riveted into longitudinal 
girders; and the beam, A B, may be merely the rail, or a rail together 
with channel, /-beam, or other supplementary support. In any case 
the beam, A By as here considered, includes all of the elements acting 
together to support the load P, In determining the moment of inertia 
of this combination the moment of inertia of each independent part 
is to be taken about its own gravity axis and the results added. If 
one element is of wood and another of steel, then, as will later appear, 
the product £ / of each element is to be taken and the results 
added. 
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In the solution of this problem it is assumed that the supports of 
the transverse beam M N are so rigid, compared to the beam A B. 
that they may be assumed as absolutely so. The various transverse 
beams, i, 2, 3, etc., will, therefore, deflect in proportion to the load 
brought upon them, or in proportion to the reaction which they supply 
to the beam A B. Generally the beam A B is continuous over a 
large number of transverse supports, and, in turn, it supports several 
loads P, of various weights and spacing. 

In arriving at a solution it will be sufficiently exact to consider not 
more than nine supports, symmetrically spaced with respect to the 
load P, and to assume that the beam A B ends at the last support at 
either end. The principal problem is to determine the load carried 
by beam No. i, immediately beneath the load P, but at the same time 
the loads carried by the other beams should be found. The error 
involved by neglecting the supports beyond the nine here considered 
is very small, and in most cases the results are accurate enough if only 
seven supports are considered. 

If additional loads are applied to the beam A B, within the length 
considered, their effect upon the load carried by No. 1, can be found 
from the results obtained for the load P. Thus if a load P' is placed 
over beam No. 3, the proportion of P' transferred to No. i may be 
taken as the same as the proportion of P carried by No. 3, etc. Loads 
beyond the last support considered do not appreciably affect the load 
on No. I. 

260. Deflection of the Transverse Beam.—Fig. 64 represents a 
transverse beam of length b, loaded with two equal loads, Q, symmetri- 



Fig. 64. 


cally spaced a distance z from the ends. The deflection of poirds O, 
where the loads are applied, is given by the formula of Table i. Art. 
7. In terms of the load Q, it is 

-4*).(I) 
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It will also be desirable to express this deflection in terms of the maxi¬ 
mum fibre stress due to the load Q. The bending moment = Qt 

and the fibre stress = / = whence Q z = Sub- 

stituting in (i), we then have also 

.W 

in which h is the depth of the beam, assumed as symmetrical about 
its neutral axis. 

In the subsequent analysis it is necessary to have a measure of 
the flexibility of the transverse beams. A convenient measure or 
coefficient of this flexibility is the amount of deflection at the points 
O, due to a load of one pound placed at each point. If k represents 
this coefficient of flexibility, then 

^ ^ 6 El (3 ^ ~ 4 z), • • . . (3) 

also 

^ ° ~ . 

Generally the problem relates to a specific design already deter¬ 
mined by a{)proximate methods. In this case k is determined from 
(3), as the value of I is already known. In making a new design, 


-i-L -— 

> fC D' 


JL _El 


Rj R4 Rj Rj Ri Ra R3 R4 


Fig. 65. 


however, it is considerably more expeditious to fix only upon the depth 
h of the floor or beam. Then, using an estimated value of Q, the 
value of k is at once found from (4), without fully working out the 
cross-section of the floor element. Having k, the true value of Q is 
found as described later, and then if desired a corrected value of k. 
A considerable variation in k will affect the value of Q but little. 

261. The Longitudinal Beam.—^Fig. 65 represents the longitudinal 
beam, A B, and the several reactions, R, . R^, spaced a distance, 
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dy apart. The total moment of inertia of the beam 4 J 5 is /, and 
its modulus of elasticity is E. These enter into the calculation only 
as the product E I, and if two kinds of material are used, the total 
value of £ / is to be obtained by adding these products for the several 
elements. 

The forces being vertical, only two reactions can be determined 
by statics. There are, therefore, seven redundant reactions. These 

may be taken as reactions .£4, the end reactions, £5, being 

considered as the two ‘‘necessary’* reactions. By reason of symmetry 
of arrangement the reactions on, one side are equal to those on 
the other side, symmetrically located; hence there are practically 

only four unknowns, .£4, which requires for solution four 

condition equations. These condition equations may be obtained 
by the method of least w'ork, expressing the total work performed 
in the deflection of the beam and its supports, then differentiating 
with respect to each support and placing such derivative equal 
to zero; or they may be obtained by the method of redundant 
members, placing the deflection of the beam at each support equal 
to the settlement of that support. The latter method is the simpler, 
and in its application the deflection formula given in the Table in 
Art. 7 will be made use of directly, instead of using the fundamental 
expressions of Art. 212. 

The four condition equations will then be obtained by placing the 
deflection of the beam at points C, jD, £, and F, equal to the deflection 
of the respective support, which in general is equal to R k, where R 
is the reaction at any point. If A^, A^, etc., are the deflections at 
the several points, then the equations are, in general terms: 


A, = R,k- 

Aj = /?2 ^ 

K-Rsk 

Af ^ R^k ^ 


(5) 


In calculating the deflections J, the effect of the load P, and of 

the several reactions, R^ . R^, may be expressed separately, 

and the several results added. 

362.. Deflections Due to Load P .—In calculating the deflection due 
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to the load P, it is assumed that the forces, Ri .P4, are removed. 

The deflection of any point will then be that due to: (i) the bending 
of the beam under load P, with reactions at A and B, and (2) the 


settlement of the supports at A and P, which will be ~ k. 


The deflec¬ 


tion of any point of a beam, supporting a single load P, at the 
centre, is given by the general formula (Table i, p. 10) 
P X 

y = ^ j . (3 —4 x^)y in which is the distance of the point from 


the near end of the beam. Applying this formula to the several 
points, C, Df Ey and P, the value of x will be equal to 4 dy 3 rf, 2 dy 
and d. We have also, I == 8 d. Adding in each case the quantity 
p 

— ky we obtain the following values for the deflections due to P: 



2 2 d^ k 

j — 1 — 

3 £/ 2 

39 \ 

4 El 2 

2 2 k 
seT +1 

aiJL 4. i 

12 El 2 


) 

) 

) 

) 

J 


( 6 ) 


263. Deflections Due to Pi.—These deflections will be given by 
the same equations as for P, the deflections being upward. 

264. Deflections Due to Ro. —The deflections due to the two sym¬ 
metrical loads, P2, arc obtained by the general formulas from Table 
I, They arc: 

P V ^ 

for < 2, y = (3^2 - 3 2=“ - x^) 

Pz • • • ^ 7 ) 

for X > 2, y = (3 l x - T,x^ - z‘) 

In this case, since there are two equal forces, R2, the end reactions 
due to these loads arc each equal to P.^, and the movement of end 
supports due to their elasticity, will be R^ k. In applying cq. (7), 
I == S dy and 2 = 3 rf. For point C, x 4 d, and the second equation 
(7) is used. 


II.-27 
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The several deflections are: 


39 


■\ E 


+ 

T- - 
- ‘) 


f8) 


By the principle of reciprocal deflections explained in Art. 222, 
Part I, it is observed that the deflection at C, due to a single force 
applied at D, is equal to the deflection at D due to a like force applied 
at C. Hence the value of of eq. (8) is double the value of of 
eq. (6). 

265. Deflections Due to —In this case z = 2dm eq. (7). The 
only values requiring calculation arc and dp as the value of is 
twice d^ of eq. (6), and d^ = d^ of eq. (8). The results are: 


-R3 

=^3 
= ^3 


/ 44 

fJlJL 

/_3i^ 

V3 £/ 

( 35 
\6 £/ 


+ 

+ 

+ 

+ 


( 9 ) 


266. Deflections Due to R ^.—^The values of d^, and fig ar« 
obtained from the values of df of eqs. (6), (8), and (9). The value 
of i-s calculated from eq. (7). The results are: 


». - «.( 

' 47 
.6 El 


- R.{ 

' 22 d’ 


. 3 £/ 

■>. - ^ 

' 35 
.6EI 


i, - R,{ 

f 10 

<3EI 

4 * 
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267. Resulting Equations.—V\a.cing the total deflection at C, for 
all loads and forces, equal io R^k, have the following equation: 




Similar equations are derived by placing the total deflection at D equal 
to Jf?2 that at E equal to k, and that at F equal to k. 

d? k El 

Simplifying these equations by dividing by — and placing —^ 

Ih 1 CL 

= a, we derive the four simple equations: 


/?,( 64+9a) + i?2 (117+ 6a) + i?., ( 88+ 6a )-\- 6a )== P { 64+30) ' 
i?, (117 + 6fl) + i?2 (216+ 240) + i?;, (164 + 12 a) + i?4 (88+ i2a)==P(ii7 + 6fl) 

P, ( 44 + 3 o) + P2( 82+ 6a) + P3( 64+12 o) + P4 (35+ 6a)=P( 44+30) 

■^1 ( 47+6a) + P2( 88+i2o) + P3( 70+12 0) + ^^ (40+240) = P ( 47 + 60) - 


The algebraic solution need not be carried further. In any 


problem the numerical value of a 


kEI 


should be calculated, then 


substituted in eq. (ii), and the values of R^ determined 

by elimination. 

268, Equations for Seven and Five Supports ,—As it may be desired 
to analyze a case where a less number of supports arc involved, there 
are given here the necessary equations for the case of seven supports 
and five supports, calculated in the same manner as above described. 
For fairly rigid supports the equations for seven or even ave supports 
will give sufliciently accurate results for R^, 

For seven supports: 


2^1 (27+ 9 a)+75^2 (46+ 6 a)+7^3 (26+ 6 a) (27+3 a) 

(23 + 3<^)+-^2 (40 + i2a)+/?3 (23+ 6 a) =P (23 + 3 a) 

■^1 (13 + 3 «) +-^2 (23+ 6o)+P3 (14 + 12 a) =P (13 + 3 «) _ 

For five supports: 

Pj ( 8 + 9 "h El (11 *h 6®)~P(fl*h3^)) 

P, (ii +6 a) + P, (16 + 24 c) = P (ii +6 a) ) 


(12) 


(13) 


269. Diagram for Values of Reactions.—In the usual problem of 
bridge-floor design the value of a will rarely be less than i nor more 



Values of 


}68 
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Values of a 


kEI 
^ ~ (P ' 

k = deflection in inches of the transverse 
beam for a load of one pound, 
d = spacing in inches of transverse beams, 
E and / refer to longitudinal beam A B, 



Fig. 66.—Diagram of Reactions for a Beam on Multiple Supports. 


Values of 
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than 10. The practical application of this method can therefore be 
greatly facilitated by constructing a diagram of the values of the ratio 
of maximum reaction i?i, to the concentrated load P. Such a diagram 
is given in Fig. 66, calculated from eq. (ii), Art. 267. In addition, 
the values of P2, P3, and P4 are also given for use where two concen¬ 
trations are spaced closer together than 4 d, 

270. The foregoing is a good illustration of a method of solution 
applicable to quite a variety of cases. For unequally spaced support¬ 
ing beams, the number of unknowns would be increased and the 
equations would be modified accordingly. 

Where the beams or individual supports are not too widely spaced, 
sufficiently accurate results can be obtained by considering the sup¬ 
port to be continuous, an assumption which leads to a simpler solu¬ 
tion. This is arrived at as follows: 

Let p = pressure (upward load) per unit length of support, and 
k' = coefficient of flexibility of support = deflection for a load of 
unity per unit length. Then the upward pressure on the longitudinal 
beam per unit length will be p = ylk\ and hence, from Eq. (10), Art. i, 


El 


(14) 


y _ _ y 

” k' . 

Integrating this, we have 

y = e^^{A sin c :r -f P cos c x) + (C sincx + Z) cos ex), 

in which c = ^ . The constants of integration are determined 
^ 4 A / ^ 

d V 

by the conditions that y = o for x = ^ = o for x = 0 and x = 00 ; 

d X 

/ d^ y\ P 

and shear i— El = ~ - for a: = o. Applying these conditions, 
we get finally 

r» 

"" (sin ex + cos e x). . . . (15) 




8£/e3 


For X = o, y 
point is 


= — - and the pressure per unit length at this 

o E I 

_ y _ ^ 

^ k' SEIc^k' </64 Elk' 
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Applying this to beams spaced d units apart, we have Pod — Ri and 
k' — kd; hence 


Ri 


Pd 

^64 El kd 


or 


Rx 


P 

2.83 </a' 


(16) 


The dotted curve in Fig. 66 is calculated from this equation. 

The reactions at other beams can be obtained from Eq. (15) by 
using the proper value of x. A general expression is 


Rn = jRi 




+ COS n 



• • (17) 


where n is the number of spaces from Ri to Rn* 

271. Examples. —(i) What will be the maximum load on one tie of a 
bridge floor, the ties being of oak, 8" x 8" in section, spaced 12 in. apart and 
supported by stringers spaced 7 ft. apart. The rail is a 90-lb. rail with a 
moment of inertia of 35.2. 

The modulus of elasticity of the tie may be taken at 2,000,000. Its 
moment of inertia is 341. Then from eq. (3) the value of the coefficient k 

(21 — 4) X 12 = .0000072. The value of 


12^ 


is equal to 7— 

^ 6 X 2,000,000 X 341 

a of eq. (ii) is then 


kEI 

(P 


.0000072 X 30,000,000 X 35.2 
- ^ -= 440. 


From the diagran^. Fig. 66, we find, for a = 4.4, Ri/F = 0.26, that is, 
the maximum load on one tie is 26 per cent of the wheel concentration. The 
load on the next tie is about 22 per cent, on the third tie is about 14 per cent, 
and on the fourth it amounts to 5 per cent. A second wheel spaced three ties 
(three feet) from the first will add about 5 per cent of its weight to the load 
under the wheel in question. 

(2) Suppose a single-track steel floor system is to consist of elements 
spaced 16 ins. apart and of a depth of 18 in. Suppose, further, that the 
working stress to be employed is 15,000 lbs. per sq. in., and that the wheel 
concentration is 30,000 lbs., plus 100 per cent for impact. Let it be required 
to determine the maximum load on one of the floor elements. The width of 
the floor between supports is 12 ft., and the rails are 100 lb. rails having a 
moment of inertia of 44.4. They are supported in lo-in. channels having a 

♦ For detailed application of this method to railroad track, see Transactions of the 
American Society of Civil Engineers, VoL 82,1918, p. 1203. 
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moment of inertia of 4.0. The total value of / for the combination is there¬ 
fore 48.4. 

The value of k will be first estimated from eq. (4). Assuming approxi¬ 
mately that (} = 40 per cent of the wheel load, = 24,000 lbs., we have, 

for / == 12 ft., z = 3.5 ft., A = 18 in., 

_ i 5 >QQQ X 3.5 X 1 2 X ( 3 6 — 14) X 12 _ 

3 X 18 X 24,000 X E E 

k El 128 X 48.4 

® “ IT ~ 

With a = 1.5 we find from Fig. 66, R\ = 32 per cent of P or 19,200 lbs. 
We can now correct the value of k in eq. (4), finding, for Q = 19,200, 

k = Then a = 1.9 and the diagram gives = 31 per cent of P. If 

E 

the transverse beam is now designed for a load of .31 x 60,000 = 18,600 lbs., 
at a working stress of 15,000 lbs. per sq. in., it will meet the conditions of the 
problem. 

272. Stringer and Slab Floors for Highway Bridges.—Floor sys¬ 
tems of the type shown in Fig. 67 are in common use in highway 
bridge floors. In this system, a concrete slab acts as a transverse 


Floor Slab\ 

‘iyi 1 "r/Tiril 

'Kloorbeam 'Stringers 

beam to transfer loads to longitudinal beams called stringers, which 
in turn transfer their load to the floorbeams. The determination of 
the load carried by the stringers due to concentrated loads applied to 
the floor slab forms a special case of the problem considered in the 
preceding articles. 

It may be assumed that the floor beams are very rigid, compared 
to the rest of the system, for their design load is generally much 
greater than any loading resulting from concentrated loads in adjacent 
panels. The deflection of the floorbeams will therefore be neglected. 
Only a portion of the floor slab acts effectively as a transverse beam, 
the width of this beam depending upon the slab thickness, the pro¬ 
portions of the panel, and the spacing of the stringers. 

The problem under discussion may be illustrated by the conditions 



^Floorbeam ^Stringer 


Fig. 67. 
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shown in Fig. 68 for a transverse beam, or slab, supported by five 
equally spaced longitudinal beams, or stringers. As shown in Fig. 68, 
the concentrated load is not centrally placed, as in the preceding arti¬ 
cles. The analysis there given must therefore be modified to account 
for the changed conditions. 



Portion of Slab which 
fnrmg Transverse Beam 



Rigid Rigid 


Support 

SIDE VIEW 


Support 


Fig. 68. 


It is generally the case that the outside stringers differ in 
design somewhtit from the inside stringers and therefore have a dif¬ 
ferent coeflScient of flexibility. 

Let 

ki = coefficient of flexibility of the inner stringers; 
ko = coefficient of flexibility of outer stringers; 



Et and It = respectively the modulus of elasticity and moment of 
inertia of the transverse slab; 

kiErlr 


As in the previous problem, the reactions 2?2, i?3, and R4 are taken 
as redimdant and the solution obtained by placing the deflections at 
points 2, 3, and 4 equal to the reactions at these points multiplied by 
ki. Three condition equations are thus established from which the 
three redundant reactions can be calculated. A complete solution 
requires the load P to be placed at points i, 2, and 3 in turn. To 
illustrate the method, the load will be assumed applied at point 2 
and the condition equation for deflection at point 2 will be formulated. 
The deflection will be calculated in four parts, namely, that due to 
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P, i?2, Rsy and P4, respectively, each of these forces considered as 
acting separately, with beam supported at i and 5. 

Deflection Due to P .—From the general formula given in Table I, 
Art. 7, with X = d, I = 4d,zi = (f, 22 = 3 the deflection of point 2 

due to bending in the transverse beam = % P -—— — Y^P —Y The 

hir It O N 

reaction at i is ^ P and at 5 is 3 ^ P. The settlement at i due 
to bending of the longitudinal beam is ^ P ^0 and at 5 is 34 P At 
point 2 it will be in proportion or [34 + M (54 34 )] P ko = % P 

k 

_ r> fk/ ^0 I c/ 1 \ 


Total deflection = P (M ^ ^o). 

a N 

Deflection Due to Ro .—This deflection is given by the same expres- 

ko 

sion as that for P, but is upward. It is R2 ~ + i K). 

a iS 

Deflection Due to P3.—Here zi and zi = 2 d. The deflection due 

to bending = P3 -~ 'Y- '= ™ P3 Deflection due to movement 

12 EtIt 12 aN 

of end supports = ko. Total deflection = R3 + —\ 

2 \i2 a N 2/ 

upward. 

Deflection Due to R \.—Here Zi — ^ d, Z2 = d. The deflection due 


to bending 


- 7 -;?, A 

12 a N 


and due to movement of supports = ^ P4 ko. 


Total deflection = Ra 8 Adding the several 

k 

values and placing the sum equal to R2 ki = R2 we have 




This reduces to 


3 ko 5 , 

4 a iV ^ 8 


12 a N 8 / N 


.1^ ^ 

12 a N 2 


R2 (18 + 24a + IS a A/’) + (22 + 12 a iV) 1 . ^ 

+ l24(i4 + 9aiV) =P(i8 + i5aiV) j ' ‘ ^ 

In a similar manner, condition equations for supports 3 and 4 are 
readily derived. 
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If it is desired to draw influence lines for load effect, similar con¬ 
dition equations must be formulated for loads at supports i and 3. 
Reactions for loads at supports 4 and 5 are readily derived from 
^ose at supports 2 and i by means of reciprocal relations between 
loads and reactions. Thus it is evident that the reaction at support 
2, Fig. 68, due to a load at 4, is equal to the reaction at 4 due to a 
load at 2. In this manner all reactions may be determined. 

In the following summary, Table A, all condition equations are 
given for the system shown in Fig. 68. It will be noted from Table A 
that the left-hand members of all equations are the same, but that 
the right-hand members differ for the several loading conditions. 

The condition equations for a load at support 3, as given in 
Table A, may be simplified by noting that for a load at the center 
point, reactions R2 and Ri are equal. Therefore only two condition 
equations are required. These equations may be obtained by placing 
R2 = Ri in eqs; (i) and (2) of Table A. We then have 

[16 + 12 {1 + N) a] R2 + {ii + 6 N a) R3 = (11 + 6 N a) P 

(ii -H 6 A a) R2 -I- [8 -h 3 (2 -h A) a] Rs = (8 + 3 A a) P. 

These equations may be used in place of those given in Table A for 
the determination of the reactions due to a load at point 3. 

Condition equations for a five-panel floor system are given in 
Table B. 

In determining the reactions in any particular case, numerical 
values of A and a should be calculated and substituted in the condi¬ 
tion equations of Table A or B. The resulting equations are then 
readily solved for values of the reactions for the inside beams. Reac¬ 
tions for the outside beams can then be determined from the equa¬ 
tions given below each table. 

Values of A are readily determined as soon as the sizes of the 
inner and outer longitudinal beams are known. The value of a is a 
function of the rigidity of both the longitudinal and transverse beams. 
In the case considered in this article, the transverse beam is formed 
by a portion of the floor slab. The width of slab to be considered as 
effective in forming the transverse beam will depend upon the slab 
thickness, the proportions of the panel, the spacing of the longitudinal 
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CONDITION EQUATIONS FOR A FIVE-PANEL FLOOR 
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beams, or stringers, and to some extent on the method of attachment 
between the slab and stringers. Slabs 5 or 6 inches thick, the depth 
generally used in bridge floors, supported by steel stringers whose top 
flanges are bedded in the slab, probably have an effective width of 
about two-thirds of the span of the stringers. If the slab is merely 
supported on the top flanges of the stringers, the effective width of 
slab is probably about 0.4 to 0.5 of the stringer span. Direct attach¬ 
ment between stringer and slab increases the rigidity of the slab in 
the direction of the stringers, with the result that the effective width 
of the slab is increased. For thin slabs, about 2^^ or 3 inches thick, 
the effective width will probably not exceed the spacing of the stringers. 

Values of k, the coefficient of flexibility of the longitudinal beam, 
which, as stated above, is equal to the deflection in inches of the 
longitudinal beam due to a one-pound load, will depend upon the 
manner in which the one-pound load is applied to the longitudinal 
beam. If the transverse beam is a steel beam, the one-pound load 
may be considered as applied directly to the longitudinal beam and 

1/3 

k = ~ If the transverse beam covers the entire longitudinal 

48 £ / 


beam, the one-pound load is to be considered as uniformly distributed 

c p 

and k = - 5 - —If c / = assumed width of transverse beam = 
384 £/ 

length along which the one-pound load is assumed to act on the longi¬ 
tudinal beam, then a gene’ral expression for k is 


8-4C^ + c3 l_ 

384 £/■ 


^ 9 ) 


In determining the moment of inertia of the transverse beam, it is 
suflSiciently accurate to neglect the reinforcement and consider only 
the concrete area. The moment of inertia is then tV b h^, where b is 
the effective width, determined as stated above, and h = total thick¬ 
ness of slab. This approximation is permissible since the slab is not 
heavily stressed except in the vicinity of the applied load. Therefore 
the deformations in the greater part of the slab are due to stresses in 
the concrete, and the moment of inertia should be determined with 
respect to the concrete area. 
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273. Example. —Calculate the reactions and draw influence lines for the 
floor system shown in Fig. 69. One-pound loads will be applied at points 



I, 2, and 3 and all reactions determined. For the outside beams I = 700 in.^ 
and for the inner beams I = 442 in.^ Then from eq. (9) N = 0.6314. 

Taking into account the load distribution due to the pavement, it will 
be assumed that the effective width of the slab is 0.7 of the span of the 

stringers. Then from eq. (19), ft = 7—For an inner beam, I = 20.5 ft.; 

00 Jb I 


E = 30,000,000 and I = 442 in.^ Then ki == 0.00001871 in. From 
k'E I 

eq. (9), a = - - - . For concrete assume Et = 3,ooojooo. Neglecting 


the reinforcement It = tV^^- With ^ = 0.7 X 20.5 ft. = 172 in., and 
A = 5i in., It = 2,380 in.^ From Fig. 69, J = 42 in., the stringer spacing. 
Then 


(0.00001871) (3,000,000) (2,380) 
(42)^ 


Substituting iV = 0.6314 and a = 1.8 in the condition equations of Table 
B, the equations for the case under consideration are as given in Table i. 


TABLE I 

CONDITION EQUATIONS 


Bq. No. 



Ra 

Rh 

Absolute Terms. 

Load at 

No. 1 

Load at 

No. 2 

Load at 
No. 3 

I 

547 

321 

275 

170 

136-4 

276 

321 

2 

321 

719 

422 

275 

102.3 

321 

449 

3 

275 

422 

719 

321 

68.2 

275 

422 

4 

170 

275 

321 

547 

34-1 

170 

275 


flying these equations, the values of the reactions are as given in 
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TABLE n 


VALUES OF REACTIONS 



- 0.0146 


Fig. 70. 












380 PROBLEMS IN STATICALLY INDETERMINATE STRUCTURES 

In Fig. 70 are shown results of the foregoing calculations in the form 
of reaction curves and also influence lines. 

The floor system shown in Fig. 69 was designed by the Ohio Highway 
Commission for a highway bridge near Columbus, Ohio. Prof. C. T. Morris 
of Ohio State University made a series of tests on the floor of this bridge in 
^order to determine the load distribution on the stringers due to concen¬ 
trated loading. These tests are reported in Bull. No. 28 of the Ohio High¬ 
way Commission. The results obtained from these tests are shown by the 
dotted lines on the curves for reactions for loads at 2 and 3, Fig. 70. Note 
the close agreement between the observed and calculated values in most 
cases. 



CHAPTER VII 

SECONDARY STRESSES* 

274. Primary and Secondary Stresses.—It has been assumed 
heretofore in the analysis of stresses that all members of a truss are 
free to turn at the joints. It has also been assumed that all members 
are straight, that the joints lie in the gravity axes of the members, and 
that all external loads, including the weight of the members, are 
applied at the joints only. The stresses so calculated are the axial 
or direct stresses. They may also be called the primary stresses in the 
truss. 

These assumed conditions are not realized in practice. The joints 
offer more or less resistance to the turning of the members; the mem¬ 
bers themselves are not straight; the joints are often eccentric; and, 
finally, the weights of the individual members must be carried to the 
joints by the members themselves acting as beams. By reason of 
these modifying causes the members of the truss are in general sub¬ 
jected not only to axial or direct stresses, but also to bending moments, 
involving bending and shearing stresses. In a complete analysis of 
stresses it is convenient to calculate, first, the primary or axial stresses 
under the usual assumptions, and afterward to calculate separately 
the effects of the modifying conditions here mentioned, tk- resulting 
stresses being called secondary stresses. It will be found that the 
most important of the secondary stresses are the bending stresses; the 
shearing stresses, may, however, be important in some cases. There 
are also small secondary axial stresses, which act to modify slightly the 
primary stresses already found. These are also very small and need 
not usually be considered. 

275. Secondary Stresses Due to Rigidity of Joints. Nature of the 
Problem. —If the members of a truss were free to turn at the joints, 
the longitudinal deformations which are produced in the various 
members by their axial stress would, in general, cause a slight change 
in angle between all the members at all the joints. In the truss a k 

* See Chapter VIII for application of slope deflection method of calculating secondary 
stresses. 
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Fig. I, lor example, suppose the nature of the stresses in the var’ous 
members to be as indicated by the signs. In the triangle abc the member 
a c will be shortened and the members c b and a b will be lengthened. 
This will cause a decrease in the angle at b and an increase or decrease 
in the angles at a and c, depending upon the relative changes in o 6 
and c b. If the changes in the lengths of these members are known, 
it is possible to calculate what the changes in the several angles will 



be. So, also, for the other angles, it is evident that if the changes 
in lengths of all the members are known, the changes in all the angles 
can be determined. 

Now suppose the members arc rigidly connected at all the joints, 
by riveting or otherwise, so that the angles between the various mem¬ 
bers cannot change. The lengths of the members will still be changed 



as before, from the axial stresses, and the vertices of the triangles will 
move as before. This movement will now force the members of a 
triangle to bend, as represented diagrammatically in Fig. 2, thus pro¬ 
ducing bending moments in the members which arc a maximum near 
the joints. The secondary stresses arising from these moments are, 
in many cases, of large amount, and require careful consideration. 
T* is generally possible and sufficient to so design a structure as to 
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keep these stresses within low limits, and then to neglect them in 
the calculations, but in many special cases and in large and important 
structures they will require calculation. 

In Fig. 2, let a, 6, and c represent the original positions of the three 
joints, and a', 6, and c' the positions after the members are stressed. 
Let a, Py and y represent the original angles at a, 6, and c, and d a, 
d py and d y the changes in these angles if the members were free to 
turn at the joints. The angles between the dotted straight lines 
joining a', by and c', will then be equal to a + ^ a, p d py and 
y d yy respectively. In proceeding with a solution of the problem, 
the changes of angle d ay d py and d y are first found from the known 
changes of lengths of the sides of the triangle due to axial stresses. 
From these changes of angle the bending moments in the members 
are then calculated. The process requires the simultaneous con¬ 
sideration of all the members and angles of the truss and is, therefore, 
somewhat tedious, although simple in application if careful attention 
IS paid to signs and the work is well systematized. 

276. Calculation of the Changes of Angle in Any Triangle in Terms 
of the Changes in the Lengths of the Members.—Let a b Cy Fig. 3, be 


c 



the originat form of a triangle. Number the members i, 2, 3, as shown 
and let 

'^21 ^3 = stress intensity in each member; 
hy hy ^3 = length of each member; 

E = modulus of elasticity. 

si 

Then the change in length of any member will be in general 
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Consider the angle a and the change caused in this angle by changes 
of length in the various members, the joints being frictionlcss and 
the members remaining straight. Each member may be considered 
separately and the results added (the deformations being small). It 
will be assumed that each member increases in length, an increase 
being considered as a positive deformation. 


Suppose, first, that ab is elongated by an amount 


^2 ^2 

E ’ 


shown as 


b d in the figure. Assuming a and c to stand fast, the point b will 
move to 6', on a line b b' drawn perpendicular to ft c and intersecting 

V d 

a line db' perpendicular to aft. Then d a -p. But h'd ^ 

h 

si s 

bd cot ^ cot Hence 5 a = — ^ cot ; 9 . In the same 

hi E 

manner it is found that for a change of length in member a d a == 



Fora change in member be, let point ft (Fig. 4) stand fast 



and let ce 


represent the elongation of ft c. 


The position 


of c will be at c', the intersection of the perpendiculars c c' and e c\ 


cc 


ce 




Then 5 a = — =-. — ^ -. . 

ac a c sm y E ac sm y 

be 


But a c sin y = a k 


^ hence we derive by substitution, <5 o: = ~ (cot + cot r). 

cot 4 - cot T' E 

The total change in a due to changes of length in all three members, 

may then be expressed by the convenient formula, 
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% < 5 ® ““ Sn Sm S’* 

da ^ cot ^ H - ——- cot y. 

. . . (0 

Likewise, 

we have for the other angles 



d = — -- —- cot y H - —- cot a. 

rL hi 

... (2) 

and 

3 r = ' cot a - cot /^. 

h E 

• • • (3) 


Note that in each case the numerator is the value of s for the side 
opposite, minus that for the side adjacent, times the cotangent of the 
included angle. 

In calculations of the changes of angles in a triangle, a convenient 
check is the relation 

^ + .(4) 

277. The Deflection Angles of a Beam Subjected to Given Moments 
Applied at the Two Ends.—Consider the beam A B, Fig. 5, subjected 



to the moments and and shears and F2, but sustaining no 
intermediate loads. Assume a counter-clockwise direction of moment 
to be positive. 

From I M = o at ^ and B, we have, 


V, 


V, 


M, + M, 
I ' 


At any point C, distant x from B, the bending moment is 
= V,x = M, - (M, + M,) j. . 


( 5 ) 

( 6 ) 


The deflection A, at B, with respect to the tangent at A, considered as 
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positive downward, will be equal to — / —— (see Art. 3), or 

JB tL I 

A= - 


= -M,).(7) 

The value of the deflection angle Tj is A/Z, or 

(2 - JWj).(8) 

Likewise 

T, .(9) 


Eqs. (8) and (9) may be solved for My and in terms of Ty and Tj, 
giving 

My = — (2 Ti + Tj).(10) 



In a truss, distorted as indicated in Fig. 2, the members are sub¬ 
jected to bending moments and shears like the beam in Fig. 5. In 
addition to the forces here considered, there exist also the primary or 
direct stresses, which have been omitted in Fig. 5. So long as the 
distortion is small and the joints concentric, these direct stresses 
have little effect upon the bending moments, the lever arm being small, 
but where the distortion is large they exert a considerable influence 
therecn, especially in the case of compression members. It is possible 
to include this effect in the analysis, but such a solution is very laborious 
and not in general practicable. The methods of such exact treatment 
are considered in a subsequent article. For the present, the effect of 
the direct stresses upon the bending moments will be neglected. Where 
the joints are eccentric, the direct stresses cause large bending 
moments even though the deflection of the member is small. This 
case will be fully considered. 

278. Notation and Conventional Scheme for Signs. —^In calculations, 
such as here discussed, it is important that a convenient notation and 
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a scheme for signs be adopted and that it be closely adhered to through¬ 
out. It will be assumed that when the distortions of the members of 
a triangle are as shown in Fig. 6, the bending moments in the members 
at the ends are all positive. The values of t are also to be considered 
as all positive. 

The joints being numbered, the various t’s and M’s will be 


2 



designated by subscripts as shown. The lengths and moments of 
inertia of the members will be denoted in the same way, but 123 = 132, 
/j3 = I32, etc. Fig. 7 shows a truss in which all members are represent¬ 
ed as having positive moments at their ends and all values of r are 
positive. 

279. Values of the Deflection Angles t in Terms of the Changes 



of Angle d a, etc.—Consider any joint n of any structure, Fig. 8, and 
let the straight lines n-i, n-2, «-3, etc., represent the lines joining the 
several joints after distortion. The full lines show the bent forms of 
the several members. The angles r„„ t„ 2> and represent 
the deflection angles of the several members at joint n. Let a„ a 2, 
and aj be the original angles between the members i n 2, 2 » 3, and 
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3 w 4. After distortion, the angles between the straight lines joining 
the apexes will be respectively, a, + 5 a^, d a,, and aj + 5 as, 
as shown. Then if we select one of the deflection angles, as as a 



reference angle, we may express the other values of t at joint n in 
terms of and the changes of angle 5 a,, etc., as follows: 

= T„i + ^ a, 

^n3 = ^ ^ «2 

+ a a, + <? Oj + ^ «J 

and so on, for any number of members. Or, in general, we may write 
for any joint n 

I'nm = -fnl + ^ .(l2) 

where represents any value of t, is the reference angle selected, 
and -^7 ^ the sum of all angular changes up to the member n m 
in question. 

280, Selection of the Reference Deflection Angle.—It will be 
convenient at each joint of the structure to select a certain angle t as 
the reference angle, and to express all the other deflection angles at 
the joint in terms of this reference angle and the changes of angle a, 
as given in eq. (12)'. In the following analysis the reference angle will 
be selected as indicated in Fig. 9, namely, as the deflection angle of 
the first member encountered in passing around a joint toward the 
rights beginning on the outside of the truss. This deflection angle 
may be denoted by the use of a single subscript number, the same as 
that of the joint, as shown in Fig. 9. For an interior joint any con¬ 
venient angle may be taken, but it must be definitely designated in 
each case. 
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281. The Moments at Any Joint in Terms of the Deflection Angles 

T.—If the axes of the several members are concentric so that the 
primary stresses cause no bending moment, then we may write 2 M = o 



for the bending moments at the ends of the members intersecting at 
any joint. Thus in Fig. 8, we have 


Expressing these moments in terms of the several deflection angles r, 
as in eq. (10), we have 


2£/„i 


2 EL 


2EJ^ 


T-^ (2 + r J +(2 + T,„) + (2 t „3 + 

1 2 f n3 


, 2 EI 

+ ~j - (2 T„, + T J - O. 


(13) 


In eq. (13) each term contains a quantity I/I. For convenience, 
let this be represented by K, using a subscript to indicate the mem¬ 
ber in question. Then eq. (13) becomes (after dividing by 2 E) 

Kfil (2 Tni + Tin) + Kni (2 Tn2 + T2n) + etc. = O . . (14) 


A similar equation may be written out for each of the other joints 
of a structure, thus giving as many equations as there are joints. 
Since the values of t in these equations are all unknown, and since 
there are twice as many unknowns as there are members in the truss, 
the equations can not be solved in their present form. 

Now, as shown in Art. 279, each t can be expressed in terms of 
the reference angle t„ for the joint in question, and the known values 
of 5 oi, 5 02, etc. In the several equations will then appear as many 
different reference angles as there are joints, thus m akin g the number 
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of unknowns equal to the number of equations. These equations 
may then be solved for the values of the reference angles whence 
the values of all the t’s are obtained from eq. (12). 

Substituting for the t’s in eq. (14) values given by eq. (12) and 
collecting terms, we have, 

2 % [jRTni++f'^n3 + etc.] + 2 [2^1,2 6 Z1 + (S^i-hSZi) -h etc.] 
+ ^-Kin n ~i~ A"in 5 Z ^ + ^K2n t2 + ^ 5 Z ^ + etc. = o (15) 


In this equation 5 Z represents the angular changes Sai, Sos, etc. 

2 in 

iZ, etc., represents the sxun of all angular 

TJ 

changes from the reference angle T2 up to member 2 n. Expressed in 
general form, eq. (15) can be written, 

2[(SA)t„+ S(AS5 Z)] 

\ . /similar terms for 


[0 


+ \[K, 


. + A„ 




8Z) + 


)] = o (16) 


\ other members 
Eq. (16) is in convenient form for tabulation, as explained in 
Art. 284. 

If the axes of the members are eccentric, so that the primary 
stresses cause a turning moment at the joint, then if represents 
this moment, we have S M M„ = o, and eq. (i6) becomes, 
2 [(SA)t„ + S(A S 5 Z)] 

iffv < zr 'Sr'’"'*. A I /'similar terms for\“1 . Mn , \ 

+ L(K» + ^-2. J ^) + ( other members )J+51=° 

282. The Moment and Fibre Stress in Terms of r.—^Aftei the 
values of the t’s have been obtained, the bending moments can be 
obtained from the general equation (see eq. lo). 

Mnm = 2 £ Kfim (2 i'nm “I" Tmn).(18) 

From the general expression f = M cllfy/e have from eq. (i8) 

2 Ec 

T 


t 2 £,C / , s 

/nm T~ (2 ^nm i ^mn/ 


(i8a) 


In these equations M„m and f„m are respectively the bending 
moment and fibre stress at joint n in member nm, and c — distance 
of fibre from neutral axis. 

283. Omission of £ in the Calculations.—^Where the value of £ 
is the same throughout the structure, as is usually the case, this quan- 
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tity may generally be omitted from the calculations, thus saving 
labor and giving quantities more convenient to handle. The values 
of da, etc., from eqs. (1), (2) and (3), will then be E times too great 
and the values of t resulting from the solution of eqs. 14 also E times 
too great. Then in calculating M and / from (18) and (i8a), the 
quantity E is again omitted, thus giving correct values of M and /. 
Where a moment Mn, due to eccentricity or external force, is included, 
as in eq. (17), the term to be added is M„/2 instead of M„/2E. 
Whenever, for any reason, true values of t are needed, the values 
given by the foregoing process must be divided by E. 

284. Arrangement of the Calculations.—In calculations such as 
here considered, it is important to reduce the work to as nearly a 
mechanical basis as possible, and systematic and convenient methods 
of tabulation are important. Assuming the primary stresses to be 
already determined, the process of calculating secondary stresses may 
be considered in five steps: (i) Calculation of the changes of angle 
S a, etc.; (2) tabulation of the values of 2 5 a, etc., or 25 Z, as here¬ 
after indicated; (3) formulation of the equations, one for each joint; 
(4) solution of the equations; and (5) calculation of the several indi¬ 
vidual values of t and of the bending moments or fibre stresses. 

The most important part of the process is the convenient arrange¬ 
ment of the values of t so that equation (16) may be readily written 
out. The solution of these equations is not a long process. The 
method of arrangement here proposed is roost readily explained by 
means of a numerical example. 

Take the truss of Fig. 10 and assiune loads and dimensions such 
2 2 




that the unit stress s, in members 1-2 and 2-4 is 8,000 lbs. per sq. in., 
in 1-4,12,000 lbs. per sq. in., and in 2-3,15,000 lbs. per sq. in. Further- 
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more, suppose that the members have values of / as shown, taken 
about axes at right angles to the plane of the truss. 

This truss is symmetrical about the center and all deformations 
and stresses are similar on the two sides. This condition permits the 
calculations to be greatly shortened, but for purposes of illustration 
all members and all joints will be considered as if unsymmetrical, 
and the effect of symmetry considered later. 

285. (a) Calculation of Values of 5 Z.—Omitting £, the general 
formula for angular change is, from (eq. i): 

Sa = (ss — S2) cot ^ + (s2 — Si) cot7, 
where 53 is the unit stress in member opposite, and ^2 and Si are unit 
stresses in the members adjacent. Tension is plus and compression 
minus. The angles may be taken in any order, but where the several 
triangles are similar it is desirable to give the same letter to equal 
angles. A separate sketch of the truss is made (Fig. ii), on which the 
angles are lettered and the unit stresses written (shown here in thou¬ 
sands of p)ounds). The triangles are conveniently lettered A, 5 , C, etc. 

The values of the cotangents are as follows: 

cot a = 0.8333 cot jS = 1.20 cot 7 = o 


Then, by triangles, the values of 5 a, etc., are calculated as follows: 
6a = (15 - 12) X o + (15 + 8) X 1.2 = + 27.6 

- 8/3 = (12 - is) X o -t- (12 -f 8) X .8333 = + 16.666 

eS [87 = (- 8 - 12) X .8333 + (- 8 ~ 15) X 1.2 = - 44.266 


Triangle B, Same as for triangle A, 

286, (8) Calculation of the Values of b Z .—The reference angles 
are shown in Fig. 12. The values of 8 a, etc., are conveniently 

tabulated as given on p. 393, arranged in 


9 



Fig. 12. 


groups by joints. 

In Column (2) the internal angles at the 
several joints are stated in regular order, be¬ 
ginning with the angle first met with in 
passing around the joint as before described. 
The first side of the first angle listed at each 
joint is therefore the member whose deflec^ 
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tion angle is the reference angle of that joint. Thus at joint 2, mem¬ 
ber 2-4 is the one whose deflection angle is the reference angle T2. 
Column (3) contains the values of 5 a, etc., as obtained in Art. 276. 
These are called 5 Z. Column (4) contains the summation for each 
joint of the values of Column (3), up to any given angle. Thus at 
joint 2, the value of 5 Z for Z 423, is -f- 16.666, and for 321 is 
-h 16.666. The sum of these is -t- 33 332. If a third angle existed 
here its S Z would then be added in Column (4) to the value of 
+ 33-332 for Z 321, etc. 

In Column (5) are listed the several members meeting at the joint, 
given in the same order as the angles, the joint number being stated 
first in each case. In Column (6) are the several values ol K = 1/1 
for each member, and in Column (7) are the products of Columns 
(4) and (6). 

Columns (6) and (7) are important, as they contain, in convenient 
form, the values of K t for all members, in the following manner: 
For member 1-2 the value of t is ri, and K12T12 = 2.14 n, the 
coefficient of which quantity is given in Column (6), opposite member 
1-2. For member 1-3 the value of r is ris, which is equal, by eq. (12), 
to Ti -h 5 (213), = Ti + 27.6. Then K13T13 = 2.50 [ti •+• 27.6] 
= 2.50 Ti -f- 69.0, as given in Columns (6) and (7) opposite mem¬ 
ber 1-3, the angle ti being added to the coefficient of Column (6). 
Again, at joint 2, T2 is the reference angle and is the value of r for 
member 2-4; and A'24 r24 = 2.14 r2, as in Column (6). Then 
T 23 = T2 -f 5 (423) = T2 + 16.666, and K23T2S - 2.78 T2 + 46.33; 
also T2 i = r2 + 5 (423) + 8 (321) =r 2 -f- 25 Z = T2 + 33-332, and 
K21T21 = 2.i4T2-f 71.33, as given in Column (6) and (7). Like¬ 
wise, the value of KaiTsi (joint 3) is read at once as 2.50x3 — 221.3, 
etc., etc. 

287. (c) Formulation of Equations. —We will now proceed to 
formulate an equation for each joint after eq. (16). 

Joint I. —For this joint, eq. (16) becomes 

2 (K12 ti 2 -h Ki 3 Tiz) -f jRr2i r2i -h K31 T31 = 0. 

The quantity in parenthesis is the sum of all the values oi Kt for 
joint I. These are conveniently summed up in the table. Columns 
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(6) and (7), and the result there given is 4.64 ri + 69.0. This is 
to be multiplied by two. The values of K^i t2i and X31731 are 
obtained directly from the table opposite members 2-1 and 3-1 of 
joints 2 and 3. They are 2.14 T2 + 71.33 and 2.5073. Adding the 
absolute terms we have the equation 


9.28 71 + 2.1472 + 2.5073 = - 209.33 .... (a) 

Joint 2.—The equation for this joint is 

2 {Kzi 724 + K 23 723 + A.21 72i) ‘r A42 712 + K 32 732 + A^12 712 = O 

The quantity in parenthesis is the summation opposite joint 2 in 
Columns (6) and (7), and is 7.06 72 + 117.66. The other values of 
K 7 are found opposite the respective members, 4-2, 3-2, and 1-2. 
In formulating the equation the terms may be conveniently written 
down as follows: 

(2 2 A' 7) = 14.12 72 T 23^.3 
(A'42742) = 2.1474+ 59 -o 6 
(A'32732) = 2.7873 — 122.9 
(A12712) = 2.1471. 

Whence by adding absolute terms we have 

14.1272 + 2.1474 + 2.7873 + 2.1471 = — 171.5. . . (b) 

Joint 3.—Noting that the list of members in Column (5), oppo¬ 
site joint 3, may be strictly followed in finding the various single terms 
K 7, we may write out at once the quantities for joint 3 as follows: 


15.56 73 — 688.4 
2.50 7 l + 69.0 

2.7872+ 46.33 

2.50 74 

- 573-1 

whence 

15.5673 + 2.5071 + 2.7872 + 2.5074 = +573.1 . (c) 
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Joint 4.—^In the same manner, 


whence 


9.28 T4 + 118.1 
2.50x3 - 221.3 
2.14x2 

- 103.2 

9.28x4 + 2.50x3 + 2.14x2 = 4-103.2 . . . { d ) 


288. (d) Solution of the Equations .—Arranging the equations in 
systematic order, we have 


(а) 9.28x1 + 2.14x2+ 2.50x3 = — 209.3 

(б) 2.14x1 + 14.12x2 + 2.78x3 + 2.14x4 = — 171.5 

(c) 2.50x1+ 2.78x2 + 15.56x3 + 2.50x4 = +573.1 

(d) 2.14x2 + 2.50x3 + 9.28x4 = + 103.2. 


The solution may be made in any convenient manner, but the order 
of elimination used here will generally be found convenient for longer 
problems where it is a matter of some importance. 

From ( a ), ( b ), and (c), we get 

(a') XI + .231x2+ .269x3 = - 22.55 

{ b ') xi + 6.60 X2 + 1.299x3 + X4 = — 80.14 

(c') Xl + I.II2 X2 + 6.224x3 + X4 = + 229.2 

Then subtracting (a') from {b') and {a') from (c'), we have 

(e) 6.37 X2 + 1.030 t3 + X4 = - 57.59 

(f) .881 X2 + 5-955 ra + T4 = + 251.8. 

Then from (e), (/), and (d) we get, in a similar manner, 

(e') X2 + .1617 X3 + .157 X4 = - 9.04 

(/■') r2 + 6.760 X3 + 1.135 X4 = + 286.0 

(d') X2 + 1.168 X3 + 4-337 ’■4 = + 48.2 


(«) 

w 


6.598 X3 + .978 X4 = + 295.0 
1.006 X3 + 4.180x4= + 57.26. 
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Then from (g) and (A) 

(gO T3 + .148 T 4 = + 44.68 

(A') 73 + 4-155 ’■4 = + 52-93 


4.007 74 = + 12.25 

74 = + 3.06. 

Then, substituting back in (g'), (e'), and (a'), we get the following 
values: 

73 = + 44-23 

72 = — 16.67 
71 = - 30.63. 

289. (e) Calculation of the Several Values of r and of the Bending 
Moments. —The values of 7i, 72, 73, and 74 are inserted in Column 
(8) of the table, opposite the first member of the respective joint. 
The other values of 7 are found by adding to these, the values of 
S 5 Z, given in Column (4). Thus 713 = 7i + 27.6 = — 3.0; 
r23 = r2 + 16.67 = o; ’■21 = T2 + 33-33 = + 16.67, etc. Note that 
values of 7 in opposite halves of the truss are alike but of opposite 
sign. 

The bending moments are found from eq. (18), 

3 fnn» 2 K. (2 7 nm ”1~ 7 mn}- 

In Column (9) are given values of 2 7„„+ 7m„ for each member. Thus 
for 1-2 the value is 

2 712 + r21 = - 61.2 -f 16.7 = - 44.5; 

for member 1-3 the value is 

2 713 + t3i = — 6.0 + 44.2 = + 38.2, etc. 

The values of the moments are then equal to 2 K times the values 
in Column (9). The results are given in Column (10). The slight 
differences between the values of Mu and M\z, and .between M^z 
and il/42 are due to inaccuracies in the calculations. 
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Fibre stresses are readily determined from the moments, or from 
eq. (i8a), but the calculations will not be carried further in this prob¬ 
lem. From the signs of the moments and the adopted scheme, illus- 


2 



trated in Fig. 8, the true directions of bending are foimd to be as 
indicated in Fig. 13. 

290. Effect of Symmetrical Conditions in Shortening the Calculations. 
—^Where the structure and the load are symmetrical, as in this case, 
it is necessary to carry the equations only as far as the centre of the 
truss, as the values of t on the right will be equal to the corresponding 
values on the left, but of opposite sign. Where a vertical member is 
placed at the centre, as member 2-3, we have, from symmetry, 
t 23 = o, and T32 = o. But from the table, joint 2, Column (4), we 
have T23 = T2 + 16.666, whence t 2 = — 16,666. Likewise T32 = o 
= T3 — 44.27, whence 73 = -f 44.27. Then a single equation, eq. (a), 
Art. 287, is sufficient to determine n. In the preceding analysis the 
work has been fully carried out as would be necessary for unsymmetri- 
cal conditions. 

291. The Secondary Stresses in a Pratt Truss.—To fully determine 
the maximum fibre stresses in all members of a truss, due to both 
primary and secondary stresses, it is necessary to calculate the sec¬ 
ondary stresses throughout, for a single load at each joint. The 
results can then be combined with the primary stresses in any desired 
manner and the true maximum values determined. Correct maxi¬ 
mum results will not always be reached by adding the maximum 
secondary stress to the maximum primary stress, as these maxima 
may not occur simultaneously. Combined influence lines furnish a 
ready method of exact calculation for any kind of loading. To illus¬ 
trate these points, and at the same time the application of the pre- 
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Cfiding methods to a larger problem, a complete solution will be 
made of a six-panel Pratt truss. 

The general dimensions are shown in Fig. 14, and the various 
elements needed in the calculations are given in Table A. The joints 



are numbered consecutively as shown, for convenience in the work ol 
formulating and solving the equations. In selecting the order of 
numbering the same order may be adopted as is followed in drawing 


TABLE A. 


b 

s 

I 

Sectional 

Area 

Length 

Inches. 

1 

c 

Inches. 



c 

1 

Make-up of Section. 


sq. in. 








1-2 

29.44 

320 

1218 

9.12 

3.80 


.0285 

s 4 7 -’s 4" X 4" X I 

1 2 Pl.S. 18" X Y 

2-4 

29.44 

320 

1218 

9.12 

3.80 


.0285 

j 4 Vs 4" X 4 " X r 

1 2 Pis. 18" X Y 

4-7 

45-48 

320 

1907 

9.12 

5 -96 


.0285 


4 Vs 4" X 4" X r 

2 Pis. iS" X i" 







i 

1 



I Cov. PI. 26" X 9/1^ 

1-3 

58 -49 

490.7 

4490 

9-54 1 

14.08 j 

9.15 

.0104 

.0287 


2 Vs sY X 3i X r 

2 Vs s" X 3i" X r 

2 Webs. 22" X I* 


3-5 

52-35 

320 

3978 

9 . 191 

• 4-43 f 

12.43 

i 

i 

.0287 


" I Cov. PI. 26" X 9/16^ 


f 

.0451 


2 Vs 3i" X sY X i" 

5 ”^ 



3978 

9 -19 


( 

.0287 


2 L’s f X 3i" X i" 

52-35 

320 

• 4-43 i 

12.43 

1 

.0451 


2 Webs. 22 " X 9/16^ 

3-2 

16.00 

372 

94.8 


0255 


.0145 

4 Vs 5" X sY X Y 

3-4 

29.42 

490.7 

805.4 

7-5 

1.64 


•0153 

2 [’s 15" — 50 lb. 

5-4 

26.48 

372 

750,2 

7-5 

2 .016 


.0202 

2 [’s 12" — 45 lb. 

5-7 1 

PO . 58 

490.7 

358.6 

6.0 

• 73 ^ 


.0122 

2 ['s 12" — lb. 

^7 

14.70 

372 

288.0 

6.0 

•774 


.0161 

2 ps 12^ — 27 lb. 
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a stress diagram, beginning at joint i. The triangles are lettered in 
regular order. 

To make a complete solution, the stresses will be separately de¬ 
termined for joint loads at 7, 9, and ii, and to simplify the calculations 
these joint loads will be so taken as to give the same reaction at the 
left end in each case. Joint loads will therefore be assumed as follows: 
1,000 lbs. at 7, 1,500 lbs. at 9, and 3,000 lbs. at ii. For all three 
cases, the primary stresses in the left half of the truss will be the same. 
The final values of secondary stress can readily be reduced to the same 



Fig. 15. 


TABLE Bi. 

CALCULATION OF ^ Z, CASE 1. 


Triangle. 

Angle. 

Factor of cot ft 
(.8602). 

Factor of cot jS 
(1.162). 


( 

I 


0+ 11.28 

+ 13. II 

A .... 

2 

— II .28— 14.60 

— II .28 — 0 

- 35-37 

( 

3 

+ 14.60+11.28 


+22.26 

( 

2 

+ 22 .43— 14.60 

+ 22 .43 — 0 

+ 32.80 

B....] 

3 

+ 14.60—22 .43 


- 6.74 

( 

4 


0-22.43 

— 26.06 

( 

3 


— 18.88— 22 .43 

— 48.00 

C.... 

4 

-16.43-22.43 


-33 42 

( 

5 

+ 22.43+16.43 

+ 22 .43+ 18.88 

+ 81.42 

( 

4 

+ 32 .07— 18.90 

+ 32 .07+ 18.88 

+70-55 

n.... 

5 

+ 18.90—32 .07 


-11-33 

( 

7 


— 18.88— 32 .07 

-59.22 

( 

5 


0-32.07 

-37-27 

E .... 

6 

+32.07+24.65 

+ 32.07-0 

+ 86.05 

f 

7 

-24 65-32.07 


-48.78 
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basis by dividing by the joint load assumed in each case. The order 
of procedure will be the same as in the previous problem, but all three 
cases will be carried along simultaneously. 

292. (a) Calculation of Changes of Angles {d Z).—^Thcre being 
but two different angles in this truss (other than 90®), they will be 
called a and p in general, as shown in Fig. 14. 

Case /. Load of 1,000 Ihs. at Joint 7.—^The unit stresses s are first 
computed. These are conveniently shown on a diagram of the truss, 



TABLE B2. 

CALCULATION OF CASE 11. 


Triangle. 

Angle. 

Factor of cot d 
( . 8602). 

Factor of cot p 
Ci.i6a) 

dz. 

A to E. . , 


Same as 

in Table Bi. 



( 

6 

-32.07+24.65 

— 32.07-0 

- 43-64 

F.... 

7 

-24.65 + 32.07 


+ 6.38 



8 


0+32 .07 

+ 37.26 


7 


+ 18.88+ 32 .07 

+ 59 . 20 

G....] 

8 

+ 37.80+32.07 


+ 60.10 



9 

-32.07-37.80 

— 32 .07—18.88 

-119.30 

( 

8 

+ 44.86+ 32 .86 

+ 44 • ^ ^ 

+ 97 05 

H.... 

9 

— 32 .86—44 


- 66.85 

( 

10 


+ 18.88 — 44 . 86 

- 30.20 



9 


0—44.86 

- 52.12 

I ..... 


10 

+ 29.20—44.86 


- 13.48 



II 

+ 44.86—29.20 

+ 44.86—0 

+ 65 .60 



10 

+ 29.20+ 22 .56 


+ 44-s* 



II 

— 22 .56—29.20 

— 22 .56—0 

- 70-74 



12 


0+ 22 .56 

+ 26.22 


Note. —Values of fi Z for triangles I and J are twice the values for triangles A and B of Table B*- 
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Fig. 15. Then in Table Bi are given in tabular form the calculations 
of the changes of angle, arranged by triangles. Each angle is denoted 
by the apex number of the triangle in question. The values oi d /L 
for the right half are the same as those for the left half and. need not 
be recorded here. 

Case II. Load of 1,500 lbs. at Joint 9.—The nece.ssary calculations 



TABLE B3. 

CALCULATION OF d/, CASE III. 


Triangle. 

Angle. 

Factor of cot a 
(. 8602). 

Factor of cot ^ 

(r. 162). 


A \oG,.. 

Same as in 

Tal)le B2. 



\ 

8 

-22.434-32.86 

— 22.43— 18.88 

- 39.01 


9 

-32.864-22.43 


- 8.98 

( 

10 


+ 18.88+ 22.43 

+ 47-99 

L 

9 


+ 187.5+ 22.43 

+ 244 .0 


10 

-f 73.00+22.43 


<N 

00 

+ 

( 

II 

-22.43-73.00 

- 22,43- 187.5 

-326.09 

( 

10 

+ 73 00+56.40 


-Fill,3 


11 

-56.40-73.00 

- 56.40-187.5 

- 394-8 

( 

12 


+ 187.5 + 56.40 

+283-5 


are shown in Fig. 16 and Table B2. Up to triangle E the results are 
the same as in Table Bi, as the stresses are the same. 

Case III. Load of 3,000 lbs. at Joint ii.—^The values for triangles 
A io G will be found in Tables Bi and B2. The calculations for the 
remaining angles are given in Fig. 17 and Table B3. 

293. {b) Calculation of I d A and K I d A at the Several Joints .— 
The calculation and tabulation of these quantities for all three cases are 
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readily combined in Table C, p. 406. The values of K are the same 
for all cases. Furthermore, in all respects, Case II is the same as Case 
I up to Joint 5, and Case III the same as Case II up to joint 7. The 
values for Case I need not be carried beyond joint 7 because of sym¬ 
metry of conditions. 

294. (c) Formulation of Equations ,—From Table C, the equations 
are written out as explained in the preceding example, using the values 
of Columns (3), (7), (10), and (13). Thus for Case I, the equation 
for joint 3 is obtained as follows, from Columns (3) and (7): 


2 X 

23-48 T3 - 2 

X 390.1 

+ 

12.43 T5 + 

408.0 

+ 

1.64 - 

42.7 

+ 

0.26 Tj — 

9.2 

+ 

9 -iS 



whence 


(See summations for joint 3) 
(See member 5-3 under joint 5) 
(See member 4-3 under joint 4) 
(See member 2-3 under joint 2) 
(Sec member 1-3 under joint 1) 


9.15 Ti + .26 T2 + 46.96 + 1.64 T4 + 12.43 424-I- 

The list of members under joint 3, Column (2), is used for finding the 
various terms in the table after the first. For Cases II and III the 
equations for joints i to 5 are identical with those for Case I. 

For joints beyond No. 5, the equations will be different for Cases 
I and II, and beyond joint 7 they will be different for each case; but 
it will be noted that the coefficients of t are functions of K only and 
arc the same for all cases. Hence the equations, where different, will 
differ only in the absolute terms. The equations for all three cases 
can then conveniently be arranged in a single table. Table D contains 
all the equations for all the cases thus formulated. 

295* (d) Solution of Equations ,—^The solution of the equations 
for all three cases may be carried along together as far as necessary. 
The same general method of elimination is used as in Art. 288. The 
entire work is given in Table E, the final values of t for the three 
cases being given at the foot of the table. 

The process is as follows: Eqs. (i), (2), and (3) of Table D, 
containing t,, are each divided by the coefficient of r^, giving eqs. 
(i'), (2'), and (3') of Table E. Eq. (1') is then subtracted from (2') 
and from (3'), giving (a) and (6), and eliminating Tj. These two 
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TABLE D. 

EQUATIONS FOR CASES I, II, AND III. 


No. 

of 

Joint 
or Eq. 

First Member of Equation. 

Absolute Terms. 

Case I. 

Case 11 . 

Case III. 

I 

2C 00T.+ 2 8 ot. 4 -() . = 

-b 197.6 







2 

7 80 T, -bis 7 2 26 T . 4 -2 .80 T. 

-b 2.53 



3 

9.15 T,-f .26 r_. 4 - 46.06 T, f I .64 T^-f 12 .43 T5. . . ---■ 

-b 424 bi 



4 

3 .80 I .64T3 -f 26.84 2 .02 T^-f 5 .96 T;. . . 

+ 380-5 



5 

12 .43 Tj-f 2 .02 T,-f 55.22 7 ^- 1 - 12.43 T,.-f .73 . = 

-2541 .0 

■— 929.0 


6 

12.43 T5-f-5I.26T^-f .77 T; 4 -I 2.43 Ts. = 


-3320.5 

-1629.5 

7 

5 ,96 T, f .73 Tj+ .77 T,+ 28.30 T,+ .73 T, 1 - 5 .96 T,= 


-b 786.8 

4 - 886.1 

8 

12.43 T„+ .73 r7+55.22 Tg+2.02 T.,+ 12.43 ~ 


- 5 M 9-7 

— 40T1.0 

9 

5 .96 tj-b 2 .02 T„-f 26.84 Tg-f I .64 T,„ 4 - 3 .80 T,1. . 


+ 2909.5 

+ 37-7 

10 

12 .43 I .64 Tg-b46.96 T,o b .26 T,,-f 9.15 T ,. J . 


- 97 -5 

- 89()4 .2 

II 

3.80 Ty-b .267,0-1-15.72 r,, 1-3.80 7,2. - 


b 898 9 

+ 5179.8 

12 

9 • 15 7 u)-r 3-^0 -5 90 . 


- 460.3 

— 2446.6 


equations arc then divided by the coclTicient of giving (a') and 
(6'). Then in Table D, eq. (4) is also divided by the coefficient of r^j 
giving (4') of Table E. Then, as before, («') is subtracted from 
(6') and also from (4'), giving (c) and (d) and eliminating Then 
T3 is eliminated in the same way. To eliminate z^ we use eqs. (c), 
(/), and No. 7, instead of No. 6, as the latter docs not contain z^ while 
the former does. Then eq. (6) is next used in eliminating 1-5, after which 
the equations are used in regular order. Finally the values of 
for Cases II and III, arc obtained in eq. (w')- Having these, the values 
of are most readily obtained from eq. (a')? then Tjo from ((/), etc. 
The several values arc given at the foot of the table. The process for 
Case I is carried only so far as to eliminate giving eq. (^), from 
which (g^ is obtained, which contains Zq, and Zy. From symmetry 
we know that the member 6-7 has no moment at cither end, hence 
^67 = o, and ZjQ = o. From Table C, joint 6, we have z^j = + 
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86.05, whence == — 86.05. Also under joint 7, ^ — 108.0, 

whence ^ + 108.0. These values, substituted in eq. Case I, 
determine r^. Then is obtained from eq. (e?'), etc. 

296. (c) Calculation of Individual Defection Angles and Fibre 
Stresses, —^^Fable E gives the values of the reference angle for 
each joint. The various angles, r, for each member, arc now obtained 
from Table C by adding to the reference angle for the joint, the value 
of J (J L for the member in question. Thus for member 5-4, Case I, 
the value of r.j is — 31.7 — 48.6 =- — 80.3; and for this member, 
Case II, it is — 10.9 — 48.6 =- — 59.5. For the other end of this 
member, — 8.75 — 59.48 -= — 68.2, and + 13.56 — 59.48 = 

— 45.9, respectively, for Cases I and II. These values of r arc given in 
Table F, for all members, and for all three cases. In following 
columns of the same table arc given the values of 2 4- for use 

2 c 

in the fornxula for fibre stress, eq. (i8), - — (2 t„,„+t„,J. 


Thus for member 5-6 the value of this quantity is 2 X etc. 

Finally, the fibre stress for i,000-lb. joint loads is obtained by multiply- 

2 c 2 c 

ing these values by the quantity ^ for Case T, l)y —- for Case If, 

/ " 1.5 / 

2 c 

and by ~ for Case III. 

In regard to signs, the sign of r indicates the direction or inclination 
at the joint, as shown in Fig. 9. Assuming all values positive, then 
the members will be bent toward the right with respect to the joint as 
centre as in Fig. 8. A plus sign for / will then signify a tensile stress 
in the fibre first met with in passing around the joint toward the right, 
the upper fibre in members on the right of the joint and the lower fibre 
in members on the left, etc. On account of the different effects of 
loads on different joints, it is desirable to use the sign for / in this 
way until the necessary combinations are made. For unsymmetrical 
members, such as the top chord and end post, two values of / are 
determined, the first being the stress in the fibre corresponding to the 
one referred to above, namely, in the fibre fijrst met with in passing 
around the joint The second value is the stress in tbe opposite 
fibre. 
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VALUES OF DEFLECTION ANGLES r, AND FIBRE STRESSES/ 
(The fibre stresses are for 1,000 lb. joint loads.) 
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297. (/) Total Secondary Stresses and Relation to Primary Stresses, —^ 
From Tabic F the fibre stress /, in any member, due to 1,000 lbs., at 
any joifu., can be obtained. Thus for member 2-4, load at 2, the stress 
is the same as in member 11-9, for load at ii, but with opposite sign, 
etc. In Table G, are brought together the values of the primary and 
secondary stresses at each end of each member of one-half of the 
truss, for a load of 1,000 lbs. at each joint. There is also given the 
total secondary stress which occurs for the same loading as the maxi¬ 
mum primary stress. This is given both in pounds per sq. in. and 
also as percentage of the maximum primary stress. For the end post 
and top chord sections both top and bottom fibre stresses are given 
[indicated by and For the other members, only one value is 

given, this value being the stress in the fibre first met in passing around 
the joint in clockwise rotation. These signs correspond to those of 
Table F. As these members arc all symmetrical, there will exist in 
all cases equal stresses of opposite sign from those given. The sign 
is therefore important only in combining results for loads on several 
joints. 

It will be seen that for some members the secondary stresses 
are not a maximum when the primary stresses arc a maximum, but 
inasmuch as the primary stress is generally much larger than the 
secondary stress, the total is generally a maximum when the primary 
stress is a maximum. On this basis the percentages in Table G are cal¬ 
culated. The secondary stresses in the chord members are generally 
of like sign for all loads, so that these stresses are a maximum, or nearly 
so, for full load. This relation is apt to be disturbed for loads applied 
near the member in question. Thus for member 4- 7 all secondary 
stresses are plus except for load at 4, which gives a negative value. 
Again, in member 2-4, all values are negative except for load at 4. 

In the web members the loading for maximum primary stress 
causes nearly the maximum secondary stress. In 4-5, for example, 
the maximum primary requires joints 7-11 to be loaded. This loading 
gives also maximum secondary stress. In member 7-5 the same is 
true, excepting for the small stress of -f .70 for load at 7. In 4-3 
there is also one exception to this rule. In the hip-vertical a fully 
loaded structure gives nearly the maximum secondary stress. 

The true relations can best be seen by the use of influence lines. 
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Such lines have been drawn in Fig. i8 for some of the most importan* 
stresses. In these diagrams the primary stresses and the secondary 
stresses for both ends have been shown for members 1-2, 3-5, 4-7, 
and 4-5. The shaded areas show the secondary stresses at one end, 



and the dotted lines those at the opposite end, the ordinates to the 
latter being plotted below the axis when of like sign to the primary 
stresses. The combined influence line for the sum of the two stresses 
may be used, if desired, for getting the exact maximum fibre stress 
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for any kind of loading. Sufficiently accurate results for most pur¬ 
poses will, however, be obtained by the assumption of equal joint 
loads, as in Table G, as the information desired is generally the per¬ 
centage relation of the secondary stress to the primary stress, and this 
will be but slightly affected by the nature of the loading. Fig. 19 



shows the nature of bending in the various members for a fully loaded 
structure. 

The analysis here made assumes the loads applied at lower joints. 
For upper-joint loads the results will be somewhat different owing to 
the difference in stress in the vertical posts. For dead load, therefore, 
the results apply only for that portion applied at the lower joints, but 
as the load applied at the upper joints is generally small, compared to 
the total load, it is sufficiently accurate for most purposes to assume 
the dead load applied at the loaded chord. The greatest difference 
will occur at the end where the influence of the hip vertical is of primary 
importance. 

298. General Remarks on the Foregoing Method of Calculation.— 

The calculation of secondary stresses, even of a small truss, has gen¬ 
erally been considered by engineers a very laborious operation, requiring 
many days’ time of a skilled computer. A systematic arrangement of 
the calculations, as illustrated by the preceding problem, will, to a 
large extent, obviate this objection to such calculations. By the 
method here given, a good computer, after becoming familiar with 
the process, can make a complete analysis by joint loads of an ordinary 
truss in less than two days’ time. For larger structures of single 
intersection the labor involved increases about in proportion to the 
number of panels. The number of equations is increased, but in their 
solution the number of operations is increased only in the same pro¬ 
portion as the number of ecpiations. Additional cases of loading, 
required by more numerous joints, require somewhat more work, but 
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it will be noted from Tables B and C that each new case involves 
only a small portion of the structure. 

Very often sufficient information can be obtained by calculating 
the secondary stresses for a fully loaded structure. Such a loading 
gives the maximum stresses in all chord members, the end post, and 
generally in the hip vertical. This being a symmetrical load, only 
one-half of the truss need be considered, corresponding to Case I. 

The order of elimination adopted in Table E is to be noted, espe^ 
cially with reference to the subtraction of one equation from another. 
Thus, referring to the group (c^), ((/'), and (5'), cq. {c) is subtracted 
from {d')y and also from (5'). This procedure is convenient and main¬ 
tains the relative accuracy as far as possible. 

Again, assuming equations (4'), (sO? (^ 0 ) to be correct, it 
will be found that the order of procedure here adopted is such that 
any error made in the calculations tends to become smaller as the 
work progresses, so that no great accuracy is necessary to secure 
satisfactory results. Furthermore, after the value of tv2 is obtained 
and the others are found by substituting back in (^''), (</'), (o'), etc., it 
is seen that here, also, any error of calculation tends to become less 
on account of the small values of the coefficients in these particular 
equations. These general relations are brought about from the fact 
that in the equation of equilibrium at any joint, given in Table D, 
the coefficient of the r for the particular joint is relatively large, equal 
to twice the sum of all the other coefficients. 

299. Solution by Successive Approximations. —The general relation 
of the values of the coefficients mentioned above enables the method 
of successive appropriations to be used. In such a method approxi¬ 
mate values are first found by omitting from each equation all values 
of r excepting the one relating to the particular joint. Thus from 
eq. (i), we have ri = 197.6/25.9; and from eq. (2), t 2 = 2.33/15.72, 
etc. The approximate values thus found are then substituted in the 
several equations and more accurate values determined, etc.* This 
method requires about the same amount of work as the direct method, 
but has the advantage of enabling mistakes in calculation to be 
readily discovered. Secondary stress calculations need not be made 
with a high degree of precision. 


See Art. 377 for example. 
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300. Approximate Methods of Calculation for a Limited Numbei 
of Joints.— When, for a particular loading, it is desired to determine 
the secondary stresses in a certain part of the structure, or in certain 
members only, very satisfactory results can be reached by neglecting 
the effect of the joints that arc remote from the joint or joints in 
question. Results will be more accurate as more joints arc included 
in the calculations, entire accuracy requiring the consideration of all 
the joints. It is generally sufficient, however, to include only one 
joint in each direction beyond those under consideration. Thus, in 
Fig. 20, if the stresses at joint 5, only, are desired, we may neglect all 
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joints beyond 3, 4, 6, and 7. The small inffuence of Tg on may be 
noted by referring to cqs. (^')) (/'). and (^') of Table E. The value 
of Tg appears to the extent of 2 per cent in and 26 per cent in 
Then t^ appears to the extent of 0.7 per cent in T5, and to the extent 
of 24 per cent. Hence tg comes into Tr, to the extent of about 6 per 
cent. 

Examplks.— (i) As an example, this approximate method will be applied 
to joint s of the truss analyzed in the preceding articles, assuming the loading 
of Case I, that is, 1,000 lbs. at joint 7. Limiting our attention to joints 3, 4, 
5, 6, and 7, we proceed to formulate the five equations. If this problem 
were to be solved from the beginning it would be necessary to calculate the 
values of d L for triangles C, />, and E, and for the angles at 3, 4, 6, and 7 
of triangles A, and G, so that in Table C, the values of 3 I for all the 
joints considered would be known. Assuming this done the equations are 
written from Table C as follows. 

Joint 5.—This equation is the same as given in Table D, and is used in 
complete form. 

Joint 4.—This equation is made up in the same manner as before, except 
that the value of is omitted (including both Tj and the absolute term). The 
several terms are derived as follows: 

from joint 4, ( 2 ’ A’ -f J Z) 26.84 ^4 - 193.9 

from joint 3, member 3-4 1.64 T3 — 78.7 

from joint 5, member 5-4 2.02 — 98.1 

from joint 7, member 7-4 5.96 Vj 
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whence the equation 

26.84 ^4 + 1-64 ^3 + 2.02 T5 + 5.96 Ty = + 370.7. 

In the same manner we write out the equations for joints 3, 6, and 7 as follows: 
(3) 46.95 Tg + 12.43 ^5 + 1.64 == + 415-0 

(6) 51.26 .77 Ty + 12.43 Tg =--43277 

(7) 28.3 T7 + 5.96 T4 -f .73 Tg + .77 Tg = -f- 2951.8 

Solving these equations as before, we get Tg = — 33.5 as compared to a value 
of — 31.7 by the exact process. 

(2) As another illustration take joint ii, Case II, as this value is relatively 
large. Consider only joints 9, 10, ii, and 12. The equations are written out 
as before. They are: 

(9) 26.84 Tg -f 1.64 T,<j -f- 3.80 T,i =- 293.9 

(ip) 46.96 Tjo 4 - 1.64 Tg 4 - .26 T,i 4 - 9.15 Ti2 = - 8994.2 

(11) 15.72 T,1 4 - 3-8o Tg 4 - .26 Tio 4 - 3-8o T^g = 4 - 5180. 

(12) 25.90 Ti 2 4-9.15 Tio 4 - 3.80 Til = - 2446.6 

Solving, we get t^ = 4 - 366.1 as compared to 4 - 365.6 by the exact process. 

The method of approximation here used assumes r = o at the ends of the 
members where the joints are not considered. This is equivalent to assuming 
these members to have one-half as much moment at the remote ends as at 
the joints considered. The results are probably more accurate than if the 
remote ends be assumed as hinged, and the equations are more easily for¬ 
mulated. 

301. Effect of a Collision Strut upon the Secondary Stresses in 
the End Post.—Suppose in the truss analyzed in the preceding articles, 
a collision strut 2-a be used (Fig. 21), having a moment of inertia of 

Unit Stresses Stresses “S" 



50 in*. Its effect upon the secondary stresses in the member 1-3 will 
be determined for a load of 1,000 lbs. at each joint. The angle 
i-a-2 is 90°. 

Fig. 21 gives in the right half the primary stresses S, and in the 
left half the unit stresses s. The stress in the member a-2 will be 
zero. The unit stresses in all members, excepting 3-4, 5-4, and 5-7, 
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may be taken from Table G, Art. 297. The calculations of 5 Z’s 
requires the consideration of the two triangles, /I, and A^, and of 
member a-2. 

The loading being symmetrical, it will not be necessary to carry the 
equations beyond joint 5, the values of Tj and r, being obtained from 
the condition that both and t,j = o. There will therefore be six 
equations, including that for joint a. These equations are as follows: 


(1) 50.64 T,+ 21.52 T„+ 3.80 Tj =- 7,710 

(a) 21.52 T,+ 75.30 T„+ .206 Tj + 15.92 T3 =-14,400 

(2) 3.8otj4- .2o6t^+ 16.12 Tj + .26 Tg + 3.8 ot 4= -f 2,372 

(3) 15*92 -26 T2-f- 60.49 ^ 3 + 1.6474 + 12.4375=4- 2,518 

(4) 3.8072+ 1.64 73+26.84 74+ 2.0275+ 5*96 T7= + 2,782 

(5) 12.42 73+ 2.02 74+ 55.22 75 + 12.43 ^6 + *73 ^7= 8,194 

It will be noted that, except for members 1-3 and a-2, the left-hand 
members of the equations arc the same as in Table D. 


The solution of these equations gives the following results: == 

-81.2; 7^ = -194.1; T2-+ 153.7; T3=+ 121.6; 74 =+524; 

75 = — 150*7* The stresses at joints i, a, and 3 are as follows*. 


TABLE H. 

STRESSES WITH COLLISION STRUT. 


Member. 

Secondary Stress. 

Primary 

Stress. 

Per cent 
Secondary to 
Primary. 

f i-a 

-43^ 

1 

7.6 

End Post.^ 

a-i 1 

-28.1 T 

1 

y — s 6.4 

50 

i 

|<'-3 

— 28.1 T 

1 

50 

1 

[ 3 -^ 

— 24.85 

J 

44 

Top Chord. 

3-'S 

— 27.85 

-65.7 

42 

Bottom Chord. 

1-2 

+ 10.2 5 

+ 730 

1 

14 


The very large secondary stresses of 44 per cent to 50 per cent, at 
joints a and 3 arc very significant and show the detrimental effect of 
the collision strut upon the end post. Without the strut the maximum 
secondary stresses in this member, given in Table G, Art. 323, are only 
7.5 per cent and 9.2 per cent. This case illustrates the general effect 
of secondary members attached to large primary members in such a 
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way as to cause them to deflect out of line. Other illustrations are 
given in Art. 342. 

302. Effect of Eccentric Joints. —If the axes of the members at 
any joint do not intersect in a single point, then the primary stresses 
produce a moment which must be balanced by the secondary 
bending moments at the joint. This moment, M^, is taken account 
of as explained in Art. 281 and eq. (17), by adding to the moment 

M 

equation of the joint the term —g, or if E is neglected, the term is 


M 

—A positive value of this moment is when the tendency of rotation 
2 

about the joint is clockwise. 

Suppose in the Pratt truss of Art. 291, the joints in the top chord 
and end post are eccentric by i inch, the intersection of the axes of the 
web members being i inch below the gravity axis in each case. The 
secondary stresses in the end post and top-chord members will be 
determined for the case of a symmetrical loading of 1,000 lbs. at each 
lower joint. Only five equations will be needed, and the coefficients 
of T will be the same as those given in Table D. The absolute terms 
will be different and will include the moments at the joints due to 
eccentricity. 

The total stresses, 5 , and the unit stresses, s, are the same as given 
in Fig. 21. The detailed calculation of the angular changes will not 
be given, but the results are shown in Table I, together with the values 
of i" 5 Z and /if i" 5 Z, as in Art. 293. 

The moment of the primary stresses at joint 5 is equal to the hor¬ 
izontal component of the stress in 5-7, multiplied by i inch, = 500 X 

7 20 

~— X I = 430, and is negative in sign. The term to be added to the 

372 

left side of the equation is therefore — 430/2 = — 215. The absolute 
term for joint 5 is then made up as follows, from Column (7), Table I: 


Joint 5 (2 X 2642.3) 

+ 5.285 

Member 6-5 

+ 3.194 

" 7-5 

- 43 

“ 4-5 

— 242 

External moment 

- 215 

Total 

+ 7.979 
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At joint 3 we may conveniently take the moment centre at the 
intersection of the diagonal and hip vertical. The moment of the 
top-chord stress is then — 3,440, and of the end post is -f 3^300, giving 
a net moment of — 140 in.-lbs. The term — 70 is then to be added 
to the absolute term for the equation for joint 3. At joint i, assuming 
the intersection of the axis of 1-2, and the reaction, to be i inch below 
the gravity axis of 1-3, the moment will equal the stress in 1-3 times 
I inch, = — 3,300 in.-lbs., giving the large term - 1,650 to add to the 
equation for joint i. The resulting equations are as follows: 


(1) 25.90 Ti + 3 80 Tj + 9.15 T3 

(2) 3.80 + 15.72 Tj + .26 T3 + 3.80 

(3) 9-15 + -26 Tj + 46.96 T3 + 1.64 T, + 12.43 

(4) 3.80 Tj 4- 1.64 T3 + 26.84 T4 + 2.02 Tj + 5.96 

(5) 12.43 ^3 + 2.02 T4 + 55.22 T5 + 12.43 + -73 

Also T„ = O = Tj + 128.5 

and T„ = o = T7 — 150.4. 


= + 451 
= + 1,522 
Tj = - 2,448 
T-j = + 2,784 

^7 = - 7,979 


The solution of these equations results in values of t as given in Table 
I. From these values we find fibre stresses and percentage secondary 
stresses to primary stresses as follows; 


TABLE J. 

SECONDARY STRESSES WITH ECCENTRICITY. 


Member. 

Secondary 

Stress. 

Primary 

Stress. 

Percentage 
Secondary to 
Primary. 

Percentage 

without 

Eccentricity. 

End Post 1 

j 

- 1.16B 

- 0.47 B 

1 -56.4 

2 .0 

0.8 

/•5 

51 

fss 

Ton Chord -! 

is6 

l^S 

- 4-155 

—10.18 T 

- 5-45 T 

- 8.34 r 

j- 65-7 

1 - 74-0 

6 - 3 

I 5 -S 

7 - 4 

II .2 

0.2 

15-2 

8.8 

10.6 


In the last column are given the values from Table G, Art. 297, which 
are the percentages without eccentricity. It will be seen that the effect, 
of eccentricity is small except in the end post, where it happens to be 
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of such sign to reduce the stresses. Generally speaking, the effect of 
eccentricity is to increase the secondary stresses. 

303. Effect of Pin-Connections.—If certain members are pin- 
connected the maximum moment that can develop at the ends of such 
members is limited to the moment required to turn the member on the 
pin. If, on the assumption of rigid joints, the resulting moment is 
less than this limiting value, then the member will not turn and the 
moments so calculated are correct. If, however, the calculated mo¬ 
ment is greater than such limit, then the member turns and the actual 

bending moment is equal to the turning 
moment. Whether a member will turn 
about the pins depends upon the stiffness 
of the member, size of pin, and coefficient 
of friction. A general analysis will assist 
in judging what is likely to happen. 

Fig. 22 represents the end of a pin-connected member. 

Let S = total direct stress; 

A = gross sectional area of the body of the member; 

5 = working stress on gross area; 

/ == fibre stress due to bending at the joint, 

D == diameter of the pin; 
k = coefficient of friction; 
h = depth of member, assumed as symmetrical: 

I = moment of inertia of member; 
f = radius of gyration. 



Fig. 22. 


Under the stress 5 , the turning moment required to overcome friction 


is M = 


SkD sAkD 


. The resulting fibre stress is 


/ = 


Mh 

2 I 


s kD h 


whence the ratio of the stress / to the working stress s is 

kDh 


fh = 


4f*’ 


(19) 


(20) 
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For rectangular sections, such as eye-bars, r = .29 h, and for buih-up 
sections r will generally range from .35 h to .4 h. If we take k = .2, 
we then have approximately, 

//« =-SS-^to.so-^.(2ij 

For eye-bars Djh is generally not less than whence for such mem¬ 
bers fjs = .55 X .75 =.41; that is, the secondary stress / must be 
about 40 per cent of the working stress in order to turn the bar. 
Such a large secondary stress in the case of narrow sections, as eye- 
bars, is unusually great and not likely to occur. Even with a 
coefficient of friction as low as 0.15 the necessary bending moment 
would not be likely to develop. Hence we may conclude that eye- 
bars generally do not receive sufficient bending to cause turning on 
the pins. 

In the case of built-up members the ratio oi Djh will generally 
be much smaller than for eye-bars and may indeed be quite small. 
A ratio of 1/3 represents an ordinary value. This gives fjs = K X 
.30 = .10 (assuming r = .4/O, that is, a turning on the pins will 
occur when the secondary stress is 10 per cent of the working stress 
on gross section. 

This analysis assumes the pressure on the pin equal to the total 
stress in the member. For built-up members, continuous beyond 
the pin, as the usual top chord section, the pin pressure at intermediate 
joints is only the increment of chord stress and much less than the 
total stress. In such a case a turning on the pin will be brought about 
at much lower bending stresses than calculated above. Since a second¬ 
ary stress of 10 per cent may be considered a minimum, it may be 
concluded that with a coefficient of friction of 1/5 to 1/4, built-up 
members will, in general, turn upon the pins. 

In the calculation of secondary stresses, therefore, in structures 
partly or wholly pin-connected, it may generally be assumed that 
eye-bars do not turn and that built-up members will turn. In the 
latter case a turning moment equal to the moment of friction will 
develop, which may be taken account of by treating it as an exterior 
moment at a known value. But for most purposes such moment may 
be neglected and the pin-ended built-up member omitted in the 


II .—30 
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calculations, without, however, ignoring the fact that in some cases 
the friction of turning should be estimated, as for example, at the 
hinges of an arch. 

The value of the coefficient of friction between a pin and its bearing 
is a matter about which little information is available. It is probable 
that in new work, with pins well painted, the friction is considerably 
less than 0.2, but in old work where rusting has taken place the friction 
is greater. An occasional turning on the pins tends to prevent the 
friction becoming excessively great through rust, while, on the other 
hand, a fixed condition of the joint, such as is likely to be the case with 
eye-bars, tends to increase the resistance to turning by a rusting of 
the parts. It has often been noted in the removal of old structures 
that the pins are very firmly fixed in the eye-bar heads, evidently not 
having turned for many years. 

In calculating secondary stresses where some of the members are 
to be considered free to turn, this condition is conveniently allowed 
for by simply omitting such member from the equations of moments 
at the joints. If the member turns, it is equivalent to a member whose 
moment of inertia is zero, or whose o; whence the value of /T r 
for the member drops out. In the calculation of the changes of angle, 
d a, etc., such members should, however, be considered, the same as 
others that are rigidly connected. 

304. Top Chord of Pin-Connected Pratt Truss ,—In a pin-connected 
truss the top chord is generally made continuous and the posts and 
diagonals pin-connected. In such a case it may be assumed that all 
members turn at the joints excepting the top-chord sections. At the 
hip joint the top chord is also generally pin-connected. The calcula¬ 
tion of the secondary stresses in the top chord in such a case is a simple 
problem. 

As an example take the Pratt truss analyzed in preceding articles 
and assume a load of 1,000 lbs, at each lower joint. The top-chord 
stresses will be calculated, (a) with pins concentric and {b) with pins 
eccentric. 

{a) Without Eccentricity .—^The values of 5 Z and ol I d L arc 
calculated as before, but such calculation need be made for the three 
upper joints, 3, 5, and 6, only. The necessary values are given in 
Table K on the following page. 
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TABLE K. 

VALUES OF /L, KZS l, and t. 


Joint. 

1 

< 5 / 

2 <J 4 

Member. 

K 

^ a: s d / 1 

r 

(I) 

(2) 

(3) 

(4) 

(5) 

( 6 ) 

( 7 ) 

(«) 

3.... 




35 

12.43 

1 

- 43-0 






12.43 







56 

12.43 

i 

-128.8 


( 657 

- 37 27 

- 37 27 

57 

0 

i 

1 


5.... 

] 754 

+ 37-52 

-J- 0.25 

54 

0 





■4-214.4 

4-214.65 

53 

12 .43 

1 4- 2669 

4 - 85.9 

1 





24.86 

: -f 2669 






68 

12 .43 


-128.5 

A 

j 867 

+128.47 

4-128.47 

67 

0 



0 . . . . 

1 765 

4-128.47 

4-256.94 

65 

1 12.43 

+3194 

4-128.5 




i 


1 24.86 

4- 31 04 



At joint 3 the only member considered is 3-5 and the equation is 

24.86 T3 + 12.43 T5 = “ 2669.(a) 

At joint 5, members 5-3 and 5-6 enter, and the equation is 

49.72 Tj + 12.43 + 12.43 T, = - 8532. . . {b) 

At joint 6 we have = o, whence t, = — 128.5. 

Then from (a) and (6) we derive, 

Tj = — 43.0 and tj = — 128.8. 

The remaining values of t are calculated in the table in the usual way. 
The resulting .stresses are given in Table L on the following page. 

{b) With Eccentricity .—.Assuming the pins eccentric by i inch, 
the moment of the primary stresses at joint 3 is — 3440, and at joint 
5 is — 430. It is zero at 6. Hence the absolute terms of equations 
(a) and (6) become — 2669 + 1720 = — 949, and — 8532 + 215 = 
— 8317, respectively. From these we derive T35 = + 33.6; Ts, = 
+ 71.i; T„= — 143.6 and t, 5= + 128.5. The resulting fibre stresses 
are given in Table L. 
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TABLE L. 


SECONDARY STRESSES IN PIN-CONNECTED TOP CHORD. 


It^TAber. 

Without Eccentricity. 

With Eccentricity. 

-lary 

Stress. 

Percentage of 
Primary Stress. 

Secondary 

Stress. 

Percentage of 
Primary Stress. 

35 

0 

0 

-12,55 

00 

53 

- 7 - 4 T 

II .2 

— 10.1 T 

15 0 

56 

-7*T 

10 .0 

g .iT 

12.3 

65 

-14T 

10.0 

- 6.sT 

8.8 


305. Effect of Bending Moments in the Members Due to Trans¬ 
verse Loads Applied Between Joints. —Suppose the beam A B, Fig. 23, 



fIG. 23. 


to support certain transverse loads, P,, Pj, etc., and at the same time 
to be subjected to certain end moments, and If the beam 

were freely supported at A and P, the transverse loads would cause a 
bending moment at any point C, distant .v from P, calculated as for a 
simple beam. Call this moment M'. The true bending moment 
in the beam at point C, under the actual conditions, will then be equal 
to the moment due to and Mj, plus M', or, from eq. (6), Art. 277, 

= M,- (M, + M^)j + M'. . . . (22) 

The deflection at B = A — J* Substituting from eq. (22) 

we derive 

^ J El • • • • (23) 


and 
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Likewise 


(2 Mi - M,) + M' (I - x)dx . (35) 


in which x is to be measured from B. From th^se equations we derive 
the values of Mj and M2, as follows: , 

M, = —^ (2 Tj + Tj) — ^ jT M' (/ — 3 jc) d a: . (26) 
Mj = (2 Zi + z,) + ~ M' X - 2 1 ) d X. . (27) 



In these equations the quantity M' is the 
bending moment in a simply supported 
beam due to the given external loads; its 
sign is to be considered as positive when 
it tends to cause bending in the same sense * 

as the moment Mj, such as would be caused by loads acting down¬ 
ward in Fig. 23. 

For a single load, P, applied a distance a from A (Fig. 24), the 
values of the terms involving Af' in eqs. (26) and (27) reduce to 


a(l^ ay 
P 


and — P respectively. From Art. 6 we note 


that these values are the same as the end moments of a beam fixed at 
the ends. Therefore we may write in general 


(2 n + ^2) {Ma for fixed ends). . . (28) 

/ 

In order to harmonize signs with the convention adopted in Art. 
278, we will confine our attention to the left end of the member, 
Fig. 24, where the direction of bending is positive. The last term 
of eq. (28) may be looked upon as an external moment, in the same 
manner as a moment due to eccentricity (Art. 281), and to be taken 
as positive when it acts clockwise around the joint, as at A, Fig. 24. 
Therefore, if we let denote the moment at the joint due to trans¬ 
verse forces, considering the beam as fixed, we have in general, 

2 E I 

^nm “ I '^nm “f” ^mn) "t“ 
and ^ r c 

y — 2 “b b • • • (3^) 



428 


SECONDARY STRESSES 


In applying these equations to a problem of secondary stresses 
the quantities M' are to be calculated separately. Then in place of 
eq. (i6), Art. 308, we have 

2 T*1 + An2 r„2 + etc.) + Al„ Tin + Kin Tin + CtC. 


M'nl Mfn2 

2E 2JE 


etc. = o 


(31) 


there being terms 


2E 


for each member that is subjected to transverse 


forces, the sign being interpreted as previously shown. 

306. Secondary Stresses in Top Chord Due to Weight of Member.— 

As an illustration of the application of the preceding article the stresses 
in the top chord of the truss previously analyzed will be determined 
so as to include the effect of its own weight. In this case it will be 
desirable to assume a joint load corresponding to the actual load on 
the structure. A joint load of 75,000 lbs. will, therefore, be taken, 
applied at each lower joint. The top chord will be assumed as pin- 
connected, as in Art. 304, and equations written out for joints 3 and 5. 


* Unit StresaeB*^*' 

8 -4980 5 -5550 6 8 10 



75000 76000 75000 75000 75000 

Fig. 25. 


(a) Without Eccentricity. —^Fig. 25 gives the unit stresses, 5, and 
Table M, the values of J ^ Z, etc. 

The end moments of members 3-5 and 5-6, due to their own weight, 
must be determined, on the assumption of fixed ends. This moment 

is —w Py where w is the load per unit length. Taking the' weight of 
12 

3~5 and 5-6 at 178 lbs. per foot, the moment at each end is 126,600 
in.-lbs. At joint 3 this is positive and hence 126,600/2 == 63,300 is 
to be added to the left side of the equation (31). For joint 5 nothing 
is added as the values of M/ for the two members 5-6 and 5-3 are 
equal but of opposite signs. 
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TABLE M. 

TOP CHORD, WEIGHT INCLUDED. 
Values of 2 <1 4, 2 <J Z, and t. 


Joint. 

0) 

/ 

(2) 

<5 Z 
( 3 ) 

2 d 4 

( 4 ) 

Member. 

(s) 

(6) 

K S (i 4 

(7) 

(8) 

3 




35 

12.43 

1 

— 6140 






12.43 







56 

12.43 


— 8920 


657 

- 2795 

- 2795 

57 

0 



b ) 

754 

■f 2815 

+ 20 

54 

0 1 




453 

4 -16090 

+ 161IO 

53 

12.43 

+ 200,000 

+ 7190 






24.86 

+ 200,000 






68 

12.43 



6 i 

867 

+-9635 

+ 9635 

67 

0 



® 1 

765 

+ 9633 

+ 19270 

65 1 

12.43 

+ 239,600 

+ 9035 


1 


1 


24.86 

+ 239,600 



The resulting equations are 

24.86 T;i + 12.43 r,^ = - 263,300 

12.43 ^3 + 49-72 L-, + 12.43 To = - 639,600. 

Then as before, tc.t = o, and th = — 9,635. The resulting values of 
r are given in Table M. 

Having the values of r the fibre stresses at the joints are calculated 
by means of eq. (30). This requires the term X j to be added to 

the stress as previously calculated. The results are given in Table N. 

The effect of the weight of the member is to reduce the secondary 
stresses at the joints. This is due to the fact that, with pin-connec¬ 
tions, the only secondary stresses arising from rigidity of joints in the 
top chord are due to the bending of the chord as a whole into a slight 
curve corresponding to the deflection of the entire structure. This pro¬ 
duces small compressive stresses in the upper fibres throughout, as shown 
in Art. 304, Table L. When the effect of the weight of the members 
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TABLE k 


SECONDARY STRESSES IN TOP CHORD, INCLUDING EFFECT OF 
WEIGHT OF MEMBER. 


Member. 

Without Eccentricity. 

With Eccentricity. 

Secondary 

Stress. 

Percentage of 
Primary Stress. 

Secondary 

Stress. 

Percentage of 
Primary Stress. 

35 

0 


-9387? 

19 .0 

53 

-iSoT 

3 7 

-382 T 

7.8 

56 

-iSoT 

3 -^ 

-309 T 

56 

65 

-300 r . 

5-4 ’ 

-237 r 

4.2 


is added, this reduces the stresses at the joint but increases those at 
the centres of the members. 

the centres of the members the stresses may be found as follows: 
Consider member 5-6. The moment at the centre of a fixed beam 


being — w P. and at the ends — —wP, the centre moment exceeds 
24 12 

the end moment hy Py which is the centre moment in a simple 

o 


beam. In the present example, this moment is 3/2 X 126,600 = -f 
189,900 in.-lbs., giving a fibre stress in the top fibres of — 438 lbs. 
per sq. in. From Table M, the stress at one end is — 180 and at the 

180 — 300 
2 


other end is — 300, hence at the centre it will be 


— 438 = — 678 lbs. per sq. in., or ii per cent of the primary stress. 
Fig. 26 {a) shows the variation in upper fibre stress throughout.* 

(6) With Eccentricity .—The results obtained with an eccentricity 
of I inch are given in Table N. Eccentric pins in this case have little 
effect except at joint 3. Fig. 26 (b) shows the fibres stresses in this case. 

307. Secondary Stresses Due to Fixed Supports. —If no hinge is 
provided at the support, as is quite common in the case of small trusses, 
and as sometimes occurs in other cases, the joint in question will be 


^ This particular problem can be more easily solved by treating the top chord as a 
continuous girder witn a uniform load of 178 lbs. jMjr ft. and adding the resulting stresses 
to those found in Art. 304, but the foregoing is given as an illustration of the gemral 
method for such cases. 
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restrained and the secondary stresses will generally be much increased 
thereby. In calculating the secondary stresses where any given joint 
is thus restrained the equation for the joint in question must include an 
external moment, due to the action of the support. This moment is un- 



a 


known, but the deflection angle of the joint is fixed and maybe calcu¬ 
lated by other means, thus leaving the external moment as the unknown 
quantity in tlie equation for the joint, in place of the deflection angle. 

Thus in Fig. 27, suppose joint i be fixed by the support, thus 
developing an external moment equal to Tht value ol d Z. for 



angle 312 is calculated as usual. The dellection angle of 1-3 is 7,3, 

the reference angle of the joint, and that of 1-2 is (312). The 

deflection angle of 1-2 is now to be directly determined by calculating 

S ii I 

the deflection of joint 2 by the usual formula A = J If this 

deflection is Aj then the deflection angle = A^/f/. This angle 

then becomes known and thence the reference angle -13 or Tj. The 

equation of the joint is 

M 

2 (^13 *^13 T ^12 ^ 12 ) "b -^31 ^31 "b -^^21 ^21 
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Written out in the usual manner, this equation will involve Tj, r,, 
and Mj, but, as shown above, is known, hence the unknowns are 
Tj, Tg, and M^. The unknowns are thus the same in number as in 
the usual case and are readily determined in the solution of the equa¬ 
tions for the entire structure. Unless especially desired, the value of 
M 1 need not be determined, as Tj is known from the deflection of joint 
2. In this case, after determining t^, wc proceed at once to the equa¬ 
tions for joints 2 and 3, in which will appear as a known quantity. 
If E is to be generally omitted in the calculations it should also be 

omitted in the calculation of A 2, giving A2 = A 

Example. —Suppose the Pratt truss of Art. 291 be supported by a fixed 
shoe so that no turning can take place at this joint. The resulting secondary 
stresses for a load of 1,000 lbs. at each joint will be approximately determined 
by considering only joints i, 2, and 3. 

The first step is to calculate the deflection of joint 2 for the given load by 
Sul 

the formula I —. The result is 159,300 units. The deflection angle 7,3 

Jx 

is therefore 159,300/320 = + 498. Calculation of the values of S d ^ and 
KI 8 I are given in Table O. 

From the table we have 7^2=7,-1-138.2. But 7,2 = 498, hence 7^—498— 
1^8 = H- 360. The equations for joints 2 and 3 are 

15-7 ^2 + 3-8o 7, 4 - .26 73 = 4 - 1522. 

.26 73 4 - 9.15 7^ 4 - 46.96 73 = 4 - 141.8. 

Substituting the value of r, = 360, we derive r, = 4 - 11.04, 73 = — 67.2, 
and thence the values of 7 given in the table. The moments at joint i are: 

= 2 A12 (2 7j2 4 - 72,) = 4 - 7,480 in.-lbs., 

=- 2 A,3 (2 7j3 4 - 73,) = 4 - 12,240 in.-lbs. 

For equilibrium of the joint the external moment furnished by the support 
must be equal to — (ibr,2 + A/,3) = — 19,720 in.-lbs. The minus sign 
signifies a left-handed moment. 

The fibre stresses in the members 1-2 and 1-3 are 57.4 and 38.4, or 
79 per cent, and 68 per cent, respectively, of the primary stresses. These 
large values show the importance of hinged bearings at the supports, and in 
connection with the discussion of Art. 303 indicate that there must be some 
turning upon the pins under these conditions. 

The effect of a fixed shoe upon the pressure on the masonry may be noted. 
The negative moment developed at the support is 19,720 in.-lbs. The re¬ 
action is 2,500 lbs. This result, therefore, gives an eccentricity of bearing of 

— —- « 7.9 inches, 

2,500 ' 
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TABLE O. 


EFFECT OF FIXED SUPPORT. 
Values ol 2 ^Z.,K 2 S^, and t. 


Joint. 

z 

3 z 

2 ( 5 Z 

Member. 

K 

A" 2 3 Z 

r 

(i) 

(2) 

(3) 

(4) 

(s) 

( 6 ) 

(7) 

( 8 ) 





■3 

915 


+ 360 

I . . . . 

312 

+138.2 

-f 13.82 

12 

3.80 

yr -, 

crv 

4 - 

4 * 49 ^ 






12.95 

+ 525 






21 

0 

00 

fO 


4 - II .0 


1 123 

- 24 g. % 

-249 s 

23 

.26 

- 63.6 

XTi 

00 

PO 

1 

2.. . . 

( 324 

+ 0.6 

-248.9 

24 

1 

0 

00 

fO 

- 948. 

-238.0 






7.86 

— loii .6 






35 

12.43 


— 67.2 


( 534 

— 100.0 

— 100.0 

34 

1.64 

— 164.0 

— 167.2 


] 432 

+ 4-9 

- 95 0 

32 

.26 

— 24.2 

— 162.2 


( 231 

+ 111.3 

1+ 16.3 

31 ! 

915 

-f 149.1 

- 50.9 




I 


23 48 

~ 39-1 



In certain cases the stresses which would be produced by rigid 
bearings would be much greater than in this example. In a cantilever 
bridge, for example, the normal changes of angle at the main pier B, 
Fig. 28, is unusually great, as the deformations of both arms of the 



cantilever contribute to this change when the span I? C is loaded. In 
calculating the stresses in this case, the change of angle at B is first 
determined by calculating the deflection of joint D, as in the example 
given above. This determines the deflection angles at B. The 
equations are then written out for a sufficient number of joints sur¬ 
rounding joint B to secure the desired accuracy. 
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308. Calculation of Changes of Angle, 6 a, etc., in Figures of 
Foiu: or More Sides. —The method of calculation of the changes of 
angle, 5 a, etc., at a joint, explained in Art. 276, relates to triangular 
figures. Frequently, a case will arise where the space formed by 
contiguous members of the truss is of four or even five sides, as 
occurs in a double intersection truss, or one in which sub-panels are 
employed. 

In such a case, additional members may be assumed as inserted 
so as to divide the space into triangles. The deformation of such 
imaginary members may then be determined by calculating the rela¬ 
tive deflection of the two joints which they connect, assuming the 
sectional areas of the inserted members to be zero, or by utilizing 
some obvious relation between the angular changes at a joint which 
will involve the change of length of the imaginary member.* The 
latter method is generally the simpler and will be illustrated by two 
common cases. 

309. TJte Baltimore Truss with Sub-ties. —Fig. 29 represents any 
panel of a Baltimore truss. Member w 0 is not supposed to be 



present. The figure MOom is therefore a quadrilateral, and the 
problem is to calculate the angle changes at the four corners of this 
figure. To do this, suppose a member mO to be inserted, dividing 
the quadrilateral into the triangles A and B. Let 58 = unit stress 
of this added member. Its value will be found by equating to zero 
the sum of the angle changes at the interior joint 0. 

Let 5i, 52, 53, etc., denote the unit stresses in the several members 
of the panel as numbered in the figure. Beginning with triangle A and 


A method suggested by Mr. D. L. Evans, Seattle, Washington. 
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proceeding counter-clockwise around the joint O, we have, then, from 
Art. 276, the following expression: 

1^(53 ~ ^ + (^3 — 55) + j^(j2 — 58) -|- 1^(52 — 56) 

+ 1^(54 ~ •^e) ^ + (54 — 57) ~ f f] ~ 

From this we derive 


^2 ^2 

58 = 2 ( 5 i 4 - 52) -I- 2 (52 -I- 54) ^ - (55 -I- 56 -f si). . (34) 

c c 

The angle changes at m and 0 of triangles A and B may now be deter¬ 
mined, using the above value of 5 $, and thus the desired changes in 
the angles M tnO and M 0 o. Then in writing the moment-equations 
at the several points, the imaginary member 8 is omitted. 

In a truss with inclined chords, a general expression for the 
unknown stress in the imaginary member is cumbersome, and numeri¬ 
cal values should be used for the cotangents in the general equation 
corresponding to eq. (33). 

The foregoing method is also applicable to a iST-truss and, in gen¬ 
eral, to any case where the imaginary member connects at one end 
to an interior joint. 

310. The Double Triangular Truss ,—In the double triangular truss, 
Fig. 30, the imaginary members needed are Bh, C c, D d, etc. The 
unit stress in jS 6 is first determined, then C Cy D d, etc. If the diag¬ 



onals are connected at their intersections, the desired relation can be 
obtained by equating to zero the angle changes at these joints. If 
not connected, we may use the relation that the change of angle A ab 


436 


SECONDARY STRESSES 


of triangle a 6 is equal to the sum of the changes of angles ^4 a 5 of 
triangle A aB and Bab ol triangle Bab. 

Writing out the several angle changes we have (Fig. 31); 

1^(55 - 53) ^ + (55 - 52) = (si - 54) ^ + (56 - 54) 2 

whence 

56 = — (51 + 52) + (54 + 55) 7^ — S3. . . (35) 

Having found st for B b, the similar value for C c is found from the 
quadrilateral B C be, and so on. 

The unit deformations in the several verticals being known, the 
changes of angles at the various joints are readily found by the usual 
method. 


This problem may also be solved by assuming the diagonals con¬ 
nected ^t their intersections and equating to zero the angle changes 

1 _at these intersection joints. This method is valid 

'' ^ >/T^t whether or not the diagonals are actually connected, 

j I as the primary stresses in the several members are 
^ I not affected by such connections. 

/ 2 '^i/i 3**' K’Ciative Amounts of Secondary Stresses in 

■<--eJ—^ Trusses of Different Types.—^The examples of the 

■ preceding articles serve to give some notion of 

the amount of secondary stress likely to exist in the ordinary Pratt 
truss. However, as this stress will vary greatly with the propor¬ 
tions of the structure, no single set of values can be applied generally. 
If close results are desired they must be worked out for the particular 
truss at hand. 


Owing to the somewhat lengthy calculations involved, it is probable 
that secondary stresses will not as a rule be determined for each in¬ 
dividual case, except in large and important structures; and that the 
allowance necessary to be made for such stresses will be based on 
results obtained on typical designs similar to the structures in question. 
Calculations of such typical structures will not only serve to show the 
amount necessary to allow for secondary stresses, but will give valuable 
information regarding the relative merits of different designs so far 
as this feature is concerned. In such calculations the information 


needed is generally the ratio of secondary stress to primary stress, when 




STRESSES IN TYPES OF STRUCTURES 


437 


the latter is a maximum, as the total is then usually a maximum. 
Where the secondary stresses are very high, however, it may happen 
that the maximum total is dependent more upon the secondary than 
upon the primary stress. Such cases require special consideration. 

It is not the purpose of this work to give the analysis of a large 
number of particular trusses. Such analyses can readily be made in 
any office, and of such structures as may be most important for the office 
concerned. A little familiarity with the method will enable any good 
computor to make a complete analysis of an ordinary truss in two or 
three working days, or less. It is thought, however, that a study 
may profitably be made here of types of trusses and proportions, by 
the use of certain approximate methods, making general assumptions 
as to relative sections and unit stresses. In this way it is proposed 
to study five of the most common types of trusses: (i) The Pratt 
system; (2) the Warren system without verticals; (3) the Warren 
system with verticals; (4) the double Warren system without verticals; 
and (s) the double Warren system with verticals. 

312. General Method of Analysis .—In the method of investigation 
here used it will be assumed that the truss is of uniform construction 
for several panels, that is, that all of several consecutive panels are 
exactly alike. It will also be assumed that the unit stresses are, like¬ 
wise, the same in these several panels, so that both the primary and 
the secondary stresses will be the same in the different panels. Then, 
by assuming various proportions for panel length, sectional areas, and 
unit stresses, the general effect of a variation in these elements can be 
seen and some notion obtained of the relative merits of various types 
of trusses. 

313. The Pratt Truss System .—The Pratt system will be investigated 
by applying this method of analysis to a number of trusses in which 
the ratio of height to panel length, the relative moments of inertia, and 
the relative primary stresses in the various members will be varied. 
To illustrate the method of analysis, detailed calculations will be made 
of one case, with three different assumptions as to primary stresses. 
The results of this analysis together with several other cases are tabu¬ 
lated in Table Q. 

A truss will be assumed whose ratio of height to panel length is 
4 • 3 > Fig* 32* The moment of inertia of all the web members will be 
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assumed to be equal and that of the chords to be four times that of the 
webs, the same for top and bottom chords. The absolute values of 
I and / need not be known in getting the values of r for the various 
members; only relative values are required (assuming joints to be 
concentric). We may then, for brevity, let z\ /a* == 4, and 



hz = 5 * Also 724 = ^13 = 4» and = hi = i* As to unit stresses, 
three conditions will be assumed: 

{a) st/ess in chords == 10, stress in webs = 10; 

{h) stress in chords = 5, stress in webs = 10; 

(c) stress in chords = 10, stress in webs = o. 

Positive moment and positive shear are assumed, giving compression 
in the upper chord and verticals, and tension in the lower chord and 
diagonals. 

Case (a), assuming equal stresses in chords and webs, corresponds 
to a condition of loading which produces about equal stresses in these 
members, as for example, at sections near the end of a simple span; 
case (6), with one-half as much stress in chords as webs, corresponds 
to a section of truss or a loading such that the shear is a maximum, 
but the moment is about one-half the maximum, as might occur in 
sections near the centre of a simple span under partial load; and case 
(c), with zero stress in the webs, corresponds to a condition of maximum 
moment and zero shear. These conditions will fairly represent the 
range necessary for a good knowledge of the relations of secondary and 
primary stresses, not only for ordinary simple trusses, but for such 
structures as stiffening trusses of suspension bridges and the like. 
The results thus obtained are particularly applicable to long trusses 
of numerous panels. 

In the calculation of the secondary stresses, under the assumed 
conditions, it will be necessary to consider two joints only, such 
joints 3 and 4, since Tj = T4 = and Tj =- T3 = 



TABLE P. 


STRESSES IN TYPES OF STRUCTURES 





NJ 

• ^ 0 


o 





•o 

• CO O 

00 

00 o 

00 




W 

• O *-i o 

M 

0 M 6 

M 




• 

Cl 

Cl 

Cl 





: 1 1 

1 

4- + 

4- 



'C' 

N 

• to o 

• to 


to O 

t>» to 




« t 


♦ o ^ 


O M 




% 


: 1 1 


+ + 














• \n lo 


lo 






• O 


O 




1 


: 1 1 


+ + 






• <r) 00 o 


8 

CO 





• -t o 

00 





W 

• ir> o O 

-t 

Cl 

1 

to O 

Cl 





: 1 1 T 

1 1 + 

4- 

% 




* 0\ tr-) 


1 '^ rj- to 




-'s! 

• O 


VO O 


w 


(d 


• M fO 


Cl CO 


H 


Cfl 

< 


: 1 I I 


1 1 + 




O 







sj 







Ul 




• r>. Cl -t 


o* o 


H 




. vO M O 


vO CO t>. 


h 

< 




• Cl t~> ro 
: 1 1 + 


Cl CO 

1 1 + 


pH 

'TH 

c 



. 




Ph 

0 

a 

\l 

i 

N 

• CO N O 

♦ CO O i 

to 

CO Q 

CO vO 0 

OO i 

1 

w 

‘'O 



* »o O O 

»o 

•o vO O 

00 



^ 1 

• >H d 

CO 

Cl 


< 

'o 



: 1 1 1 

1 

1 1 + 

4- 


V) 

d) 


N 

• !'>» O 

. O *H to 


t>w o 

VO vO »o 


pj 

w 


u 

•w 1 

• Cl M 


Cl Cl 


> 

w 

< 

CJ 

W 

: i I 1 


1 1 + 


w 

0 




o 


r>. 




NJ 

• vO lO O 


VO M 





• Cl M Cl 


Cl O 



j 



: 1 1 + 


1 + 






. Cl ■»t lo 


to CO Cl 





\i 

• CO CO CO 


Tf 





• M Cl rf 


VO «o CO 






CO O »0 CO 

M CO o »o CO 

M 





CO Cl M CO 

M CO Cl Cl CO 







CO M 

CO 













M Cl Hj- »0 

VO >0 CO Cl 





H 

CO CO CO CO 


r 'vt ^ ^ 





V 

! 








1 








1 ^ 


j 





.s 

1 


or 





0 








»-s 

1 





n.—31 









440 


SECONDARY STRESSES 


The changes in angle at joints 3 and 4 are found from a considera* 
tion of triangles A and J8, in the same manner as explained in previous 
examples. These values, and the calculation of K J S A for the three 
cases, (a), (6), and (c), are given in Table P. 

In formulating the equations for joints 3 and 4, note tha> 

~ ^ 36 ) ^31 ~ ^53> ^23 ~ ^ 45 > ^tC. J End “ “^3 ~ ^ 5 ) ‘^'2 = 74== Tq. 

The resulting equations for the two joints are as follows, for all three 
cases 



(a) 

( b ) 

w 

8.88 Ts + .45 T* = 

+ 103-5 

+ 72-5 

+ 61.9 

•45 ^3 + 8.88 T. = 

— 20.2 

+ 10.7 

— 61.9 

Solving we have 

(a) 

( b ) 

{c) 

^3 = 

+ ir.8o 

+ 8.13 

+ 7-34 

T, = 

- 2.88 

+ 0.79 

- 7-34 


From these values the several values of r arc calculated, from which 
the bending moments may be determined. For present purposes, 
however, it will be more useful to calculate the quantity 2 (2 
which, after multiplying by c//, will be the fibre stress. Since, however, 
the ratio of c//has not been assumed,the calculations will not be carried 
further. For convenience we may call the quantity 2 (2 
the coefficient of secondary stress. This coefficient, for the thiee case** 
above considered, is given in Table Q, with other values for other 
assumed proportions. Each member will have a separate coefficient 
for each end, but the larger of the two values only is given in the table. 

Coefficients of Secondary Stress for Pratt Trusses of Various Propor¬ 
tions. Following the methods illustrated in the preceding article, 
twenty cases have been investigated and the results tabulated in Table 
Q. Two different ratios of height to panel length have been assumed. 
In part of the trusses the values of / for the two chords have been 
taken to be the same, and in part the value of / for the lower, or tension 
chord, has been taken at one-half that of the upper chord. The value 
of I for the webs has been taken at one-quarter and one-half that of 
the upper chord. Three relations of stress intensity have also been 
taken. The results are given as “Coefficients of Secondary Stress’’ 
in the last four columns of the table. As explained above, these co- 
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efficients, when multiplied by the value oi cjl for any member, will 
be the secondary fibre stress. Its relation to the primary stress is 
readily determined by referring to the assumed values of the latter in 
Cols. (5) and (6). 

An examination of these coefficients brings out clearly several 
general relations. In the first place it is seen that the maximum 
secondary stresses occur when both the chords and the webs are fully 
stressed. 

The secondary stresses for maximum chord stress and minimum 
web stress are very small. 

Comparing with respect to size of web members it is seen that as 
the web members increase in size their stress decreases and that in 
the chords increases. It must be remembered, however, that the 
values given in the table are to be multiplied by to get actual fibre 
stress, so that with slender web members the high values of the co¬ 
efficients may not mean very high fibre stress. 

Comparing with respect to relative size of the two chords, when 
these are equal the coefficients arc about equal, but a decrease in size 
of the lower chord increases considerably its coefficient. 

Comparing on the basis of panel length, the ratio of 4:4 gives a 
smaller coefficient for web members than the 4:3 ratio, but somewhat 
larger for the chords. For the same height of truss and same width 
of members the ratio cjl for the chords will be three-fourths as great 
for the 4:4 panel as for the 4:3 panel. Taking this into account, the 
secondary fibre stresses in the chords of the 4:4 panel, under full 
load, will be about 80 per cent as large as in the 4:3 panel. In the 
webs they are from 70 to 75 per cent as large. 

Again, since the coefficients hold good no matter what the actual 
values of cjl may be, so long as the assumed proportions between the 
members are maintained, it follows that the secondary stresses are 
directly proportional to the widths Of the members and inversely 
proportional to their lengths. 

For compression members the value oi cjl will usually range from 

about — to corresponding to values of Ijr of from 40 to 100. A 
30 80 

value of — applied to the chord coefficient gives secondary stresses 
40 



TABLE Q. 

SECONDARY STRESSES IN PRATT TRUSSES. (Fig. 32.) 
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varying from 15 per cent to about 22 per cent of the primary stress 

when the latter is a maximum; and applying a ratio of ^ to the webs 

60 

gives values of 20 per cent to 30 per cent of the maximum primary. 
These values are significant of the amount of secondary stress due to 
general truss action and which cannot be avoided. Local effects due 
to the deformation of hangers and other secondary members may 
easily add 100 per cent to the general values here given. 

314. The Warren Truss System, — Calculations similar to those 
above given for the Pratt truss have been made for the Warren truss 



system, both with and without verticals. The results arc given in Table 
R. Proportions and unit stresses have been varied as shown in the 
table. Where verticals arc used their moment of inertia has been 

taken at ^th of the top chord. The actual ratio may be considerably 

less than this, but even at this value the bending resistance of these 
members has but very little effect upon the stresses in the main mem- 
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Fig. 34. 


bers. The stresses in the verticals themselves are dependent mainly 
upon the ratio of their width to length. 

Both tension and compression verticals are assumed to exist, but 
only one set is assumed to be stressed in any particular case, the other 
set being used merely to support the opposite chord. 

Here, as in the case of the Pratt truss, it is seen that the maximum 
secondary stresses occur when both chords and webs are fully stressed. 
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Comparing the Warren system with the Pratt, for ratio oih :d = 
4 : 6 in the former and 4 : 3 in the latter case, it is. to be noted that the 
secondary stresses in the chords are very nearly the same, but in the 
webs they are much smaller in the Warren system. Comparing the 
trusses of shorter panel-lengths (ratio h : d = 4:4), with the longer 
panel-length (ratio k:d = 4:6), about the same differences are to 
be seen as in the Pratt system. The shorter panel has somewhat 
smaller values for the “coefficient,” but when these are multiplied 
by cjl the fibre stresses will be considerably greater. 

The results obtained for the trusses with verticals are very in¬ 
structive. Where the primary stress in the vertical is plus, the structure 
is a through bridge, the verticals being in tension; and when 
this stress is minus the structure is a deck bridge. The effect of 
the strains in the verticals upon the chords is seen to be very great. 
The coefficients for the lower chords in the through bridges and 
those of the upper chord in the deck bridges are all about 100, while 
for the opposite chord they range from 26 to 42, which are very 
Small values. To secure small secondary stresses in such trusses 
the sectional areas of the verticals, where supporting joint loads, 
should therefore be made large. 

The stresses in the diagonals are about the same as in the truss 
without verticals. The coefficients for the verticals are large, but as 
these arc generally narrow members the fibre stresses are not high. 

It is to be noted from the result of both Tables Q and R that the 
larger and stiffer members tend to control the flexure at the joint. A 
reduction of moment of inertia of any member tends to increase the 
deflection of that member and reduce that of others. To maintain a 
balance in the fibre stresses themselves it is necessary to make the 
width of a, member correspond in a measure with its moment of inertia. 
Wide members of small moment of inertia (thin or unsymmetrical sec¬ 
tions, as, for example, a T-scction composed of a plate and two angles) 
are likely to have high secondary stresses; narrow and compact 
members will have low secondary stresses. This statement does not, 
of course, take account of the long column action in compression 
members, the effects of which tend in the opposite direction. 

315. The Double Intersection Triangular Truss .—In a multiple 
intersection truss the independent action of the different web systems 



446 


SECONDARY STRESSES 


may give rise to very severe secondary stresses, especially in the chord 
members. If one system happens to be loaded considerably heavier 
than the other for several panels, the joints of the more heavily loaded 
system will all deflect more than the others and will bend the chords 
accordingly, producing large secondary stresses. The amount of such 
action depends upon the amount of the excess load on the one system 
and this depends, in any case, upon the actual wheel concentrations. 
If the panel-length corresponds to a half-car length (i8 to 20 feet), 
the conditions are very unfavorable, as a train of heavy cars 
would give a large excess on the one system throughout the entire 
structure. A panel-length equal to one-half the length of a locomotive 
would also give a heavy excess in the case of double-header operation. 
An exact solution for any given structure and loading can be made by 
the use of influence lines, but a general analysis of some value may 
be obtained by assuming a certain percentage of excess on the one 
system over that on the other. 

Consider the truss of Fig. 35 and assume that the load on the full 
system is 25 per cent greater on the average than that upon the dotted 



system. In view of the very heavy concentrations in use, and the 
possibility of correspondence of panel length and wheel spacing, such 
excess is not at all unlikely to occur. The maximum effect produced 
will be near the centre of the structure where the deflections arc a maxi¬ 
mum. We will consider a section at joint 13, six panels from the left end, 
and assume that the joints 3, 7, ii, etc., of the full system arc loaded 
with 25 per cent greater load than the joints 5,9,13, etc., of the dotted 
system. It will also be assumed that the average stress intensity in the 
chords is 10, that in the webs of the full system is 7.5, and that in the 
dotted system is 6. We may then proceed to determine the unit defor¬ 
mations along the vertical lines 11-12,13-14, and 15-16, as explained 
in Art. 310, eq. (35). In this problem the values of and $2 of that 
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equation are equal and of opposite sign, and therefore the term 4- ^2) X 
(P 

^ disappears. We also have ^4 + ^5 = ±1.5 in all cases. The 

stress in 1-2 may be taken at — 7.5. Then assuming == 1.6 
approximately, we have, for the deformation of the vertical 3-4, 



^ 4- 7.5 + 2.4 == + 9.9; then for the vertical 5-6, s ^ — 9.9 -- 

2.4 = — 12.3, etc. Penally we have for 

11-12, 5 = 4 - 7o + 5 X 2.4 = 4 * 19.9 

13-14, 5 = - 7.5 - 6 X 2.4 - - 22.3 

15-16, 5 = 4- 7.5 + 7 X 2.4 = 4 - 24.7 


12 + 167 . - 198.14 - 183 . + 154.16 



Top Chord 1-4 
Bot Chord I — 1 
Webs I - 1 

Webs not fastened 
at Intersections 


The unit strains in all members will therefore be as shown in Fig. 36. 
It will be assumed, as approximately correct, that the deformations 
and stresses at joint 12 arc the same as at joint 16, those at ii the 
same as at 15, etc. Hence in the analysis it will be necessary to write 
out equations for joints ii, 12, 13, and 14. 

Two general cases have been considered, first, with the diagonals 
not connected at their intensertions: and second, with those members 
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rigidly riveted together. In the latter case it is necessary to write 
out two additional equations for the two interior joints. The results 
of these calculations are given in Figs. 37, 38, and 39. The trusses of 
Figs. 37 and 38 differ only in the relative size of the web members, 
in both cases the webs are not connected at their intersections. 



Fio. 38. 

Fig. 39 represents a truss in which the diagonals are rigidly 
connected. 

In these diagrams the coefficients of secondary stress are given for 
each end of all the members of the two panels considered. The most 
noteworthy feature is the very large stresses in the chord members, 
these being nearly four times the values given in Table R. The signs 



Fig. 39. 

of the stresses indicate the downward deflection of joints ii, 14, and 

15, relative to the joints adjacent. Assuming a value of cjl of —, the 

secondary fibre stresses amount to about 5 units, or 50 per cent of the 
primary stress. Considering the probability of much larger variations 
in load than here assumed, it is not unlikely that in double systems 
the secondary stresses often reach 100 per cent of the primary. 
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The stresses in the diagonals in Figs. 37 and 38 are not greater 
than in the single Warren truss, but in Fig. 39 they are relatively high, 
due to their being fastened at their intersections. 

The double Pratt or Whipple truss is evidently subject to about 
the same effects from concentrated loads as the double Warren. 

316. The Double Triangular Truss with Verticals .—In the problem 
of Art. 252, Chapter VI, the equalizing effect of verticals for double 
triangular trusses was fully demonstrated. Their value in preventing 
undue secondary stresses is even more important. In the truss there 



analyzed it was shown that the total load on one vertical, with the 
truss fully loaded, was only about one-fourth of a panel load. With 
the sections there used the resulting unit stress would be less than half 
the’ usual working stress; and, generally, the maximum stresses in 
these verticals arc not likely to exceed this limit. It will therefore be 
assumed here that, as an extreme variation, alternate verticals may be 
stressed to one-half the working stress of the chords, and that the 
other verticals will be unstressed. One set of diagonals will be assumed 
as stressed to 7.5 units; the other set will have stresses necessarily 
dependent upon these, and the unit stresses assumed in the chords 
and verticals. The correct stresses may be calculated by means of 
eq. (35), giving the relation between the unit stresses of a rectangular 
figure. Fig. 40 shows (in parentheses) the unit stresses which have 
been assumed on this basis. They are, therefore, consistent among 
themselves. 

Following the usual methods the secondary stresses have been 
calculated for the two panels of Fig. 40 and the results are shown in 
the diagram. 
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The stresses are seen to be very much less than in the double 
triangular without verticals and to compare very favorably with the 
single triangular truss. In fact this truss appears to be one of 
the most satisfactory forms as regards secondary stresses. If the 
diagonals are rigidly connected at their intersections, the stresses 
therein will be increased, but those in the chords will be but little 
changed. The increase in the diagonal stress will, however, be 
small compared to the effect of fastening in the double truss without 
verticals. 

317. The Baltimore Truss ,—It has been seen that, other things 
being the same, the secondary stresses increase with decrease of panel 
length. Long panels therefore tend generally to reduce such stresses. 
In this respect the long panels of the Baltimore or Pettit trusses are 
advantageous. On the other hand the distortion of the secondary 
members, the hangers, and the sub-tics or sub-struts, tends greatly to 
increase the secondary stresses in the main members of such trusses 
unless the distortion of the secondary members is taken account of 
to some extent in the construction. 

Consider the panel of a Baltimore truss as shown in Fig. 41. The 
members O O' and O N' are merely supporting struts for the top 
chord and vertical post. Suppose the structure 
be fully loaded and that all the members of the 
panel are stressed well up to their working 
value. Assume this working stress to be ap¬ 
proximately the same in all the members and 
let 5 represent this stress. 

The general effect of the strains in the 
hanger O 0 and the sub-tie O N will be to cause 
the joints o and O' to deflect considerably more than the ends of the 
respective chord members, and thus to cause considerable bending 
stress therein. The point N' will also be deflected laterally, bend¬ 
ing the post N n. The exact effect of these strains can be deter¬ 
mined only by considering the entire structure, as heretofore, but in 
this case it will serve our purpose better to calculate the deflections of 
the joints concerned, and to estimate the bending stresses from this 
basis. 

The deflection of joint o with respect to m and n is calculated by 
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the usual formula, the stress intensity in each member being s. The 
calculations are as follows:— 



The deflection is 


, s / (P xh \ 

^0 = — (—J + '— + —T ) • 

h \2 h 2 2 h/ 


(36) 


Assume that d = h, in which case 

* 3 ^ 


(37) 


that is, the deflection of point 0 relative to m and n is three times the 
elongation of a tension member of length h under stress s. 

The effect of this deflection upon the secondary stresses in w w 
can be estimated on the assumption that m n is a beam, fixed at the 
ends and deflected a distance at the centre. From the table of 

fP 


Art. 7, the deflection in terms of fibre stress is A = 


24 Ec 

is half the width of a symmetrical section. We therefore have 

24 Ec , c 

-j— X A, = 725-j, . . . . 


, where € 


/ = 


(38) 


that is, the secondary stress is equal to the primary stress s, multiplied 
by 72 In eq. (38) the value of I is equal to the panel length d. 
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If eye-bars are used the ratio cjl may be about —, giving a secondary 
stress of about 50 per cent. If a riveted chord be used of a ratio of 
cjl ol ^ (corresponding to a 50-foot panel and a depth of chord of 20 


72 

in.), the secondary stress reaches the very large value of ^ 


120 per 


cent of the primary stress. 

Similar calculations for the top chord and vertical post show that 

the deflections of the centre points relative to the extremities are 

in each case or one-half as much as for member m n. These give 
values for the secondary stresses, under the same assumption as made 


above, of 36 5 


For the usual proportions of top chord this is a 


large value. 

These calculations, while not giving actual values of secondary 
stresses, show the general extent of the deflections produced 
and the possible magnitude of such stresses. They are obviously 
of much importance and merit careful attention, especially with 
respect to the supporting struts for top chord and vertical post. 
If these supporting struts are made a little longer than the theo¬ 
retical lengths, excessive stresses under full load may be largely 
avoided. ‘ Large sections and low unit stresses for hangers also 
aid in reducing deflections and bending stresses in the chord. If 
a sub-strut, w O, be used instead of the sub-tie, O AT, it will be 
found that, assuming the same unit stresses as before, the deflection 

5 h 

of 0 with respect to »t« is equal to or one-third the value given by 


(37)* Taking into account the fact that the unit stress in the 
sub-strut would be smaller than’in the sub-tie, the relative deflection 
would be still smaller. It is also found that the deflection of both the 
top chord and vertical post are also one-third the values when the sub¬ 
tie is used. So far as secondary stresses are concerned, therefore, the 
sub-strut is much the more favorable arrangement. 

318. The Double Triangular Truss with Sub-Panels .—An analysis 
of the truss of Fig. 42 will show the same results as obtained by the 
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use of a sub-strut in Fig. 41. Assuming compression in ab' and 
tension in b' c, the joint b will deflect a distance with respect to 
ac, assuming, as in Art. 317, that the height, h, is equal to a-c, and 



that the unit stress, s, is the same for all members. Furthermore, 
if 5 6' is a supporting strut for the top chord, the deflection of B, with 
h s 

respect to A C, will be —which is the same as in Fig. 41, with the 

sub-strut m O. This truss form is, therefore, satisfactory so far as 
the action of the secondary members is concerned. 

Fibre Streewe for Top or Upper Fibres in Horiaontel 



Fig. 43. Secondary Stresses in a Riveted Pratt Truss. 
6 Panels at 26' 8" = 160' o". Height = 31' o". 


319. Calculated Stresses in Some Typical Trusses. —Single Inter¬ 
section Pratt and Warren Trusses. —Fig. 43 shows diagrammatically 


metrical about Center Line of Tmn 
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the amount of the secondary stresses in an ordinary Pratt truss of 
150 ft. span length and 31 ft. depth. The results are shown as per¬ 
centages of the primary stresses. Fig. 44 shows the results for a 

Flbr® Stre««e« for Top or Upper Tibro* 
inJlorbontal or Inclined Members, and Left 
Band Fibres In Vertical Members, are shown 
in FnU Unea. Lower and Right Hand fibre 
Stresses shown by Broken Lines. 

Shaded Area show Fibre Stresses of the 
•nine character as the Primary Stresses. 

Position of Live Load it for maximum 
Primary Stress in member in question. 



Fig..44. Secondary Stresses in a Riveted Warren Truss. 
8 Panels at 13' == lo^'o" Height = 10' o' 



pony riveted truss in which the relative width of the various members 
is considerably greater than in Fig. 43. The maximum values in the 
first case amount to about 20 per cent for tension members and about 
15 per cent for top chord; and in the latter case about 40 per cent 
for tension members and 30 per cent for top chord. The difference 
is due to the greater ratio of width to length of members in the second 
design. Calculations of other Pratt and Warren truss designs indi¬ 
cate a somewhat greater value reaching 30 to 40 per cent and about 


400 to 450 X 


/ width X 
Vlength/ 


320. Trusses with Subdivided Panels, —Fig. 45 gives the results of 


calculations of a subdivided Pratt or Baltimore truss. The stresses 


in the lower chord and end post run to 50 and 60 per cent. The high 
values are due partly to the very short panel length of the loaded 
chord, making the ratio of width to length large, and partly to the 
direct effect of the distortion of the suspenders. The top chord 


Symmetric*! aboat Center Line of Tram 
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shows only the usual amount of stress. A subdivided double trian¬ 
gulation truss showed results as high as loo per cent where the panel 
length was only 8 ft. 4 ins. and depth of chord 24 ins. The stress due 
to deflection alone would be only from 25 to 30 per cent. The reason 
for such high values in a truss with sub-panels is clearly brought out 
in the sketch of Fig. 46, which shows to an exaggerated scale the 
deflections or movements of the various joints of the truss of Fig. 45. 



This brings out the great effect of the distortion of the hangers and 
sub-struts on the chord members. 

321. Truss with “K” Type of Bracing. —Figs. 47 and 48 show the 
secondary stresses and deflection diagram of a “K” type of truss, for 
uniform load. This example is noteworthy in the relatively small 
stresses. This truss is adapted to long spans as it gives a short-panel 
length without undue inclination of the web members. In this respect 
it has the advantages of the double intersection truss without its 
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disadvantages. As compared to the subdivided truss, Figs. 45 and 
46, it is much freer from secondary stresses. 

322. Secondary Stresses in Longitudinal Members Due to the 
Action of Lateral Systems.—In Art. 232, the primary stresses in three 
forms of laterals, such as shown in Figs. 49, 50, and 51, were investi¬ 
gated. In Figs. 49 and 50 the laterals are not affected by the direct 
stresses in the chords, but in Fig. 51 the lateral diagonals receive con¬ 
siderable direct stress with corresponding stresses in the lateral struts. 
The secondary stresses in these forms due to the direct stress in the 
chords will now be determined. The trusses here illustrated represent 



Fig. 46 .—Deflection Diagram of a Subdivided Pratt Truss. 


any truss, in which the longitudinal members are all subjected to 
stresses of one kind, either compression or tension, such as the upper 
or lower lateral system of a bridge, or the vertical bent of a trestle 
tower, or the upper and lower chords of a braced arch. 

The principal feature to be considered is the secondary stresses 
in the chord members. The laterals being of small section will have 
small secondary stresses, and their rigidity will have very little influ¬ 
ence upon the secondary stresses in the chords. For simplicity, 
therefore, the laterals will be assumed as pin-ended and omitted in the 
equations for t. The moment of inertia of the chord members will be 
taken as constant and therefore need not appear in the equation. 
The ratio of depth to panel length will be taken as 3 : 4. 
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Fig. 48.—Deflection Diagram of a K-Truss. 


Symmetrical about Center of Truss 
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323. The Single Warren System^ Fig. 49.—The direct stress in the 
laterals is zero, and that in the chords is taken at — 10 per unit 
area as given in the right half of Fig. 49. This condition causes 
joints 3 and 4 to deflect downward with respect to joints 2 and 6 or i 
and 5; and, likewise, joints 7 and 8, thus bending the chords into a 

2 4 6 8 10 


- 67.0 + 08.6 - 10 . - 10 . 



2 4 0 8 10 

0 + 67.0 - 68.0 - 10 . - 10 . 



0 + 0.78 - 0.48 - 10.0 - 10.0 



sinuous line. Carrying out the calculations as usual, we find the 
secondary stresses to be as given in Fig. 46 by the figures in the 
left half of the diagram. The stresses are very considerable. For a 
value of cjl of 1/50 they amount to 14 per cent of the primary stress 
at joints 5 and 6. 

The form here considered is commonly used for plate girders. In 
that case, considering flanges alone, the ratio c/i! is large, generally at 
least under the usual requirements of specifications. At a value 
of 1/20 the secondary stresses amount to 34 per cent of the primary 
stresses. 
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324< Th^ Double Warren System, Fig. 50.—Here again the direct 
stresses in the laterals are zero. By eq. (35), Art. 335, the unit 

distortion along the line 3-4 is 25 — = 3.555 = 35.5. That along the 

line 5-6 will be zero. This gives the same conditions as to bending 
which prevail in Fig. 49; but the direction of bending is different. 
Joints 3 and 4 bend outward while joints 5 and 6 stand fast. Each 
alternate joint will thus deflect outwardly, the other joints standing 
fast. 

The stresses are the same numerically as in Fig. 49, and are given 
in Fig. 50. 

325. Pratt Truss with Double Diagonals, Fig. 51.—In this case 
there will exist compressive stresses in the diagonals and tensile stresses 
in the verticals. Assuming the sectional areas given in parentheses 
in Fig. 51, and unit stresses of — 10 in the chords, the unit stresses in 
diagonals and struts will be as given in the figure. Then for these 
unit stresses the secondary stresses have been obtained as before, with 
the results given in the left half of the diagram of Fig. 51. These are 
seen to be very small, as compared to the stresses in the other forms 
considered, and show the great merit of this form of bracing. The 
struts here assumed are of fairly large section, corresponding to four 
small angles, but a much smaller size of strut than here assumed would 
be very advantageous as compared to the forms of Figs. 49 and 50, 
and should always be used if possible. 

326. Effect of Lacing in Compression Members.—The usual single 
and double lacing in columns is arranged in essentially the manner 
shown in Figs. 49 and 50. At the ends of the members large tie plates 
serve to prevent any lateral distortion. The effect of the diagonal 
lacing is then similar to that shown in Arts. 323 and 324; the two 
elements of the column will be bent laterally in a sinuous curve, 
resulting in secondary bending stresses of considerable amount. 
Assuming the direct stress in the lacing to be zero and its connections 
to be rigid, the stresses will be as shown in Figs. 49 and 50. The ratio 
of c/l in the case of a column will be comparatively large, generally 
as much as 1/5 or 1/6. With a value of i/'6 the secondary stresses 
as here calculated would amount to about 100 per cent of the primary 
stresses. 
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It is to be noted, however, that in the form of construction here 
considered, the assumptions above made are hardly justified. The 
small ratio of cjl makes the members relatively rigid against lateral 
bending so that the lacing bars will have an appreciable amount of 
direct stress due to this resistance. Again, the usual riveted connection 
of the lacing bars is not absolutely rigid as here assumed, and its 
distortion will materially reduce the bending in the main members. 
The actual bending effect will tend to be greatest in large columns, 
and for such members the advantages of the system of bracing shown 
in Fig. 45 are very pronounced. 

327. Effect of Secondary upon Primary Stresses.—^The usual 
primary stresses are calculated on the assumption of frictionless joints. 



The effect of rigid joints is to develop certain bending moments and 
stresses in the several members, which, as explained in the preceding 
articles, are called secondary stresses. Obviously, a certain amount of 
work has been performed by the external loads in producing these 
secondary stresses, ofle result of which is to reduce somewhat the 
primary stresses below the values which would obtain with frictionless 
joints. Stated in another way, the secondary moments developed 
render their due proportion of resistance in supporting the external 
loads. 

Assuming the secondary moments to be known, the true primary 
stresses can readily be determined as follows:— 

Suppose the primary stress in a 6, Fig. 51, to be desired. Pass 
the section q close to joints a and c, and in Fig. 52 represent all external 
forces and stresses at the cut sections. At each section there will be 
the primary stress, S, and the secondary moment, M, and shear, V. 
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The moments and shears are shown acting in a positive direction, 
according to the notation previously adopted. The secondary moments 
are supposed to be known, and also the shears, if needed. 

To determine stress take moments about joint a. If is 
the moment of the external forces and P2), about joint a, we 

have 

rt Ma 4 - Mf,i, -f Mad + Med / X 

==- ^ ..(39) 

(The moments of the secondary shears are zero, as the sections are 
supposed to be taken very near the joints.) 

For stress in a 6 pass the section q' (Fig. 52), close to joints b and 
d and take moments about d. Fig. 54 shows the forces acting, the 



Fig. 53 - 


secondary moments and shears being again taken as positive. If 
= external moment about joint d, we have, as before, 

c* Md Mfya Mda Mdc ^ 

5.-j-. .... (40) 

For stress in the member a d, we have from Fig. 53, 

Vert. Comp, = F - (F„b + + ^orfCos 0 ). . (41) 

The secondary shears are obtained from the moments by the formula 


+ Mjn. etc. 
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The resulting primary stresses will in general be less than those 
calculated on the assumption of frictionless joints, but the difference 
is usually so small as to be of no practical consequence. In some 
cases, however, where the secondary stresses arc especially high, the 



primary stresses arc materially reduced thereby. Again, since the 
secondary stresses are calculated on the basis of certain assumed 
primary stresses, any change in the latter will affect the former in 
proportion; that is, if the primary stresses arc reduced in any case by 
5 per cent the secondary stresses will in turn be reduced by an equal 
proportion. This error in the secondary stresses is of no practical 
consequence. 


Example. —As an illustration of the foregoing process, the true primary 
stresses will be calculated in members 5-6, 4-7, and 5-7 of the truss of Fig. 
14, under a load of 1,000 lbs. at each lower joint. The primary stresses under 
die usual assumptions are given in Fig. 21. The secondary moments are 
readily found from Table F, using the general formula 2 K{ 2 Ty^fy^+rynn)• 

From this we derive the following values needed in the calculation: 

- 2,830; = -f ^^17 = + 1,045; =» + 3,2TC; 

M„ == — 268; M75 = + 84. Then we have 


e r f - 2,830 -f 1,045 - 268\ 

s „ = 3,440 + - -j 

Su = 3,870 - ( 


372 

3,3 80 + 84 + 3,210 

372 


J =■ 3 , 432 . 

— j = 3,852. 


We also derive from the moments: 


= + 1 - 7 ; Vt 7 = + ^3-3; v „ =» + 0.4. 
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Then for the stress in 5-7, 

Vert. comp. 5-7 =* 500 — (1.7 + 13.3 + 0.4 X sin 6 ) = 500 — 15 =*= 485. 

The effect of the secondary stresses in these three cases is to reduce the 
primary stresses by the following percentages: 

In 4-7 by 0.3 per cent. 

In 5-6 by 0.5 per cent. 

In 5~7 by 0.3 per cent. 

It is evident from this example that In trusses of ordinary pro¬ 
portions the effect of the secondary stresses upon the primary stresses 



is very small. In the case of very shallow trusses with wide members 
the effect would be considerable. 

The effect here considered takes into account only such secondary 
stresses as have been heretofore discussed, that is, those stresses due 
to rigidity of joints. Secondary stresses arising from other causes 
may have a more important effect. 

328. Secondary Stresses in Transverse Frames. —The secondary 
stresses caused in floor-beams and vertical posts, due to rigid con¬ 
nections, may be calculated by the fonnulas derived in Chapter VI. 
Where the top strut, A B (Fig. 55), is relatively slender, the posts, A C 
and B Z), may be considered as hinged at the top joints, in which case 
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the equations of Art. 247 apply. If the transverse or overhead bracing 
is fairly deep and rigid then the equations of Art. 244 apply. If such 
sway bracing is very rigid, as in the case of large bridges, the posts 
may be considered as fixed at the top, and equations of Art. 246 used. 

For a single-track structure the moments at C and D are as follows: 

For hinged ends at A and B 


. . . 

2 /t /, -f 3 t 

For a strut, A B, of moment of inertia /j, 

M F a (^ - a) (2 fe /» -f 31 /j) 7, 

A 2bh{I, + /,) /, + 3 

For upper ends fixed, 

2 a(b — a) 7 j 


M = P. 


h I^ + 2 b 


(42) 


( 43 ) 

(44) 


in which h is the distance from the centre of C Z> to the lower edge of 
the overhead bracing. 

For double-track structures it is sufficiently exact to consider 
each of the loads, P, as the total load on one track, and the distance, a, 
as the distance to the track centre. 

To investigate the relative stresses in the floorbeam and post, 
consider eq. (42). Let/i and/2 be the bending stresses at C in the 
beam and post, respectively, and ci and C2 be the half-widths of these 

members. Then in general/i = ^^4^and/2 = From eq. (42), 

il i 2 

we have 

f ^ P 3 ^ ^2 

^ 2 hi, + 3 b f; 

Considering that 1 2 is small as compared to and placing a = { b, 
we have approximately, 


_ 3 g (6 - (?) 9 p 

2 hi, 32 hi. 


(45) 


tf/. is the working stress in the floorbeam used in its design, we have 


/ , 
n 


P a c, Pbc, 




4/1 


, whence 
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that is, the ratio of stress in the post to the working stress in the floor- 
beam is equal to the ratio of the widths of the respective members, 

multiplied by For short-span trusses the ratio is from 

on S n 


)/2 to hence we have approximately ^ ~ to 34 

Jw 

Thus if = 48 in. and C2 = 16 in., the stress will be from 
12 per cent to 20 per cent of the working stress /^. 

For fixed ends, the bending stresses in the post will be relatively 
greater. 

The secondary stresses in posts will be made a minimum by the 
use of deep beams, and posts whose width in the transverse plane 
is no greater than necessary to secure the desired rigidity as a strut. 
Where the floorbeams are attached to tension verticals, a narrow sec 
tion can readily be used. 

329. Secondary Stresses in Floor Members Due to the Action of 
Stringers and Laterals. —Fig. 56 represents the ordinary arrangement 
of floor members, chords, and laterals, in a single-track railroad bridge. 



The stringers m' n' /, etc., are riveted between the floorbeams, 
m w, 0^ pj etc., and the latter arc riveted to the posts at the joints 
w, w, 0, pj etc. At these joints the beams are also more or less rigidly 
attached to the chord members, m-o-q^ etc. The lateral diagonals 
are also generally fastened to the stringers, but such attachment is 
not usually a very rigid one. 

Assuming a through bridge to be under consideration, the chords 
will be elongated under stress, and the lateral diagonals will also be 
stressed in tension in accordance with the analysis of Art. 232, Chapter 

VI. The total elongation of the entire chord will be equal to where 

n = number of panels, d = panel length, and s = average unit stress 
in the chord members. The stringers will be stressed principally 
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In bending, and their axial length will remain nearly constant. The 
result of this action of chords and stringers is to cause a horizontal 
bending of the floorbeams in the direction indicated by the dotted 
lines. 

Assuming the stringers to have no axial stress, the beam q r will 
deflect at points (/ and r' a distance —, the beam a distance , 

h tj 


and the end beam muj sl distance From Table No. i, Art. 7, 

hj 

the deflection of a beam loaded in this manner and simply supported 
at the ends, is equal to 

■ • <47) 

in which / = fibre stress due to the deflection, and 2 c = width of 
beam. Front this, we have 

6c£A 


a (3 6 - 4 a) ■ 


. (48) 


Then for beam q r, the first from the centre, we have ^ Jiiid 


hence 


6 cds 

a (3 6 - 4 a) 


as the secondary fibre stress in the beam under the given assumption. 

Assuming ordinary values of </ = 300 in., ^ = 10,000 lbs. per 
sq. in., b = 192 in., and a = 54 in., we get, for the first beam,/ = 920 c. 
For c = 6 in., / = 5,520 lbs. per sq. in. The second beam will be 
bent twice as much, and will therefore have a fibre stress of 11,000 
lbs. per sq. in., etc. 

In these calculations it has been assumed that the stringers are 
not elongated at all and that the connection to the beams permits of 
no deformation whatever. Practically the riveted joint is not entirely 
rigid, as the connection angles, the rivets, and the web of the beam all 
contribute some deformation. The stringers, also, receive some longi¬ 
tudinal stress, although the amount per square inch of section is small. 
On the whole, the deflections and stresses in the beams are not as great 
as deduced from the above calculations, but they are often large and 
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of much importance. As the calculations show, they increase with 
the width of the beam and with the number of panels, and are greater 
as the distance a becomes smaller. In long-span structures, excessive 
stresses of this kind should be avoided by the use of expansion joints at 
intervals of a few panels. The use of relatively narrow flanges for 
the beams is also advisable. 

In the above calculations it has been assumed that the beams 
are hinged, or simply supported at the ends. Where large joint plates 
are used between laterals, chords, and beams, the connection at the 
lower flange is quite rigid. The bending of the beam will therefore 
introduce some secondary stresses in the chords, and at the same time 
the stresses in the beams will be increased. If the beam and 
chord connection be considered as perfectly rigid, then the stresses 
may be found by the general method for secondary stresses, writing 
out an equation for each of the joints, m, n, 0, and p. The changes 
of angles in the quadrilateral, q q' s' s, are readily determined from 
the known deflection of q relative to q'. This method of calculation is 
hardly warranted, however, on account of the imperfect rigidity of 
the various joints. Furthermore, the stresses are still further com¬ 
plicated by the attachment of the laterals to the stringers and beams. 
Since the chord deformations cannot be much reduced, and since the 
stringers are of relatively large section and cannot receive much direct 
stress, it follows that the more rigid the joints and connections of the 
system are made, the greater will be the secondary stresses due to the 
bending action which must take place. These conditions properly 
lead to the design of a floor system, rigid in itself with respect to its 
main duty, but independent so far as practicable of the action of the 
chord system of the main trusses. The laterals belong essentially to 
the main truss system and the stresses developed from chord deforma¬ 
tions are readily taken care of. 

That serious lateral bending of floorbeams takes place has been 
shown experimentally in many cases, some examples of which are 
reported in Bulletin No. 125 of the American Railway Engineering 
and Maintenance of Way Association, 1910, p. 44. In a 228-ft. span 
the lateral bending of the end beam added 100 per cent to the stresses 
due to vertical load in one flange and reduced to zero the stress in the 
other flange. 
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330. Deflection of Members Due to Secondary Stresses. —In the 

analysis of secondary stresses the effect of the deflection of the members 
themselves upon the stresses has been neglected. In Art. 331 the 
exact theory is briefly set forth, whereby this effect is taken into account 
from the beginning and the secondary stresses determined accordingly. 
That method is very laborious and not generally practicable. It is, 
however, often desirable to determine approximately the deflection 
of a member subjected to secondary stresses, especially in the case of 
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compression members, in order that the influence of the secondary 
stresses upon the buckling action may be estimated. 

Having determined the secondary stresses by the methods already 
described, the deflection of a member at any point can readily be 
found as follows: 

Consider the member A B, Fig. 57, subjected to end moments and 
shears as shown. The moment at any point C, distant a from A, is 

M, = M, - (M, + (50) 

Then, as in eq. (8), Art. 304, we have 

*“ ~ . • • • • (51) 

also 

Tj “ .... (52) 

The deflection of point C is 

= (t/ - fO a.(53) 

Substituting from (50), (51), and (52), and reducing, we derive the 
value 

[ilf* (f + a) - M, (2 / - a)] {I-a) a 

6 EJI 


• • (54) 
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For a maximum value of we get, by differentiating eq. (54), 


the value of y is 

a _ M, ^ IT W, y 2 M, ~ M, 

I Ml + M2 \ W, + mJ 3 (Ml + M,y 


( 55 ) 


Example. —(i) Let it be required to calculate the deflection of the vertical 
post 4-5 of the Pratt truss of Fig. 14, under a load of 75,000 lbs. at each of 
the joints 7, 9, and ii. From Table F we find the moments for this loading 
to be M45 = — 114,000 in.-lbs., and M54 = — 121,000 in.-lbs. By eq. 
(55) point of maximum deflection, a/l = .485 ± .288 = 

.773 and .197. Substituting in (54), the deflection at these two points is 
found to be .007 in., and .010 in., respectively. 

(2) Suppose, for example, the end moments in Ex. (i) to be—120,000 and 
-f 120,000, giving single instead of double curvature. The maximum de¬ 
flection would be at the centre and, from (54), equal to 0.068 in. The 
direct stress in the member under the assumed load is 75,000 lbs., which stress, 
multiplied by the deflection of .068 in., gives a moment of 5,000 in.-lbs., 
which represents the additional effect due to deflection in the case assumed. 
The total moment at the centre would then be approximately 120,000 -f 
5,000 == 125,000 in.-lbs. The true deflection and moment would be some¬ 
what greater than here calculated, as the effect of the moment of 5,000 in.- 
Ibs. is to increase the deflection still more. 


The examples here given indicate that in the ordinary truss the 
lateral deflection of compression members, due to secondary stresses, is 
not often of importance in increasing such stresses. 

Effect of Transverse Loads .—In the above analysis no account has 
been taken of transverse loads, such as the weight of horizontal or 
inclined members. These loads can readily be taken account of in 
this approximate method of calculation, simply by adding to the 
deflections caused by the end moments, the deflection caused by the 
transverse loads, considering the beam as simply supported at the ends. 
The end moments arc then obtained by duly considering the weight 
of the members in the secondary-stress calculation. 

331. Exact Method of Calculating Secondary Stresses.— In the 
method of analysis explained in the foregoing articles, the bending 
moments due to the direct or primary stress, acting with an arm 
equal to the deflection of the member, have been neglected. Man- 
derla’s method of solution, published in 1880, was quite remarkable 
in the fact that while being the first adequate treatment of secondary 
stresses in general, it was at the same time an exact method, taking 
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due account of the deflections. This exact method is considerabh 
more laborious than the approximate method heretofore given, and 
as the results generally differ but little, it will rarely be expedient to 
resort to the exact process. However, as the method is a valuable 
one in dealing with certain special problems, it will be given here. 

The beam A B, Fig. 58, is acted upon by the end moments Af, 
and Mi, the shears and Fj, and the direct stress S, which may be 



Fio. 58. 


either tension or compression. It will be necessary to consider the 
two cases separately. 

a. Compression Members .—The moment at any point N, distant 
X from A, is 

M = M, + 5 y - .(56) 


in which M has the same sign as M,. 

The differential equation of the elastic line is 


(Py 

d3c‘ 


M 

El 


El 


El El 


. ( 57 ) 


Placing = y’ and integrating, we derive the general equation of 
the curve A B 


y = 


C, sin j a; + C2 cos qx — 


Mi V,x 

T* — 


■ • (58) 


in which C, and Cj are integration constants to be determined by the 
conditions of the problem. In this case they are found from the 
condition that for sc = «, y = o, and for x =» /, y = o. From the 
first we hav» 


o Cj — 


Ml 

s 


(o) 
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whence 


“ "TT* 


and from the second 


M, . VJ 


o = Cl sin ^+ Cj cos 5 /-^4- . . . {b) 

Substituting the value of Cj we get 

Ml 1-cos ql VJ M, ql Vyl 

S ' sm ql 5 sing/" 5 2 5 sin ?/' ’ 

The inclination of the elastic line is found by differentiating (58), 
giving 

dy . F, 

J Cx cos qx — qC2^\^qoc -f —. . . . (61) 

CL X o 

For = o the value of ^ is Tj, and for rv = ^ Tj, whence 

(Lx CL X 


Tj = g Cl + 


^2 ^ qC^ cos ql -V qC^^^cv ql . . . (rf) 

Substituting values of and C2 we derive the formulas 

q M, ql f ql \ 

Tx = tan -- { -7^—, I) • • • • (62) 

2 S Vsin ql J 

qM. ql V^ fql co^ ql \ . 

»■“-V‘“. 

V 

Eliminating from these two equations we derive an expression 
o 

for M1 in terms of Ti and and known quantities. It is 


in which 


+ .(64) 


ql , i 9 * 

- i - y + cot — 

7 4 . 9 ^ 2 

2 — ql cot — 


B - X 


2 — ql cot 


* 9 ^ 
—, — cot — 
ql 2 


* • • • 
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Eq. (64) may be written in the form 


3f, 


2b(2Aql , Bql \ 2 El , , 

in which and are coefficients respectively equal to and —^ 

They are functions oi q I only, which quantities involve /, /, £, and 5 
for the member in question. 

We may also write for Mj the similar expression 

= + i,r,).(68) 

The values of the coefficients and are conveniently expressed 
in the form of series. The value of cot d in general is 

0^ 2 d'^ 

3 45 945 

From this are derived the values of A and B as follows: 


. a I 0 

cot « - J ^ 


etc. 


N) 


^ . ± _ ii'_ !1M! _ ,,C. 


qi 15 


6,300 


B 


and, finally, 


2 ql ,13 (gO 

—j H-- 4"- 7 -h etc. 

ql yi 12,600 


= 


A ql 




30 


, Bql {qiy 13 iqiy 

b, = —^ = I + + - 4 - + etc. 

^2 60 


25,000 

13 

25,000 


(70) 

(71) 

(72) 

(73) 


The value of ql is /If ri -= area of cross-section, 5 = unit 

stress =5/^, and r = radius of gyration, we have the convenient 
expression for compression members, 




(74) 


b. Tension Members .—In case the stress S, Fig. 58, is tensile, 
the moment at N is 


M=^M^-Sy-V,x 


(75) 
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and the differential equation of the elastic line is 

M, Sy V,x 


d? y 
do(^ 


^ 7 ? r ' 


El ' El El' 
This integrates into the expression 


. . . . (76) 


M V X 

y ^€, 6 “^ + + . . . (77) 

where j =-^ as before, and C, and are integration constants. 


El 

For X Oy y = Oy and ior x ^ ly y o, whence 

o == Cj + Cj + . 

o - C. e-'' + C, 6 -“’ + ^ - -]-• 
From these we get the values 

C, = 


M, 

(— 

- e-‘>‘ \ 

+ ^ 

S 

S 


- e-o‘) 

M, 

/I 



S 

Ve«' 

- e-w'j 

' 5 


The inclination of the clastic line is 
d y 


F, 


dx 


qC,c'>^ - qC^e-^^- 


Substituting .v == o and ,v /, we have 


Vr 


V^ 


Tj — ^ 

"^2 ~ tZ ^2 ^ ‘ 

Substituting the values of Ci and Cj we have 

3fi - A,Yj _ T^ 

“ S ^ + 1/ 5 - e-<‘‘ ) ' 

“ S ^ \e«' + 1)'^ S y e«' - e-«' / 


(a) 

(b) 

(78) 

(79) 

(80) 

(81) 

(82) 

(83) 

(84) 
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In terms of hyperbolic functions, eqs. (83) and (84) transform into 


f + -')■ • • ‘* 5 ) 


2 S Vsinh ql 
ql /ql cosh ql 


. (85) 


Eliminating from these equations we derive finally the iralue 
for M, in terms of and Tj 


In which 


4' = K 




(A' t, + B' tj 


- 1^, -+cothJi' 

q I coth -2 

. 2 / 

- ll -cothi*' 

1 ^ qI 2 

q I coth -2 

‘ 2 4 


The value of coth 0 in the form of a series is 

, _ I d 0 ^ 2 0 ^ 

coth 0 ^ ^ -1-etc. . 

3 45 945 

By means of this expression eq. (87) may be transformed into 


M, = [2 + b,T,) 


in which 


A'ql II / \ 

a, = —^ = I + ^ -+ . . . (92) 

4 30 25,000 

+ . , . („) 

* 2 60 25,000 

These two equations differ from the similar equations (72) and (73) 
only in the signs of the second terms of the series. 

Method of Application ,—Equations (68) and (91) may be written 
in the general form 

(2 'I 4- i T„J . . . . (94) 
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corresponding to the general expression for Mnm of Art. 281. In 
the more exact expression here developed the quantities and 
are to be multiplied by the coefficients a and 6, whose values differ 
from unity by the amounts represented by the second and following 
terms of a series. For compression members the value of ^ / is such 
as to make the series rapidly convergent so that all terms beyond the 
second are negligible. For tension members the third term may need 
to be considered and in extreme cases it will be desirable to use the 
exact expressions of eqs. (88) and (89). 

In applying this exact method to a problem, the sum of the moments 
at each joint, as given by eq. (94), is placed equal to zero as before. 
In formulating these equations, the values of the coefficients a and b 
must be determined for each member and the several values of t 
multiplied by the respective coefficients. After this is done the 
multiplier, is used and the work is carried out as in the ap¬ 

proximate method. The method of tabulating the values of i’ 5 Z, 
and formulating the equations, explained in Art. 283, will be modified 
accordingly. 

It is to be observed that in using the exact method of analysis it is 
necessary to consider the actual total load on the structure for which 
the stresses are desired in order that the values of the coefficients a 
and b may be determined. The secondary stresses are no longet 
proportional to the primary stresses. 

The additional labor required by the exact method of solution is 
not very great, but the increased accuracy secured by the process is 
not generally of sufficient importance to warrant its use. Some notion 
of the errors involved in the usual approximate method may be gained 


f l\2 / 7^3 

by considering the relative size of the terms ■ and ■ in eqs. 


(72), 


30 60 

(73), (92), and (93), as compared to unity. For compression members 
the value of Ijr is not often greater than loo and if s = 15,000 then 


ql 


M, 


1 IT 

' r \ E 
0.83 and 

2 El 


2.24. Then 


= 1.08. 


iqiy 

30 

The 


= 0.167 and = 0.083. Hence 


I 

H—33 


equation for M, then becomes 
(2 X 0.83 Ti + 1.08 Tj). Generally ql will not exceed 
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i.o, in which case = 


(2 X .965 Tj + 1.016 Tj). For large 


tension members composed of eye-bars Ijr is likely to be about 150, 
making a^ = i.36, and 6^=o.82. The error of the approximate 

method is thus greater for tension than for compression members. 
A matter of more importance, however, is the fact that in the case of 
compression members the effect of deflection is in general to increase 
the moments near the centre of the member, especially where the mem¬ 
ber is of single curvature. This is also fully shown in Art. 330. 

332. Stresses in Riveted Expansion Suspenders. —A method 
sometimes used for providing for expansion is to support the end of 
the member or truss by means of a vertical plate, rigidly attached at 
top and bottom, and which permits the desired movement 
by bending. The plate is thus subjected to combined 
bending and tension. The conditions are shown in 

I 1 Fig- 59 - 

/Tj j The stresses in such a plate are readily found by the 
J-wl ! .. .. . 2 El , 


application of the general formula 


(2 r. 


Q | + Tj), given by eq. (91). In this case, since the angle 

j T is relatively large and Ijr is also large, it will be neces- 

I sary to use the exact values of the coefficients A' and B', 

given by eqs. (88) and (89). The angles Tj and T2 are 
• known from the conditions of the problems. 

Fig. 59., Generally the problem is to determine the stresses in 
the plate due to a definite deflection A, the ends A and 
B being fixed in direction and the tangents parallel. In this case 
tj ■» Tj =» T =» A//. Then 


2 Elr 


(2 . 


• • (95) 


Substituting the values of a^ and from (92), (93), (88), and (89), 
we have 


■ ^ \ql coth ^-2J 


Q I 

ql coth ^-3 






EFFECT OF TRANSVERSE LOADS 


477 


Example. —Suppose an expansion joint be made by means of a plate 
I in. thick and 6 ft. long to provide for a movement of i in. The plate is 
also subjected to a direct tension of 8,000 lbs. per sq. in. What will be the 
additional stress due to bending? 

Under the given conditions the width of the plate does not affect the result. 
Consider a width of 1 in. Then 5 = 6,000 lbs.; f = 72 in.; I = .0352 in^ 



-i—-= —1 -- - - Whence Mi = 6,000 X - X — 

« 3.4 

2 

862 in.-lbs. The fibre stress = / = — — = 0,200 lbs. per sq. in. 

.0352 


The bending stress wliich would exist if there were no direct stress 
is found from the formula for deflection of a cantilever beam of length 

y/z 

of 36 in. The deflection in terms of fibre stress is y = = 

2 jbe 


fV- 

IEc 


Placing y= A/2 and I ^ 36 in., we derive the value / = 


6 AEc 
P ' 


In the above example this would be 6,530 lbs. per sq. in., a value 30 
per cent less than the true stress. This comparison shows the impor¬ 
tance of considering the effect of the direct stress in such problems. 

333. Bending Moments in Members Subjected to Transverse 
Loads and Direct Compression or Tension. —In Art. 331, the effect of 
transverse loads was not considered. To take account of such loading 
in an exact manner, the value of M in the general expressions of eqs. 
(56) and (75) would have to be modified by the moment M' due to 
the transverse loads, considering the beam as a simply supported 
one, as in Art. 330. It would be possible then, for any given case, to 
integrate the resulting expression and finally to derive a value for 
Ml. Such an expression would, however, be very cumbersome and 
hardly of practical value. If the members are relatively short and 
the secondary stresses, or end moments, large, then the method ex¬ 
plained in Art. 330 may be used; if the members are long, then the 
ends may be assumed either as fixed, with horizontal end tangents, or 
as hinged, as the case may be, and the bending stresses determined as 
explained below. 
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a. Compression Members.—Fixed Ends .—The beam A B, Fig. 
6o is subje':ted to the transverse load of p per unit length, and also to 
the direct stress S, and the moments and shears as shown. The end 




‘b 


- -4 


-r- 
Fig. 6o. 


tangents are assumed to be horizontal. As in Art. 331 the value of 
M at any point is 


if — if 1 + 5 y + Fj — 


and 


^ ^ K Sy V,x 

dx? EI^ El El El 

Placing == we have, by integration 

y ^ C^sinqx + Cjcos a; + ^ + 

For ^ o, y o, and ^ =* /, y = o, whence we derive the values 

It 

qS ‘ • 

c.- f 


px^ 

2 

(97) 

: 

2 EI’ ■ ‘ 

(98) 

P 

2S fs ’ ■ 

(99) 


c,- 


d y 


fS S’ ' 


(100) 

(101) 


Also for = /, ^ = o, whence 
dx 


o == 9 Cj cos q I — q €2^111 q I — ^ . 

Substituting and reducing ^noting that V. = we have 

,_ir,_£icoti^i . . . 

(/■ >- 2 2 J 


M 


(102) 


(103) 


For small value? of q /, such as occur for compression members, 
Q ^ • 

we may express cot ^ m the form of a series, as in Art. 330, deriving 
the expression 
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M 


_pPr 


6o 


PP . 

*_— 1 c 


]• 


(104) 


But “ is the end moment for a beam with fixed ends and subjected 

to the transverse load only. Call this moment M\, Omitting all 
terms of the series beyond the second we have then 

= .(105) 

(P y 

The moment at the centre is found from the value oi — EI 

dor 

for X ^ From (99) we have 


d“ y p 

^ j^ (C, sin qx C2 cos y :x:) + . 

I 


(106) 


Placing ~ inserting values of and C2 we have for the centre 
moment 




p /q I ql \ 

~ coscc - - I 1. . 

a*' \ 2 2 / 


ql 


(107) 


Writing coscc ^ —t- ... we derive 

2 ql 12 2,880 


. + .M 

240 / 


Or, since 


^ 24 \ 

— is the centre moment for a beam fixed at the ends, we 
24 


may call such moment M\ and we have, finally, 

7 iqiy 


^ M\ (I 4 - 


240 


)■ ■ 


(109) 


Hinged Ends .—For hinged ends o and the same process as 

employed in the preceding analysis results in the expression for centre 
moment 

ql 


M. 




-4(sccL-.),. 

== T V' 48 r 


(no) 

(III) 


or approximately 
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Placing ^ centre moment for a simply supported beam, 

O 

we have 


= M' 




b. Tension Members.—Fixed Ends .—In the case of tension mem¬ 
bers the term S y ot eq. (98) is negative, giving 


y _ Mi S y V^x poc‘ 
dx^~ El'^ El El ^2 El' ' ’ 


This integrates into 




in which a* = -as before. 

El 


Mi F, AT px* p 


From (114), we have. 




2 S <^S 


Vi px 


^ = + .(116) 

To determine the constants and Cj for a beam fixed at the ends, 

we use the conditions that for jc ^ o, ^ = o and for x ^ K ^ »= o, 

dx 2 dx 

giving 

o = g (Cj ~ C2) + —. (a) 


from which 


( iL — 

_ C,e^ - C,e V, 


. . (b) 


C2 ^ .(117) 

“ qy{^‘'- i). 

Then from the condition that for jc = o, y = o, we have 

.w 
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Substituting the values of and C, we get 

u.--± + iiri±i 


^ ‘ 2 q LeO* — I j 


or 


M, 


4r£icoth £*- 

^ L 2 2 


} 

ql 


(119) 


(120) 


For small values of ql we may write coth ^ as a series, deriving 






60 / 

iDl\ 

60 /’ ■ 


(121) 

(122) 


in which M\ has the same meaning as in eq. (105). Frequently in the 
case of tension members the value oi q I will be too large to permit the 
form given in eq. (122) to be used. 

The centre moment is found in the same manner as for com¬ 
pression members. It is 


M = — r i — — cosech —"I 
‘ 2 2 J 

. . ^ . (123) 

and for small values of q 1 



.... (124) 

^ 24 \ 240 / 

-i/'Y. ?<«'>■). 

240 / 

.... (125) 


Hinged Ends ,—In this case of eq. (c) is zero, hence 


o 


c. + c, - 


-L 


From this equation, and eq. (b), we derive 

C, = C, 

C ^ 


(126) 

(127) 



Then from (ii6) 


. . (128) 





(I29) 
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and for small values of q I 

- 

'334. Approximate General Formulas for Tension and Compression 
Members .—A sufficiently exact formula for practical use may be derived 
on the assumption that the form of the deflection curve is the same as 
that of an ordinary beam uniformly loaded. 

a. Hinged Ends .—From Table i, Ait. 7, the deflection of a 
uniformly loaded beam, simply supported, in terms of fibre stress, is 
e; / /* fP 

y = or very closely, y = The bending moment in 

40 lLC 10 tLC 

all cases, = M = hence the deflection in terms of the actual 
c 

bending moment is 


MP 


'-10EI .(^ 31 ) 

If ilf' is the centre moment in an ordinary beam, we have, as in Art. 333, 

M = M' ± S y .(132) 

in which the plus sign is to be used for compression members and the 
minus sign for tension members. Substituting the value of y from 
(131) and solving for M, we have 

M' 

.(i33) 


M 


I T- 


SP 


10 El 

In which the plus sign is to be used for tension and the minus sign for 
compression members. 

b. Fixed Ends .—The centre deflection of an ordinary beam with 
fixed ends, uniformly loaded, is, in terms of the centre moment, 

MP 

^ “ 16 EV 

The effect of the direct stress, S, upon the moments at both end and 
centre may be placed equal to S yja. Hence, for the centre moment. 
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whence 


M = M' ± 

® 2 


M' ± 


SM,P 

Z2EV 


M, 


M' 


I T 


SP • 
32 El 


(134) 


In terms cl the end moment, Af„ the deflection is 


and we derive as before 


M, P 

^ “ 64 £/’ 


M, 


M' 

SP 

64 El 


(13s) 


In (134) and (135), M' is the moment at the centre and end, respec¬ 
tively p P and ordinary beam with fixed ends. 


Examples. —(i) An eye-bar 2 in. wide by 12 in. deep and 40 ft. long is 
subjected to a direct stress of 12,000 lbs. per sq. in., or a total stress of 288,000 
lbs. What is the fibre stress due to bending from its own weight, the bar 
being assumed as pin-ended ? 

In this case p ^ So lbs. per ft., I = 480 in., I = 288 in.^ Using the 
approximate formula, eq. (133), we have ^ = 7.7, 

and M = = ipPI^-77 = 192,000/1.77 = 108,000 in.-lbs. The 


. 1 108,000 X 6 ,, 

fibre stress = / = - --= 2,250 lbs. per sq. m. 

2oo 


By the exact formula, eq. (128), we have M — — sech 


= ^ (i - sech J. The value of {q ly = ~ = 7.7. Then 

^ = 1.385 and sech 1.385 = ~ = . 473 - ^ X ~ - 473 ) J 

= ^ X .547 = 192,000 X .547 = 105,000 in.-lbs., a value about 3 percent 
8 

less than obtained by the approximate method. 

(2) A compression member has the following dimensions: / = 360 in., 
sectional area « ^4 == 60 sq. in., I = 3,000 in.^, depth » 18 in. Direct 
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stress =55=* 600,000 lbs. What is the fibre stress due to its own weight, 
assuming pin ends? 

S P 600,000 X 360^ 


Here = 0.865. Hence the approximate 

EI 30,000,000 X 3,000 

M' p P 

formula gives M = - — ~ ^ X 1*095 = 270,000 X 1*095 = 295,600 

I — .0865 8 

in.-lbs. The effect of the deflection is indicated by the term .0865 in the 
denominator, as compared to unity. 

The more exact formula, eq. (112), gives M = M' ^ ^3" 

= M' ^ X *865^ = JbT' X 1*09 = 294,000 in.-lbs., a value agreeing 
closely with the one found above. 


33S* Impact Stresses .—Static and Dynamic Stresses .—In the 
analysis of stresses which has preceded, the loads considered have, in 
all cases, been assumed to be due to the action of gravity alone. In 
the case of moving loads, the position of the loads has been varied, 
but the resulting stresses have been calculated on the assumption that 
at any instant the loads have been stationary. Stated in other words, 
the dynamic effect of moving loads (the effect due to acceleration or 
retardation) has not been considered. The stresses thus obtained, 
whether from dead load or from live load, may properly be called 
static stresses. In their calculation no account is taken of dynamic 
effect. 

In the design of structures it is necessary, however, to know not 
only the static stresses involved, but also, as nearly as practicable, the 
dynamic stresses, so that proper provision may be made for the com¬ 
bined effect. In some structures this dynamic effect is relatively small 
and unimportant, as, for example, where the fixed load is very large 
and the moving or variable load is small, or is applied gradually and 
steadily. Bridges carrying aqueducts, roof trusses, and many types 
of buildings, are examples of such structures. In other structures 
the dynamic effect of the live load is very great, as, for example, high¬ 
way bridges subjected to the action of rapidly moving vehicles or 
animals, and railroad bridges under fast moving trains. Whatever 
may be the cause of such dynamic effect, the combined result is gen¬ 
erally spoken of as impact stress. 

In the design of bridges the impact stress is provided for either by 
increasing the live-load stress in accordance with some empirical rule 
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supposed to represent the impact, or by a reduction in the live-load 
working stress below what would be used in case the stress were wholly 
static. The former method appears to be the more rational one to 
follow and is the one generally used. 

A great variety of impact formulas have been used, most of 
which express the impact ratio or percentage in terms of span 
length or loaded length for maximum static stress. One of the 
earliest of these formulas, used for many years in the specifications 
of the American Railway Engineering and Maintenance of Way 
Association, is 


300 + L 

in which S is the static stress and L the length of span loaded to produce 
the maximum live-load stress. 

To secure more definite information on this subject the Maintenance 
of Way Association, through a sub-committee, has conducted a large 
series of experiments, the results of which are published in “ Bulletin 
No. 125,” 1910. Experiments were made on about 50 plate girder 
and truss spans, in which the effect of special test trains, moving at 
various rates of speed, was determined by means of a dcflectometer and 
several extensometers attached to various members of the structure. 
Some of the results and the general conclusions contained in this report 
are here given. 

336. Causes of Impact .—The chief factors in causing impact in 
railroad structures are: (i) Unbalanced locomotive drivers; (2) 
rough and uneven track; (3) flat or irregular wheels; (4) eccentric 
wheels; (5) rapidity of application of load; (6) deflection of beams 
and stringers, giving rise to variations in the action of the vertical 
load. 

Where caused by open joints or rough or flat wheels, the impact 
is more or less in the nature of a “blow” upon the structure; but 
where caused by the other factors mentioned, it amounts in effect to a 
varying load, or a series of impulses, acting upon the structure. In 
either case the result is to produce deflections and stresses in excess of 
the static values, such excess of stress being commonly called impact 
stress or simply impact. 
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Of all the various causes of impact the fifth one above mentioned, 
namely, the rapidity of application of the load, is the one which has 
received the greatest amount of theoretical discussion. The other 
causes cannot be so readily traced from a theoretical standpoint; 
experimental determination is the only practical method of determining 
the results produced. The discussion here given will therefore be 
divided into, (a) effect of speed of application of load, and (h) effect 
of other causes. 

337 * (®) Speed of Application of Load .—Assuming the 

track perfectly smooth and all of the rotating parts perfectly balanced, 
the effect of a load moving over a structure at a high rate of speed de¬ 
pends wholly upon the vertical curvature of the track and the effect 
which this curvature has upon the path over which the centre of 
gravity of the load travels. If the load causes the structure to deflect 
so that the curvature of the track is concave upward, the pressure of 
the load upon the bridge will be in excess of its weight by reason of the 
centrifugal force caused by such curvature. If the track has an initial 
camber so that, when the load passes over the structure, the deflection 
produced is just sufficient to bring the track into a straight line, then 
there will be no centrifugal force developed and the pressure of the 
load upon the track will be constant and exactly equal to the static 
load. The impact in that case will be zero. 

If we assume the track originally straight and absolutely rigid, the 
amount of impact or centrifugal force resulting from the deflection of 
the structure can be approximately determined on theoretical grounds. 
Such an analysis has been made by Dr. H. Zimmerman * for the case 
of a single rolling load, and a formula which is very closely approximate 
to his exact formula is as follows: 

F = P - - - 

g P/i6 v^d — ^ 

in which i** = centrifugal force, P = weight of rolling load, v = velocity 
in feet per second, d = deflection of structure, and I — span length. 
If, for example, d = i /2,400 of span length and v = 90 ft. per second 
(about 60 miles per hour), we have 


♦ Die Schwingungen einesTrigers mit bewegter Last.** Berlin. 
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0-595 I - 3 

a formula which is practically exact for spans greater than 15 feet. 
For a 25-foot span this gives 8.7 per cent impact, and for a 50-foot 
span, 3.7 per cent. For a loo-foot span the value would be 1.7 per 
cent. 

Considering these results and the fact that for spans of any con¬ 
siderable length the track is cambered and the abutments net rigid, 
we may conclude on theoretical grounds that the impact due to 
speed of application of load, for spans greater than 50 feet, is of no 
consequence. 

The experimental data with reference to this point are very difficult 
to obtain by reason of other elements which are always present. The 
results obtained in these tests from balanced compound locomotives 
are, however, very significant, and indicate that under very favorable 
conditions as to track and rolling load the impact is of very little con¬ 
sequence even for short spans. 

338. (6) Effect of other Causes of Impact ,—^The experiments ob¬ 
tained in this series of tests, indicate that with track and rolling stock 
in good condition the main cause of impact is the unbalanced condition 
of the drivers of the ordinary locomotive. Various rules are in use 
for the balancing of locomotives, but, excepting in the case of the 
balanced four-cylinder locomotive, or the electric locomotive, it is 
impracticable to balance an engine in all respects. The result aimed 
at by the mechanical departments is to so counterweight the wheels as 
to secure a reasonable compromise between the effect of the rotating 
parts and the reciprocating parts. This requires the use of counter¬ 
weights considerably in excess of the amount necessary to balance the 
rotating parts. So far as the vertical effect on the track is concerned 
the reciprocating parts are of little influence, but by whatever amount 
the rotating parts arc overbalanced, just so far will there be a variation 
in pressure upon the rail due to the centrifugal force of such over¬ 
balance. The amount of such overbalance is such that at high speeds 
the centrifugal force of this weight becomes a large percentage of the 
vertical load. In many locomotives, at 80 miles per hour, the excess 
pressure amounts to more than 100 per cent. 

In consequence of the action of these centrifugal forces during the 
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passage of a train, the load acting upon the bridge is a varying one. 
It varies with each rotation of the driver, and thus acts as a series of 
impulses tending to set the structure into vibration. In the case of 
short-span bridges these impulses will be repeated only two or three 
times during the passage of the locomotive, but in the case of long-span 
bridges they will be repeated many times. If now these impulses 
correspond in period with the normal rate of vibration of the loaded 
structure, the effect will be cumulative and the vibrations will be 
greatly increased. Such cumulative effect cannot occur for bridges 
of very short span length, as the normal rate of vibration of such 
structures is higher than the rate of rotation of the drivers at the 
highest practicable speeds. It may and frequently does occur in 
structures of span lengths as low as 75 feet and sometimes less. The 
speed at which the impulses here considered show a cumulative effect 
may be termed the critical speed. 

In the report here referred to the following formula is derived as 
expressing the rate of vibration of a loaded bridge: 

in which T = time of vibration of loaded structure in seconds; 

TV = dead load per foot, assumed as uniform; 
p = live load per foot, assumed as uniform; 
d = static deflection in feet due to load p, as determined 
by calculation or direct measurement. 

The speed of the train which will produce cumulative vibration, as 
described above, depends upon the natural rate of vibration of the 
loaded structure and the diameter of the locomotive drivers. During 
the passage of a train the total weight on the structure varies to a 
considerable extent and hence the normal rate of vibration of the 
structure also varies. Exact agreement, therefore, between driver 
rotation and vibration period of the structure will exist only for a short 
time, and hence the cumulative effect will not continue during the 
passage of the locomotive entirely across a long-span structure. The 
results of the tests show clearly the importance of the critical speed, 
and the maximum vibrations were found to occur generally through 
a narrow range of speed corresponding to this critical speed. 
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Fiq. 61,—Results of Impact Tests. (Bui. 135 Am. Ry. Eng. and M. of W. Assn., 1910.) 


Span 
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339. General Results for all Spans. —The most important results 
obtained are shown in Fig. 61, taken from Plate IX of the “Bulletin.” 
In this diagram are plotted the maximum impact percentages for all 
of the structures tested, determined by a comparison of the deflection 
and stresses in flanges and main truss members at high speeds with the 
same stresses at low speeds. Each point represents a separate struc¬ 
ture or series of tests. The curve shown by the full line on the diagram 
is drawn to represent the maximum percentages as determined by the 
experiments. So far as our present knowledge goes it may be taken 
as a reasonable expression of maximum probable impact for ordinary 
bridge structures. 

340. Impact Percentages for Various Truss Members. —The per¬ 
centages referred to in Fig. 61 relate principally to flanges of girders 
and chords of trusses, all of which are directly affected by *abrations 
of the structure as a whole. The relative impact in various web 
members, as compared to chord members, was also investigated and, 
so far as these tests went, it was found that there was comparatively 
little difference in the impact ratios for the two classes of members. 

341. Summary of Results of Tests. —The following summary is 
taken from the Bulletin. 

(1) With track in good condition the chief cause of impact was 
found to be the unbalanced drivers of the locomotive. Such inequal¬ 
ities of track as existed on the structures tested were of little influence 
on impact on girder flanges and main truss members of spans exceeding 
60 to 75 feet in length. 

(2) When the rate of rotation of the locomotive drivers corresponds 
to the rate of vibration of the loaded structure, cumulative vibration is 
caused, which is the principal factor in producing impact in long spans. 
The speed of the train which produces this cumulative vibration is 
called the “critical speed.” A speed in excess of the critical speed, as 
well as a speed below the critical speed, will cause vibrations of less 
amplitude than those caused at or near the critical speed. 

(3) The longer the span length the slower is the critical speed, and 
therefore, the maximum impact on long spans will occur at slower 
speeds than on short spans. 

(4) For short spans, such that the critical speed is not reached by 
the moving train, the impact percentage tends to be constant so far 
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as the effect of the counterbalance is concerned, but the effect of rough 
track and wheels becomes of greater importance for such spans. 

(5) The impact as determined by extensometer measurements on 
flanges and chord members of trusses is somewhat greater than the 
percentages determined from measurements of deflection, but both 
values follow the same general law. 

(6) The maximum impact on web members (excepting hip verti¬ 
cals) occurs under the same conditions which cause maximum impact 
on chord members, and the percentages of impact for the two classes 
of members are practically the same, 

(7) The impact on stringers is about the same as on plate girder 
spans of the same length, and the impact on floor beams and hip 
verticals is about the same as on plate girders of a span length equal to 
two panels. 

(8) The maximum impact percentages as determined by these 
tests is closely given by the formula: 

r — 

I +—^ 

20,000 

in which / = impact percentage and L = length of span in feet. 

(9) The effect of differences of design was most noticeable with 
respect to differences in the bridge floors. An elastic floor, such as 
furnished by long ties supported on widely spaced stringers, or by a 
ballasted floor, gave smoother curves than were obtained with more 
rigid floors. The results clearly indicate a cushioning effect with 
respect to impact due to open joints, rough wheels, and similar causes. 
This cushioning effect was noticed on stringers, floor beams, hip verti¬ 
cals, and short-span girders. 

(10) The effect of design upon impact percentages for main truss 
members was not sufficiently marked to enable conclusions to be 
drawn. The impact percentage here considered refers to variations 
in the axial stresses in the members, and does not relate to vibrations 
of members themselves. 

(11) The impact due to the rapid application of a load, assuming 
smooth track and balanced loads, is found to be, from both theoretical 
and experimental grounds, of no practical importance. 
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(12) The impact caused by balanced compound and electric 
locomotives was very small and the vibrations caused under the loads 
were not cxunulative. 

(13) The effect of rough and flat wheels was distinctly noticeable 
on floor beams, but not on truss members. Large impact was, how¬ 
ever, caused in several cases by heavily loaded freight cars moving at 
high speeds. 



CHAPTER VIII 


ANALYSIS OF QUADRANGULAR FRAMES AND SECONDARY 
STRESSES BY THE METHOD OF SLOPE AND DEFLEC¬ 
TION 

Sec. I.—General Theory 

342. Introduction.—The so-called method of Slope and Deflection 
developed by Professor Otto Mohr * in Germany, and later developed 
independently by Professor G. A. Maney,t has certain advantages in 
the solution of problems involving quadrangular frames (frames com¬ 
posed of beams rigidly connected at joints but without triangular 
bracing), and may also be preferred by some in the determination of 
secondary stresses in ordinary trusses. In the method of solution of 
quadrangular frames employed in Chapter VI, the unknowns were 
expressed in terms of moment, shear, and direct stress at some con¬ 
veniently cut section of the frame. In the method here explained, the 
unknowns are expressed in general as the changes in inclination of the 
axes of the beams and the angles of twist of the several joints from their 
original positions. The method might well be called the method of 
twist and deflection angles, and these terms will generally be used 
herein. The significance of these functions will now be explained. 

In Fig. I (a), suppose A B to represent a member in an unstrained 
state. Now suppose end B is moved through a vertical distance A, 
the tangents at A and B remaining parallel to the original position of 
the member, thus assuming complete restraint of the end connections. 
The beam axis A B has been rotated through an angle a (Fig. i (6)), 
and moments Ma and Mb now exist at the ends of the beam. The 
angle a is here called the ‘‘deflection” angle of the beam and the 

♦Die Berechnung der Fachwerke mit starren Knotenverbindungen. Professor O. 
Mohr. Der Civil Ingenieur; 1892, page 577; 1893; page 67. 

t Studies in Engineering No. i, The University of Minnesota, March, 1915, by G. A. 
Maney. Bulletins No. 80,1915, and 108,1918, University of Illinois Engineering Experi¬ 
ment Station, by Wilson, Maney, Richart, and Weiss. 

493 



494 


SLOPE-DEFLECTION METHOD OF ANALYSIS 


moments Ma and Mb can readily be expressed in terms of the angle a 
and the dimensions of the beam. 

If the ends of the member are only partially restrained, there will 
be a rotation of the end joints through angles 6 a and Ob, respectively, 
these angles being inversely proportional to the restraint at the ends 
of the beam. Fig. i (c) shows the existing conditions. Angles 6 a 
and 6b are the angles of “twist” at the joints, and the moments Ma 
and Mb are now functions of these angles as well as of the deflection 
angle a. Formulas for moments are developed in the following article. 



Fig. I. 


In a structure consisting of several members rigidly connected at 
the joints, the twist angles for all members at any joint are the same. 
There will thus be one unknown twist angle for each joint in a structure. 
As conditions of static equilibrium exist at each joint, which may be 
expressed as a zero summation of moments, it is possible to write 
moment equations for each joint of the structure which will result in 
a set of simultaneous equations equal in number to the number of 
unknown twist angles. The resulting equations contain also the 
deflection angles for the several members. These deflection angles 
may in certain cases be determined by calculation or by direct measure- 
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ment and inserted in the equations as known quantities. Again, they 
may also be unknown quantities, in which case additional equations 
based on known conditions of static equilibrium are required for their 
determination. These special methods will be fully explained in tlie 
articles which follow. 

343. Bending Moments at the Ends of a Member in Terms of 
Angles of Twist and Deflection.— It will be assumed, as in Chapter VII, 
that angles of twist and deflection are positive when the rotation is in 
a counter-clockwise direction. Also, counter-clockwise moments will 


Mz 



Fig. 2. 


be assumed as positive. The effect of the direct stresses in the mem¬ 
bers on the moments will be neglected, for the reasons given in Article 
277 - 

In Fig. 2, I'A shows the original position of a member. Due to 
the distortion of the structure, point i-A has been moved vertically a 
distance A to a new position at 2, the axis 1-2 of the member being 
rotated through an angle a in a positive direction. Then, also, due 
to the twist at the joints, the tangent i-C at joint i has been rotated 
through a positive angle 0i, and at joint 2, the tangent 2-D has been 
rotated through the angle O2, measured from a line 2-B parallel to the 
original position of the member. Angles 0i and 62 are the twist angles 
at joints i and 2, and these angles are common to all members entering 
these joints from other parts of the structure. Note that all angles 
shown in Fig. 2 are positive angles. Moments Mi and M2 at joints 
I and 2 are also positive moments, according to the assumed notation. 
Since A is very small compared to I we may write 

a = A/I .(1) 
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Values of Mi and Mi, in terms of 6i, 02 and a may be determined 
by the same methods as used in Art. 277. However, we note from Fig. 
5, Art. 277, that angles C-1-2 and D-2-1 of Fig. 2 are the same as 
Ti and T2 of Fig. 5. Hence the desired values of Mi and M2 may be 
obtained from eqs. (10) and (ii), Art. 277, by writing ti = 0i — a and 
T2 = ^2 — a. Substituting these values in eq. (10), we have 

Ml =^[2 (ei-a) + ie2-a)], 

from which 

Ml — —^ {2 01 + 02 — 3 a) .(2) 

In a similar manner, we find from eq. (ii) 

M2 =^{2 02 + 01- 3^) .(3) 



Fig. 3 . 

In eqs. (2) and (3), the twist angles 0i and 02 and the deflection angle 
a replace angles ti and t 2 of eqs. (10) and (ii). 

If member 1-2 is hinged at 2, as shown in Fig. 3, we have M2 = o. 
Then from eq. (3) 

EI 

2 — {2 02 + 01 - 3 a) =0, 


from which 

02= - \ {01 - 30^ .(4) 

Placing this value of 02 in eq. (2), we have 

Mi = 2^[%{0i-a)] .(S) 

When joint i is hinged, we have 

01 = - \ {02 - 3a), .(6) 

and 

M2=~[i{02-a)] .(7) 
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Fixed end conditions at any joint may be accounted for in eqs. 
(2) and (3) by placing 6 at the fixed end equal to zero. 

When a member supports applied loads between the joints, as 
shown in Fig. 4, the resulting end moments may be found by methods 
similar to those used in Art. 305, or, as before, we may substitute 



r\ = di — a and t 2 = 62 — a in eqs. (26) and (27) of Art. 305. We 
then have 


and 


Ml 


M2 


= (2 - 3 «) - ^jT M' {I - 2, x) dx. . (8) 

= ^"7^ (2 02 + 01 - 3 «) + M' {^x - 2I) dx. . (9) 

As explained in Art. 305,- M' is the moment in a beam assumed as 
freely supported at i and 2. 

The terms ^ T M' {I — 2, x) d x and ^ T Af' (3 2: — 2 1 ) d x ol 
l^Ja I' Jo 

eqs. (8) and (9) are equal to the end moments at the left and right ends 
respectively of a beam fixed at the ends and supporting the applied 
loads. Let Ci and C2 respectively denote these terms for the left and 
right ends of the beam. Equations (8) and (9) may then be written 
in the form 

2EI 


and 


Ml = 

M2 = 


/ 

2EI 


(2 01 + 02 — 3 ®) 4 “ Cl, . 
(2 02 + 9 i — 3 a) — C2. . 


(10) 

(11) 


I 
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Note that proper provision has been made in eqs. (10) and (ii) for the 
signs of Cl and C2. Values of Ci and C2 for various forms of loading 
are given in Table II, where they are shown as positive quantities. 

When member 1-2 is hinged at 2 but restrained at i, M2 = 0. 
Then from eq. (9) 

= - ^ |^(ei - 3 «) + ;^/jr M' iix - 2l)dx]^, 

and 

02 — — 5 j^( 5 i — 3 a) — ^ C2 j.(12) 

Also 

Ml = (01 - «) + M' xdx .(13) 

When member 1-2 is hinged at i but restrained at 2, Mi =0, and 

= - i j^(^2 - 3 “) - ~ 3 x)dx^, 

or 

= “■ 2 j^(^2 — 30c) + Clj, .(14) 

and 

^2 = {62 - a) - M' {I - x)dx .(15) 

Terms J' M' xdx and^ M' {I -- x) d x of eqs. (13) and (15) are 
the statical moments about the ends of the beam of the area of the 
moment diagram for M', If these terms, multiplied by ^ be denoted 

• If 

by Di and Z)2, respectively, eqs. (13) and (15) may be written in the 


form 

Mi=^^(0i- a) +Di, .(16) 

and 

M2 = ^^(02- a) - D2 .(17) 


Values of Di and Dz are given in Table II. Table I contains a sum¬ 
mary of the foregoing equations arranged in convenient form for 
reference. 
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TABLE I 

Summary of General Equations 


Loading Condition 

Values of Ml, M2, 0 , and a 


, 

< 

II 

Ml ^ ^2 ‘V''"" 

1 Both £nd> restrained 

2KI 

Ml = —(201 + 02 - 5a). (2) 

2RI 

^^2 — -y-(202 + 01 — 3a).(3) 

U- --/--->i^lIinKe 

^ Left End restrained 

Ritfht End binjred 

M2 = 0 

02=— 2(01 — 3«) . (4) 

^EI 

M, = 'Y (»!-«).(5) 

Hln»e/T^^ 

Riirht End restrained 

Left End hinged 

Ml = 0 

9i=-Ke2-3«) . (6) 

3KI 

M2 = —(02 — a).(7) 

Pil Psi Pal 

Both Binds restrained 

Loads between Joints 

2RI 

Ml = — (201 + 02 - 3«) + ^1- . . . (10) 

2EI 

Mi = —{2O2 + ^1 - 3«) - C2. . . . (ii) 

For values of Ci and C2, see Table II 

P 4 Pa| P,| , 

Hinge 

Left End restrained 

Right End hinged 

Loads between Joints 

M2 = 0 

0j j^(ei - 3«) - “('aj- • • • (12) 

Ml = ^^(01 — a) + Di .(13) 

For values of Di and C2, see Table II 

Ilinge'^^''- — 4^ 

Right End restrained 

Left End hinged 

Loads between Joints 

3/1 = 0 

01 = —-j^t 02 — 3 «) + • • • • (^4) 

xFI 

Mi ^ '—{di - a) - Di .(15) 

For values of Di and Ci, see Table II 
















Values of Ci, Ca, Du and of Table 
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344- Special Cases of End Restraint. —Restraint Factor .—When the 
deflection angle a is zero, and there are no applied loads on the member, 
and when there is a known or assumed relation between the twist 


angles at the ends of the member, the equations of Art. 343 may be 
stated in a simple and useful form. Thus in the case where —— 62, 


the general equation M2 


2EI 

I 


(2 02 -|- becomes 


M2 = $2 = 2 EK 02, .(18) 

v 

where 



In general, let 0i = r 02- Then the general expression for M2 
becomes 

M2 = 2 {2 + r) E K 02, .(19) 

or 


M2 = R E K 02, .(20) 

in which 


/? = 2 (2 -f r) 


(21) 


The quantity R (eq. 21), indicates the effect of the relative values of 
01 and 02 upon the moment M2. This quantity R may be called 
the restraint factor; it is a function of the ratio of 0 i and 02. 

Table III gives the values of R and M2 for several simple and 
frequently assumed relations between the end twist angles 0i and 02. 
For conditions of end restraint lying between these particular values, 
R varies between the given values in proportion to the variation in the 
ratios Of the end twist angles, and can be interpolated between 
the values given in the table. Thus if, for a given case, it can be 
assumed that 0\ = \ 02, then r = 5 and /? = 5, a value midway be¬ 
tween cases (c) and (d). For 0i = — i 02, r = — ^ and R = 3^, mid¬ 
way between (b) and (c). These relations will be found useful in 
approximate analysis of building frames where it is possible to esti¬ 
mate with reasonable accuracy the relative values of and 02 (see 
Sect. V). 

345. Moments, Shears, and Fiber Stresses in Members. —After the 
end moments have been determined, the shear and bending moment 
at any point in the member may be determined_by the same methods 





Restraint Factors for Particular Cases 
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as in Art. lo for Continuous Girders. Thus from Fig. 4, the end shears, 
assumed as positive in direction in the figure, are 

Fi + .... (22) 

and 

F2 = - [Ml -h - S P (/ - X')]. . (23) 

Considering forces to the right of a section distance x from the 
right end of the member, the moment is 

Mx = F2 * + M2 — m, .(24) 

in which m = '2 P x' = moment of loads to right of the section. 
Eq. (24) may also be written in the form of eq. (22), Art. 305, thus 

Mx = M2 - (Ml + M2 )^ + M', ... (25) 

in which M' has the value previously defined. 

Fiber stresses in members are determined as in Chapter VII by 
means of eq. (i8a). Art. 282, or by eq. (30), Art. 305. The character 
of fiber stress is determined as explained in Art. 296. Thus, if the 
moment at the end of any member is positive (plus sign), the fiber 
stress in the first fiber met with in passing around the joint in a clock¬ 
wise direction will have a plus sign (tension). Opposite signs indicate 
compression. 

346. General Equation for Equilibrium of a Joint in Terms of 

9 and a. Fig. 5 represents a joint of a structure where all members are 
concentric and subjected to moments at the ends. It will be noted 
that the state of strain of each member is simUar to that shown in Fig. 
4. Let 9 n = angle of twist of all members at joint «; 9 i, $2, etc. 

angles of twist at joints i, 2, etc.; and ai, a2, etc. = changes of 
inclination or the deflection angles of the several members from their 
original positions. The moments at the ends of the several members 
may be expressed by means of the formulas derived in the preceding 
article. 

If it be assumed that joint n is in a state of static equilibrium, 2 M 
for the ends of all members entering joint n must equal zero. We 
may then write 

S Mn = O = Mn-l + Mn-2 + ... 
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Substituting values of the several moments^ as given by eq. (2), we 
have 

j - (2 — 3 ori) H- - —(2 + ^2 — 3 a2) + . . . = O 

ht-l fn-2 

Let etc. = Kn-\, Kn-2, etc., and omit 2 E. Substituting 

in-1 In-2 

these values in the above equation and collecting terms, we have 
2 {Kn-l + Kn-2 + • . •) "h Kn-l 0i + K„-2 02 + • • • 

— 3 (Ka-I ai + Kn-2 012 +...)= O.(26) 



Fig. s- 

Equation (26) is a general equation for equilibrium at a joint in terms 
of $ and a. On comparing eq. (26) with eq. (15), Art. 281, it will be 
noted that the r’s of eq. (15) have been replaced by 0’s in eq. (26), 
and that the coefficients of t’s and 0’s are exactly the same in the two 
equations. However, the terms 5Zof eq. (15) have been replaced by 
terms containing a in eq. (26). 

In case either end of a member is hinged, or if applied loads are 
supported between joints, use the equation given in Table I, which 
covers the loading conditions when formulating eq. (26). If any 
members at a joint are eccentric, the method of procedure is the same 
as given in Art. 281. 

Equations similar to eq. (26) may be written for each joint of the 
structure. When the relative movements of the joints of a structure 
can be determined in any manner, numerical values may be substi- 
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tuted for a and the resulting equations solved for $, When the relative 
joint movements are not known, the values of a also enter eq. (26) as 
unknowns. In this case, values of a may be determined by writing 
additional equations, one for each unknown a, based on known condi¬ 
tions of static equilibrium existing in properly chosen portions of the 
structure. On solving the system of equations like (26) and the addi¬ 
tional equations based on statics, values of 6 and a may be determined. 

After the values of 6 and a are known, the moments at the ends of 
the members may be determined from the moment equations given 
in Table I. 

347. Applications.—The general method of analysis outlined in the 
preceding articles may be applied to the solution of many problems in 
statically indeterminate structures. It will be found that the solu¬ 
tions obtained by this method are in some cases much shorter than 
those obtained by the general method given in the preceding chapters. 
This is due to the manner in which the unknowns are selected in the 
method under discussion. As stated in Art. 346, all members entering 
any joint have a common twist angle. There will then be one unknown 
for each joint of the frame. Also, there will be an unkno\vn deflection 
angle a for each member of the frame. However, in many cases the 
a values may be calculated from known movements of the joints of 
the frame. In other cases, the a^s remain unknown, but may be 
determined by means of additional equations based on known conditions 
of statical equilibrium existing in properly chosen portions of the frame. 

In most cases it will be found best to solve for particular solutions 
of the problem under consideration by substituting, as far as possible, 
numerical values for terms involved in the equations. In this manner, 
each solution will result in a system of simultaneous equations in 
which the unknown ^^s and as have numerical coeflicients. This 
procedure will, in general, lead to simpler solutions than if general 
values are substituted for the purpose of deriving general formulas. 

In the determination of secondary stresses<^ the angles a are deter¬ 
mined by the same general process used in finding the values of 6 a 
in Art. 276, but the several joint equations like eq. (26) are somewhat 
more readily set up than the form of eq. (15), Art. 281. The solution 
of the several equations is precisely similar, but in subsequent deter¬ 
mination of moments, eq. (18), Art. 282, is a little briefer than eq. (2). 
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In the articles which follow, complete solutions will be given for 
some of the more common statically indeterminate structures en¬ 
countered in practice. 


Section n.—R estrained, Continuous and Partially 
Continuous Beams 

348. Restrained Beams.—If the ends of a restrained beam are 
fixed, values of 6 at the ends of the beam are zero. When the ends of 
the beam are partially restrained, 
values of 6 may be determined by 
direct measurement and become 
known quantities. If the supports 
have not been subjected to settlement, 
a is also zero. When a known set¬ 
tlement of the supports has taken 
place, the value of a is readily calcu¬ 
lated from eq. (i). 

Example i.—Given a l^eam fixed at the ends with supports at the same 
level, and loaded as shown in Fig. 6. Find the end moments. Since the 
ends of the beam are fixed, the twist angles di and 62 at the ends of the beam 
are equal to zero, and since the supports are at the same level, a = o. Then 
from eqs. (10) and (ii), the end moments are 

Ml = •+• Cl and M2 = — C2. 

From Table II, Ci ^ P k {I - k)- and €2^ P {I - k). With P 

= 10,000 lb., 1 — 20 ft., and ^ = i 

Ml =-f (io,ooo)(o.25)(o.75)(2o) =+ 28,125 ft.-lb. 

Mo = - (10,000)(0.25)(0.75)(20) = - 9,375 ft.-lb. 

As explained in Art. 345, the fiber stress in the top fiber at the left end of the 
beam is tension and at the right end, the bottom fiber is in compression. 

Example 2.—Given a beam hinged at the right end, partially restrained 
at the left end, and loaded as shown in Fig. 7. Measurements made on the 
beam show that the right end has settled 2 inches, that the left end has 
settled I inch, and that the left end joint has been subjected to a twist of 
0.006 radian in a negative (clockwise) direction. The moment of inertia 
of the beam section is 100 in.^, and E = 30,000,000 lb. per sq. in. Find the 
moment at joint i. 

Since joint 2 has settled 2 in. and joint i has settled i in., the beam has 


10,000 lb. 



1 ' 

' 2 

L 



1 

<- 20 ^-► 



Fig. 6. 
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been subjected to a negative rotation of 


2 — 1 
240 


= 0.00417 radian. Hence 


a « — 0.00417, As given above, = — 0.006. From eq. (13) 


Ml = 2 -^ {01 - a) +Di = [- 0.006 - (- 0.00417)] + Di 

I 20 


3EI 


20 


(- 0.00183) + ^1- 


4 




10,000 lb. 


a - 0.00417 

0 ,- 0.006 I ' 7-100 iL< 


I I 

-- ^ 

Fig. 7. 


From Table II, Di = i P (i — k){2 — k) kl. With P = 10,000 lb., ft = } 
and 1 — 20 ft., Di = 32,800 ft.-lb. In foot and pound units, 

El - [(30,000,000)(i2 )2 ](ioo)/(i2 )'^ = 20,830,000 ft.-lb. 

Then 

Ml = ^(2o,83o,ooo)(- 0.00183) + 32,800 
Ml - — 5,720 + 32,800 = + 27,080 ft.-lb. 

The fiber stress in the top fiber at joint i is tension. 

349. Continuous Beams. —The general method of this chapter is 
particularly well adapted to the solution of problems in continuous 
girders involving settlement of supports and unusual conditions of 
end restraint. In such cases, solutions by this method are usually 
more direct and require less time than solutions by the theorem of 
Three Moments, as given in Chapter I. 

It will generally be found that the number of unknowns to be 
determined will be least if the twist angles 6 at the several supports 
be selected as the unknowns. If fixed conditions exist at a support, 
the 6 for that support will be zero, and if a hinge is present at any 
support, the $ at this point is dependent upon the B at the next joint. 
Where a known settlement exists at a support, the deflection angles a 
for the adjoining spans may be calculated. Thus the a’s are known 
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quantities, whose values may be substituted in the general joint 
equations. 

Example .—A continuous beam is subjected to the loads shown in Fig. 8. 
Assume that the left end is hinged; that the right end is fixed; and that 
support 2 has settled o.oi ft. If / = 100 in.^, and E = 30,000,000 lb. per 
sq. in., find the moment at support 2. 

Since support 2 has settled o.oi ft., span No. i is subjected to a negative 
rotation of 0.01/30 = 0.000333 radian, and span No. 2 is subjected to a 
positive rotation of o.oi/io = 0.001 radian. Hence, 

Otl2 - Ot2l = — 0.000333; a23 = 0^32 = +0.001; a34 = 043 = o. 



Fic. 8. 


Since the right end is fixed, 04 = o, and since the left end is hinged, M\2 = o. 

The unknowns to be determined are the twist angles 02 and 03. Equi¬ 
librium equations written for joints 2 and 3 will give a pair of simultaneous 
equations from which the unknowns may be determined. 

Joint 2. X M = o — M21 + M23. 

From eqs. (17) and (2) 

X EI 2 El 

- - (02 + 0.000333) - D21 d-- (2 02 + 03 - 0.00300) = O. 

30 10 

Collecting terms 

J^2\ 

0.5 02 + 0.2 03 == + 0.000567 + — 


From Table II, D21 = \ P {1 - k^) k 1. With P = 10,000 lb., k = 1/3, 
/ = 30 ft.; Z>2i = 44440 ft.-lb.; El — 20,830,000 lb. sq. ft. (see Example 

2, Art. 248); we have = d 4 ? . 44 . 9 . . = 0.002133. Inserting this value in 

' El 20,830,000 

above equation 

0.5 02 + 0.2 03 = + 0.00270. {a) 

Joint 3. 2 Af=o = M 32 + 

From eqs. (2) and (10), noting that 04 = o 

(2 03 + 02 - 0.00300) + (2 ^3) + C34 == o. 


10 
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From Table II, C34 = wP = (i/i 2 )(i,ooo)( 2 o )2 = 33>33o ft.-lb. 

12 

Collecting terms and reducing 

0.2 ^2 + 0.6 =* — 0.00100. (b) 

On solving eqs. (a) and (6), we find ^2 = + 0.00700 and ^3 = — 0.00400. 
From eq. (17) 

M21 = ^ (<?2 - a) -D2 

(^)( 20,8 ^0,000)/ . V 

= -(0.00700 + 0.000333) - 44,440 

M21 = — 29,170 ft.-lb. 

350. Partially Continuous Beams.—Structures of the general type 
shown in Fig. 16, Art. 75, are readily analyzed by the method under 
discussion in this Chapter. An analysis by this method is shorter 



ib) 

Fig. 9. 


and more direct than the one given in Art. 75. As an illustration 
we will determine general values for the moments at supports 2 and 3 
of Fig. 9. It is assumed, as in Art. 75, that the shear in panel 2-3 is 
zero and that moments at 2 and 3 are equal. 

Writing summations of moments at supports 2 and 3 equal zero, 
we have M 21 + il/23 = o and M32 + = o. Since the moments 

at 2 and 3 are equal, = — Mz2, and therefore 

(a) 


M2\ = ““ Mza 






restrained and continuous beams 


From Table I, Art. 343, noting that hinges, or their equivalent, are 
provided at supports i and 4 

M2i = 62 - D2 and M34 = »3. . . • (b) 

I L 

From Table II, Art. 343, D2 = \ P {i — k 1 . Substituting these 
values in eq. (a), and solving in terms of the twist angles, we have 

Due to the presence of little or no web bracing in the center panel 
(see Fig. i8, Art. 76), the continuity of the structure is broken at sup¬ 
ports 2 and 3 and cusps in the elastic curve are formed at these supports. 
Tangents to the elastic curves for spans 1-2 and 3-4 at 2 and 3 are not 
tangent to the elastic curve for span 2-3. In fact, the span 2-3 does 
not bend as a beam but is distorted only by the lengthening of the top 
chord or flange and the shortening of the lower chord. The conditions 
are as represented in Fig. 9 (b). If lines a-a and b~b are drawn 
normal to the axes of the beams 2-1 and 3-4, respectively, the angle 
between these normals = O2 — But this angle can also be expressed 
in terms of the distortion of the portion 2-3 and is given by the general 
formula of Art. 2 

M d X _ M3-4 n I 

X ~Ei £ 7 ^ 

Hence 

O2 — Os = Ms 4 . (d) 

Joj 1 

On solving eqs. (c) and {d)j we have 

e-6=- (I- F) k. 

hi 12 h I 

Substituting this value of 63 in cq. (b), we derive 

IT 1 D b I / \ 

M 34 =+F^-TT..(0 

4 + 6 M 

This moment is positive, indicating that tension exists in the top 
fibers of the beam to the right of support 3. Hence the reaction at 
support is downward, and its value is 

Ri = P .(2) 

4 + 6 » 
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On reducing the values given by eq. (21), Art. 75 to corresponding 
dimensions, we note that the result checks eq. (2). 


Example ,—Calculate the reactions for the partially continuous structure 
shown in Fig. 10 under a single concentrated load. Assume the moment of 
inertia I to be constant for all spans. 

From eqs. (i) and (2), with P = 1,000lb.; / = 50ft.; ^ = 10/50 = 0.2, 
and n = 10/50 = 0.2, we have 

(i — 0.04)0.2 . 

Ra = 1,000 ——- - ^ — = 36.9 lb. 


and 


4 + 1-2 

M3-4 = 36.9 X 50 = 1,845 ft.-lb. 


1,000# 

1 




U---10-->| 

i * 

2 

3 

4 


Ri f ^2 Ri 

-5oL--- 60 --► 


Fig. 10. 


To determine i?3, cut a section just to the left of support 3. Noting that 
the shear is zero in panel 3-4 and that Ra acts downward, Rs — Ra 36.9 
lb., acting upward. 

To determine Ri^ cut a section to the left of 2, and consider the portion 
of the structure to the left of the section. Noting that M21 == — M34, 
we have M21 = — 1,845 ft.-lb., a moment acting in a clockwise direction at 2. 
On taking moments about 2, we have Ri X 50 - 1,000 X 40 -f 1,845 = o, 
from which Ri = 763.1 lb., acting upward. To determine /?2, we note that 
since the shear in the center panel is zero, + i?2 = Py or R2 = 1,000 
— 763.1 = 236.9 lb., acting upward. The value of R2 may also be deter¬ 
mined by cutting a section just to the left of support 3. The moment at 
this section is M32 = — M^a = — 1,845 (clockwise). On taking moments 
about the section,* using the known value of R\ as determined above, we 
have, R2 X 10 -f 763.1 X 60 — 1,000 X 50 + 1,845 = o, from which R2 
= 236.9 lb. 


Section IIL—Rectangular Frames 

351. General Methods of Analysis for Rectangular Frames.—In 

the application of this method of analysis to quadrangular frames, the 
axial deformations of the members may be neglected, as is done in 
Chapter VI, since the important deformations are those due to the 
bending of the members of the open frame. The common case is 
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where horizontal shearing forces produce a skew in the frame, as shown 
in Fig. II. Neglecting the axial deformations of the horizontal mem¬ 
bers, all vertical members are deflected through a common angle a, 
the horizontal members being without change of slope. 

352. The General Case.—Referring to Fig. ii, which shows the 
general case of an open frame with all members of unequal cross- 
section, there will be five unknowns to be determined. These un¬ 



knowns will be four twist angles, one for each corner of the frame, and 
the common deflection angle a for the vertical members. 

To determine these unknowns, we first write equilibrium equations 

for each joint after the manner of eq. (26), Art. 346. Letting = Ki\ 

— = Kz; — - tCs] and ^ = A4, the resulting equations are as 
h I « 

follows: 

Joint I: 

2 (Ki + Kz) 01 + Ki 02 + Kz 0 * — 3 -^2 a = o. . . . (i) 
Joint 2: 

2{Ki +Kz)02 + Ki 01 + Ki 03 - . . . (2) 

Joint 3: 

2 {K 3 + Ki)03 + Ki0z + K 30 i- 3Kia = o . . . ( 3 I 
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Joint 4: 

2 {K2 + 64 + K2 ^1 + -STa ^3 — 3 -^2 « = o . . . (4) 

The skew angle a adds an extra unknown in this case, and an addi¬ 
tional condition equation is needed for the solution of the five un¬ 
knowns. This additional equation may be obtained from the condi¬ 
tions of statical equilibrium existing in a portion of the frame formed 
by cutting the vertical members just below the top joints and just 
above the lower joints. Fig. ii (b) shows this portion of the frame 
with all forces in position. Moments at the ends of the members 
shown on Fig. ii (b) have been assumed as positive. Hi + Ih = sum 
of the shearing forces at top of members = P. On taking moments 
about 3 or 4, we have 

Mi 4 Mil + ^23 “h ^32 + P // = o. . . . (5) 

Writing out the values of the several moments in terms of twist angles 
and the deflection angle a after eqs. (2) and (3), Table I, we have 

2M = 2 £ [K2 (2 04 “ 3 a) + Ho (2 04 + 01 — 3 «) 

-f £4 (2 02 + 03 - 3 «) + H4 (2 03 + 02 -- 3 «)] = - -P h. 

On collecting terms, we have 

6 E [K2 (01 "b 04 — 2 a) -f- K4 (02 “b 03 — 2 a)] = — P h, . (6) 

Equation (6) is the general form of the necessary additional equa¬ 
tion. Substituting numerical values of K and P h, in eqs. (i), (2), 
(3), (4) and (6), enables the equations to be readily solved for values 
of 0 and a. On substituting these values of 0 and a in eqs. (2) and (3) 
of Table I, the moments at the ends of the members are determined. 

353. Modified Solution.—Since all values of 0 rnd a in the above 
equation are in this case proportional to P A, the equations may readily 
be solved by assuming a value of a = i in eqs. (i) to (4), and solving 
the resulting equations for 0. Then insert these values of 0 in eq. (6) 
with a = I, and solve for the corresponding value of P A. This gives 
a value of P A which will produce a skew a equal to unity. This 
value of P A is then divided into the actual P A value and the resulting 
factor used to multiply all values of 0 and a to obtain the true results. 

If it is desired to obtain directly numerical values for the moments 
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at joints of the frame of Fig. ii, or if it is desired to express these 
moments in the form of general equations, the method of solution given 
below may be followed. 

354 - Derivation of General Formulas.—Since there are but two 
members entering each joint of the frame of Fig. 12, it is evident that 
the moments at the ends of these two members are equal in magnitude 
but opposite in sense. Hence the unknown moments at any joint may 
be represented as the moment at the end of one member entering the 
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joint. In a general case there will be four unknown moments to be 
determined. For Fig. 12, these moments will be taken as M1-2, M2-3, 
and M4-1. Writing values of these moments in terms of twist 
and deflection angles after the equations given in Table I, Art. 343, 
we may obtain two independent equations for each of the selected 
unknowns. .Thus at joint i, two values of M1-.2 may be written, one 
for member 1-2 in terms of the twist angles at i and 2, and the other 
for member 1-4 in terms of the twist angles at i and 4 and the deflec¬ 
tion angle a. The resulting eight equations and a ninth equation 
like eq. (5), Art. 352, may then be combined so as to eliminate all 
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values of 0 and a, giving four independent equations containing the 
unknown moments. 

In most rectangular frames of the type shown in Fig. 12, the loads 
carried by the vertical members are interchangeable. Hence, it is 
probable that in a general case these members will be made alike, as 
shown in Fig. 12. Assuming the two vertical members to have the 
same cross-section, and letting 

ll.Kr.fi .and f - AT, - f , . • (s) 

the moments at the ends of each member may readily be written from 
the equations given in Table I. To facilitate the writing of these 
equations, the frame may be straightened out as shown in Fig. 12 (b). 
Beginning at point 4 of Fig. (b), the equations are as follows: 


*Mi-i = 2 E — (2 di + 01 — 3 O') -|- C4-1.(7) 

n 

Mi-2 = ~~ Mi-4 = — 2 (2 ^1 + ^4 — 3 + ^1-4 • (8) 

ft 

AT 1.2 = 2 £ £1 (2 01 + ^2) + C1.2.(9) 

M2-Z = = *— 2 £ K\ (2 02 H" 0l) + C2-I . . . (10) 

M2-3 = 2 £ —^ (2 02 + 03 — 3 + ^2-3.(ll) 

ft 

Ms -4 = M3-2 = — 2 £ —- (2 03 + 02 — 3 ^3-2 . (12) 

n 

M3-4 = 2 £ — (2 03 + 04) + C3-4. (13) 

M4-I = Af4-3 = — 2 £ (2 04 + 03) + C4-3 . . . (14) 


In these equations, the terms Ci_2, etc., are to be written for the 
loading conditions existing for the several members. 

Rewriting eq. (s), Art. 352, substituting Mu4 ~ lfi.2, and 
Mz-2 = — M3-4, and letting S M = moment of horizontal forces about 
the axis 3-4, Fig. 12 (a), we have 

— Afi-.2 + M2-Z Af 3-4 "f* M4-I ^ 'S M . . . (15) 
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When eqs. (7) to (15) are combined in the manner indicated in the 
following table,* the final condition equations are as follows: 


Equation 

Coefficients of M 

Abso- 

Ml >2 

M2-3 

Ma -4 

M4-1 

lute 

Term 

IS 

— I 

+ I 

— I 

+1 

A 

16 

+ n 

-fn 

-f(2n + 3 ^) 

+ ( 2 n 4 - 35 ) 

B 

17 

— n 

4-(2n-f i) 

-f {2n-\-.s) 

— n 

C 

18 

+ (»+!) 

+ (w + i) 

+ (» + ^) 

+ (»+ 5 ) 

D 


(7) to (15) 


In these equations the absolute terms have the following values: 

B = nC\^^ + n C2-3 + 2 w C3_2 + 3 C3.4 
+ 2 w C4-1 + 3 C4-3 

C ^ ^ n Ci-4 -\r C2-1 2 n C2 3 2 n C3 2 ' • • 

+ S C3-4 ~ w C4-I 

D = Ci-2 + w C1.4 + C2-1 + fi C2 S -f” w C3-2 
+ CsA + S C4-3 + W C4-I 
On solving these equations we have 

,i\\B {n+i)-Dn'\ \A (3 n+i)+D-2 C]] ] 


M 4-1 = +- 


_ I I [["-6 (^^ + 1)—(3 n+i)+D — 2 C 

2|l X J [ Y 


^ / g+^n \ 

\ 2 n / 

+ <■; .+ iHD-a C jj 

In these equations, 

— X’=«2+2 M5+2 w+3 5; F = 6m+^+i; Z = ^- 

* After Bull. 108, Engineering Experiment Station, University of Illinois. 



5i8 slope-deflection method of analysis 

For any given loading conditions, the values oi A ^ B^C, D may be 
obtained from eq. (19). Then from eqs. (20) and (21) the desired 
moments may be determined. 

355. Special Loading Conditions. —When the rectangular frame 
supports special loadings of the type shown in Fig. 13, the desired 
moments may be determined by substituting values of the constants 
Cl and C2 of Table II, Art. 343, in the general equations of the preced¬ 
ing article. A direct solution may also be made after the method sug¬ 
gested in Art. 352. An application of this method is given in Art. 
356. For Fig. (a), the right hand term of eq. (5) Art. 352 will be P A 
as before; for Fig. (6) it will be zero, and for balanced forces, as in 



Fig. (c), it will also be zero. If the frame is symmetrical about a 
central vertical axis and the loads are also symmetrical about this 
axis, then a will be zero and eq. (5) need not be written. When, as 
shown in Figs. 13 {d) and 13 (e), there is an applied moment at one 
corner of the frame or on the side of a member due to a side walk 
bracket, the moments for the" members are written after eqs. (10) 
and (ii) of Table I, using values of C\ and C2 as given in Table II for 
couple loading. 

356. General Formulas for a Single Lateral Force. —For the case 
shown in Fig. 14, the formulas for moments are comparatively simple. 
They may be written out by substitution in the formulas of Art. 354, 
or may be readily derived directly by the method outlined in Art. 354 
for a general case. Noting that the frame of Fig. 14 is symmetrical 
about a vertical central axis, the moments in members entering joints 



RECTANGULAR FRAMES 


519 


2 and 3 are equal to those entering joints i and 4, respectively. Hence 
the problem may be solved by considering the equilibrium of joints 
\ and 4. • 

From eqs. (9) and (8), Art. 354, for joint i, and (7) and (14) for 
joint 4, noting that, due to symmetrical conditions 62 = 61 and 0^ = 9 z, 
and letting 

we have 

Joint 1: 1/12 = 2 E Ki 0i) .(a) 

n Mi2 — — n Mh = — 2 E Ki.{2 0 i + ^4 ~ 3 “) • W 


Joint 4:» M41 = 2 £ A'l (2 ^4 + — 3 a).(c) 

s Mai = — s Maz = — 2 £ A'l (3 ^4).(d) 


2 P 


i. 

h 

1 


h h 

t 

1 


4 

1 

___L 

4 


3 


; I 

H- b - 

1 i 


Fig. 14. 


In these equations, n 


Kx 

Kz 


Ixh 
b I -z 


and s = 


Kz 


h 

h' 


On combining these equations by adding three times [(6) + (c)] to 


[(a) + (</)], we have 

(3 « + i) jl/12 + (3 M + 5)^44 = o. ie) 

A second condition equation may be derived from eq. (5), Art. 352, 
noting that M\a — — Mxz] Mz-z = M\a = — M12; and A/32 = Af4i, 
from which we have 

— Mi2 + Max ...(/ ) 
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On solving equations (e) and (/) and substituting values of n and s, we 
have 

jlfi2 = ( 3 » + ^) (3 A'a-I-A" 2 )A'i Ph 


(5 -|- 6 re -|- i) 2 (A1A2 -f- 6 Ai A3 -|- A2 A3) 2 


PA / V 
(22) 


(3.» -f i) PA 

»1 A , - r- —=—■ 


( 3 A,- 1 -A 2 )A 3 


^ ( 5 -|- 6 »+i) 2 {KiKi + bKxMKiKi) 2 

These equations may also be written in the form 



Fi«. 1$. 

A solution of this problem by the general method of Chapter VI 
is given in Art. 249, where it is shown that the points of inflection of 
the horizontal members are at their midpoints and formulas are 
given for the shears at these points. The desired end moments are 
found by multiplying the shears A/2, resulting in values as given in 
eqs. (24) and (25). 

Example .—Given the rectangular frame shown in Fig. 15. Determme 
the moments at the joints and the direct stresses in the members. 
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From eqs. (24) and (25), we have 


M 


12 


3 X 64 ^ 96 
10,000 X 64_192_240 


96 ^ 6 X 64 ^ 

192 192 ~ 240 


= 154,500 in.-lb. 


-Jfi4 = — Mi2 = — 154,500 in.-lb. 


M41 


— 320,000 


3 X 64 ^ 96 
192 ~ 192 

96 ^ 6 X 64 ^ 

192 192 ^ 240 


= — 165,500 in.-lb. 
3/4-3 = +165,500 in.-lb. 


M1.4-I&4.6OO in.lb. 



Fia. 16. 


Mj. 2- 164.600 in.lb. 






--06- 
PlG. 17. 


y, V4-8.460 lb. 


166.600 in.Ib. 



M4-8- u_ 

166.600 in.lb.~ 


t V3-S.46O lb. 
1 Hs- 6.000 lb. 


Fig. 18. 


The moments at 2 and 3 are equal and opposite to i and 4 

Figure 15 shows the true form of the frame as distorted by the moments 
calculated above. 

The direct stresses in the frame of Fig. 15 may be determined by separat¬ 
ing the frame into its parts, as shown in Figs. 16,17, and 18, and considering 
the conditions of statical equilibrium of the several parts. 
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From Fig. i6, the shear Hi at Joint i of member 1-4 is 

,j 4 ,S=o + 165.500 . lb. 

64 

Also the shear at joint 4 of member 1-4 = 5,000 lb. This shear acts 
on member 1-2 as shown in Fig. 17, causing a compression of 5,000 lb. in 
member 1-2. This stress, combined with the shear of 5,000 lb. brought by 
member 2-3 to joint 2 of member 2-3, balances the applied load of 10,000 
lb. at joint 2. 

From Fig. 17, the shear Vi at joint i of member 1-2 is 


r, - -54,50° + .54,5°° . „ ib, 

96 

As shown in Fig. 16, this shear causes a compression of 3,220 lb. in member 
1-4. From Fig. 18, the shear Va at joint 4 of member 4-3 is: 


F3 


165,500 + 165,500 
96 


3.450 ii>- 


This shear, plus the direct stress in member 4-1 is 3,450 + 3,220 = 6,670 
lb., which balances the external reaction at joint 4. All stresses are as 
indicated on Fig. 15. 

Applying the general method of Art. 354, we note from eq. (19) and Fig. 
15 that A = — 2 M = — (io,ooo)(64) = — 640,000 in.-lb. and that J 3 = o; 
C = o, and D — o. Then from eq. (20), 


From Figs. 12 and 15 
n = 


M4-1 


1 A (3 n + i) 

2 b 


A'2 


- and 5 
3 


A'3 


2 


4 

s' 


Then from eq. (21), & -=6»-f-j-|-i = 5.8. Hence Af4i = + J (- 640,000) 
°° ~ ^^5.500 in.-lb., which checks the value given above. 


SECTION IV.—PORTAL FRAMES 

357. General Methods for the Analysis of Portal Frames.—Portal 
frames and viaduct bents of the plate girder type are readily analyzed 
by the method developed in this chapter. Trussed or partially trussed 
portal frames of the type shown in Art. 250 are best analyzed by the 
method of Chap. VI. 

In applying the method of this Chapter to the analysis of viaduct 
bents or plate girder portals, it is generally best to consider the twist 
and deflection angles as unknowns. Since deformations due to direct 
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stress may be neglected, there will in general be one unknown twist 
angle for the joint at the top of each vertical member and one unknown 
deflection angle which is common to all of the vertical members. If the 
frames are fixed at the bases, the twist angles at these points are zero. 
If the bases are hinged, there will be unknown twist angles at these 
points, but as shown in Art. 343, these twist angles are dependent 
upon the twist angles at the far end of the same member. The value 
of the twist angle at the base of the member is given by eqs. (12) or 
(14) of Table I. 

358. Applications.— 

Example i.—Fig. 19 represents an elevated railway with dimensions 
and loading as shown. Let I\ = 50,000 in.'* and 1 2 = 640 in."* Determine 
the moments at joints A and D. This 

example is also solved in Art. 247 by the 4 LoadR of eo.ooo ib. each 
method of Chap. VI. 

(a) Fixed Ends at D and E .—Since 1 j | It ^ 

the posts are fixed at the bases Bp and -7- ib g_ 

$E = o. Also, since the structure and its '_ zl _ T 

loading are symmetrical about a vertical [ 

center line, 6 a = — Bp. There being no ^2 
external horizontal applied loads, the _ | l 

deflection angles for the vertical members ~[>i ^ 'if 

are zero. Hence 0.4, the twist angle at ^ 

joint A is the only unknown. Applying Fig. 19. 

eq. (26), Art. 346, to joint /I, with 


—W8- 


Fig. 19. 



Ki 

h 

50,000 

and 

(44) (12) 

“ (44)(i2) 

we have 

h'2 

F2 

~ (i8)(i2) 

640 

~ (i8)(i2) 


= 2.96, 


2 £ [2 Ba (2.96 + 94-7) + 94-7 = o. 

As noted above 

Bb = - Ba- 

Hence 

/I ^ ^ B 

Oa — - 

201.24 E 

From eq. (2), Table I, noting that Bp = o and a == o, we have 

MAU = Mad = — 2 E K 2 Ba)- 

Substituting values of ^.4 and £2, as given above 

( 4 )( 2 . 96 ) ^ 

201.24 
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From Table H, = P / S ife (i - k)^. With P = 60,000 lb., / - -h ft- 
and k for the several loads equal to 0.296,0.432,0.568 and 0.704 respectively, 
we have Cab • = 14,389,000 in.-lb. 

Then 

Mab = (14,389,000) = 846,600 in.-lb. 

From eq. (2), Table I 

Moa= 2 E K2 dA=- (14,589,000) 

Mda = - 423,300 in.-lb. 

(b) Hinged Ends at D and E. —Writing the equilibrium equation for 
joint A, we have Mab + Mad = o. From Table /, Art. 343 

2 E Ki (2 6 a 4 - 6 b) 4 - Ca-b 4 - 3 ^2 9 a — o. 



As before 6 a =— 9 b. With A'l = 94.7, A'2 = 2.96, and a = o. 

6 = — 

198.28 E 

in which Cab = 14,389,000 in.-lb., as calculated above. From eq. (5), 
Table I, noting that a = o, we have 

Mab = — Mad — — 2 E K2 (j 9 a) 

Mab = (14,389,000) = 4- 644,400 in.-lb. 

These particular problems are more readily solved by the use of the 
general methods and formulas of Arts. 246 and 247. 

Example 2 .—railroad viaduct of the dimensions shown in Fig. 20 sup¬ 
ports two vertical loads of 50,000 lb. due to train loading and a horizontal 
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load of 12,000 lb. due to wind and lateral forces. Determine the moment in 
member 2-3 at joint 2. Assume that the columns are fixed at the bases. 

In Fig. 20, the 12,000 lb. horizontal load acts on the side of a ttain. The 
effect of this load on the frame may be represented as a single horizontal 
force of 12,000 lb,, shown by the dotted arrow at joint 3, and a couple applied 
to member 2-3 at points a and b. The forces comprising this couple are 
equal to 12,000 x 12/5 = 28,800 lb., acting downward at a and upward at 
b . Combining these loads with the 50,000 lb. vertical loads, the resultant 
loads are 78,800 lb. at a and 21,200 lb. at b. These loads are shown by the 
dotted arrows. Moments in the frame are to be determined for the forces 
represented by the dotted arrows. 

Since the columns are fixed at the bases, the twist angles at joints 4, 5, 
and 6 are zero. There will then be four unknowns to be determined. These 
unknowns are the twist angles 0i, ^2, and O3 at joints i, 2, and 3, and the 
deflection angle which is common to the three vertical members. 

Writing the equilibrium equations for the several joints, we have 

Joint i: 

2 (i.o + 34.4) Si + 34.4 02 - 3 (i) a = O, 

from which 

70.8 01 + 34.4 02 - 3 0! = o.(a) 

Joint 2: 

C^3 2 

2 (34.4 + 1.25 + 34.4) 02 + 34-4 01 + 34-4 - (3)(i'25) “ + = <>• 

from which 

34.401 + 140.1 02 + 34-4 fti - 3-75« =- ■ ( b ] 

Joint 3: 

G -2 

2 (34-4 + i-o) + 34-4 02 - 3 « - = o. 

from which 

34-4 O2 + 70.8 03 - 3 a = + ^. {c} 


Additional Equation, 

Mi-Q 4 " A/2-5 4 “ A/3-4 4 " A/(VI 4 “ A/5-2 4 “ A/4 3 4 " 12,000(24) = o. 


Substituting values of the several moments, we have 
(l )(2 01 - 3 « ) + (l- 25)(2 02 - 3 «) + (l- 0)(2 03 - 3 ot) 

+ (i )(0 1 - 3 «) + i-2 S(02 - 3 «) + (i-o)(03 - 3 a) + = o. 

from which 

3 01 + 3.7s 02 + 3 03 - lO-S a = - —. ( d ) 
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Values of C2-3 and C3-2 in eqs. (6) and (c) are given in Table II, Art. 343, 
from which 

* C2^ -jfe)2/andC3-2 = 

With k = 5.5/16 = 0.344 and 10.5/16 = 0.657 and with P = 78,800 lb. 
and 21,200 lb. we have, 

C2-3 = [(78,8oo)(o.344)(o.656)2 + (2i,2oo)(o.657)(o.343)“]i6 = 196,000 ft.-lb. 
and 

C3-2 = [(78,8oo)(o.344)2(o.656) + (2i,2oo)(o.657)2(o.343)]i 6 = 148,000 ft.-lb. 

On substituting these values in eqs. (i) and (c) and solving eqs. (a) to (d), 
we have 


= + 


9038. 


62 = 


^3 = + ) and a 


+ 


7i5^ 


E ^ ^ E ^ ^ ' E ^ ' E 

From eq. (10), Table I, noting that a = o for horizontal members, we have 
A/2-3 = 2 E K{ {2 $2 Os) + C's s- 


With A^i = 34 . 4 ; 

we have 


^2 = - and CV3 = i 9 ^yS^, 


A/2-3 = ( 2 )( 34 . 4 )[ 2 (~ 1198.7) + i, 949 -i] + 196,500 
A/2.3 = - 30,843 + 196,500 = + 165,657 ft.-lb. 

If the section of the horizontal girder is 36 inches deep, -- = 6,6oo/'i8 

= 366 in.^ and / = ^ SA^o lb. per sq. in. Since the sign 

of this result is positive, the stress in the top fiber of girder 2-3 is tensile. 
The dotted lines of Fig. 20 show the form of the distorted frame. 

Example 3.—Fig. 21 shows an A Frame viaduct bent supporting two 
vertical loads of 50,000 lb. due to train loading and a horizontal force of 
12,000 lb. due to wind and lateral forces. Assuming fixed !)ases, find the 
moment in member 2-3 at joint 2. AH dimensions are shown on Fig. 21. 
As in Example 2, the frame will be analyzed for the system of forces shown 
by the dotted arrows. 

Since the bases are fixed, twist angles 0 \ and 0 ^ are zero. The twist 
angles O2 and Bz at joints 2 and 3 are unknown. Also, the common deflec¬ 
tion angle ax for the two posts and the deflection angle a2 for the horizontal 
member 2-3 are unknown. However, since the deformations due to direct 
stress are neglected, as may be expressed in terms of ai. Assuming positive 
values of ai, it can be seen from Fig. 21 that joint 2 moves upward a distance 
6 a\ and joint 3 moves downward a distance 6 ai. Hence joint 2 moves 
upward a distance 12 ai with respect to joint 3, and a2 = - 12 ai/i6 = — 
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The equilibrium equations are as follows: 

Joint 2: 

2 (i.o + 34.4) Ot + 34.4 ^3 - 3 [i-oai + 34-4 {-H «i)l + = o 

Joint 3: 

2 (1.0 + 34.4) 03 + 34-4 ^2-3 [i.oai + 34.4 (-^ a,)] - = o 

Noting that the loading conditions are the same as for example 2, these 
equations become 

70.8 02 + 34.4^3 + 74-4 01 .... (a) 


34.4 62 + 70.8 83 + 74.4 ai = -f —. {b) 



A third independent equation can be written for the inclined posts con¬ 
sidered together as a free body, as shown in Fig. 2i{b), thus 

M2-1 -I- M3 A -b Mi-2 -f Ma-3 - 6 Fi -b 6 -b (12,000) (24) = o. (c) 

From Fig. 21(a) for 2M4 = o: 

28 Fi - 50,000 (11.5 + 16.5) - A/i-2 - Mi-3 - (12,000) (36) = o. (d) 
Also Fi -b F4 = 100,000.(e) 
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Substituting values of Vi and V4, as determined from eqs. (d) and («), in 
eq. (c), and writing values of the several moments in terms of $ and a, 
eq. (c) becomes 

+ -3-667 ai .(/) 


On solving eqs. (a), (jb), and (/), 


«! = + 


and ^ 


ilfs-s = 2 EK (2 $t + Oz — ^ at) -f 2C2-3 

= 2 (34.4) [2 (-5,374) - 413-2 + 3 (K) (3.873)] + 213,000. 


il^a-3 = + 44.650 ft. lb. 



Fio. 2i. 


Exam fie 4.—Fig. 22 shows a plate girder portal frame with vertical legs 
of unequal length. Assume fixed bases and find the moment in member A B 
at joint A. The unknowns to be determined are the twist angles $a. and 
$B at jomts A and B and the deflection angles ai and 02 for the vertical 
posts. However, the two unknown a’s may be expressed in terms of a 
single unknown by noting that (neglecting deformations due to direct 
stress) the horizontal movements of A and B must be equal. Let A, as 
shown in Fig. 22, represent this movement. 

Then 
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Then the three unknowns to be determined are 6a, dBi and A. 
Writing the equilibrium equations for joints A and B, we have: 

Joint A: 

2 (1.84 + 0.90) Oa + 0.90 Sb - 3 (1.84) ai = o, 

from which 

5.48 6a + 0.90 Ob — 0.0230 A = o. . . 


Joint B: 
from which 


2 (0.90 + 2.34) 6b + 0.90 6a - 3 (2.34 a2) = o, 
0.90 6a + 6.48 6b — 0.0195 A = o. . . 


A third independent equation may be written by cutting the vertical 
posts just below the horizontal member and just above the bases. These 
members are shown in Fig. 22 (b) with all forces in position. Let H = hori¬ 
zontal force at the foot of post B C. Then, if P = horizontal applied load 
(P H) = force at foot of post A D. On taking moments about point C, 
considering the forces acting on members A D and B C, we have 


Mad + Mda + Mbc + Mcb'~ 3^ ^ + (P — if) 10 = o, 


from which 


Mad + MDA + MBc + Mcb — 20 P = 10 . . . (c) 


On taking moments about point P, considering forces acting on member 
B Cf we have 

Mbc + Mcb — 30 if =0, 

from which 

10 if = § {Mbc + Mcb)» 

Substituting this value of 10 H in eq. (c), we have 

Mad + Mda + § {Mac + Mcb) = 2oP. 

Substituting values of the several moments in terms of 6 and a, as given in 
Table I, we have 

a £{1.84(2 6 a - 3 ai ) + 1.84 { 6 a - 3 «i) + f [2-34(2 6 b - 3 <^) 

+ 2.34 {6b - 3«2)]| = 20P. 

Replacing ai and a2 by values in terms of A, as given above, and with 
P « 10,000 lb., we have finally 

5.32 6a + 4.68 6b ~ 0.0720 A » H-—. . . . (d) 
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On solving eqs. (a), (b), and (d) the values of the several unknowns are 
found to be 


A 


2 , 535.000 
E ’ 


6 , 294 . 

E ’ 


and 6 A 


9,6io 

~E"' 


From eq. (2), Table I 

Mab = 2EK(2eA +6 b)= 2 (o.9o)[(2)(- 9,610) - 6,294] 

Mab = — 550,000 in.-lb. 

Hence the fiber stress in the top fiber of member A B joint A is compres¬ 
sive. The dotted lines in Fig. 22 (a) show the form of the distorted frame. 


Section V.—Building Frames Under Vertical Loading 

359. General Methods of Analysis.—Moments, shears, and direct 
stresses in the members of a frame such as shown in Fig. 23 may be 
determined by an extension of the methods used in Sec. IV for Portal 
Frames. Joint equations may be written after the manner of eq. 
(26) Art. 346. Thus for joint 24 of Fig. 23 (a), we have 

2 M = M24-23 -|- A/24-17 3/24-2.S -f 3/24-31 = o. . (a) 

In substituting values of these moments in terms of 6 and a, the proper 
equations must be selected from Table I with due regard to the load¬ 
ing conditions to which the member is subjected. Experience has 
shown, however, that although a values for vertical members under 
unsymmetrical vertical loading do exist, these angular rotations are 
so small, compared to the 6 values, that they may be omitted from the 
calculations without causing material errors in the values of the result¬ 
ing moments. Making this assumption and using eqs. (i) and (lo) 
of Table I, eq. (a) becomes: 

2EK24r-2z{2B2A + ^ 23 ) + 2£/iL 24-1 7 ( 2^24 + ^1?) + 2£A^24-25(2^24 + ^ 25 ) 
+ C24-25 + 2£X24-3l(2^24 + ^3l) = O 

from which 

2(i^24-23 + ^24-17 + ^24-25 + ^24-3l)^24 + ^<^24-23^23 

+ ^£^24-17^17 + ^24-25^25 + ^24-31^31 = — — . (l) 

Eq. (i) may be written directly from Fig. 23 by noting that the first 
term of the equation is ^24, the twist angle at the joint under considera- 
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tion, multiplied by a term which is equal to twice the sum of all the 

K’s Rvalues of for all members entering the joint. Next come in 

order the twist angles at the far end of each member entering joint 24, 
each twist angle being multiplied by the K value for the member. 
After a little practice these equations may readily be written out from 
a diagram of the frame like Fig. 23 without reference to Eq. (r). 

A similar equation must be written out for each joint of the frame 
except joints 43 to 49 at the bases of the vertical members. On 
solving the system of equations like eq. (i), all values of 0 for the 
frame of Fig. 23 may be determined. Moments, shears and direct 
stresses may then be determined, as in the example given in Art. 356. 

If member 23-24 be considered as fixed at joint 23, use eq. (3) for 
M23-24 with 02 = ^24 and 0 i = 02z = o. If joint 23 is considered as 
hinged, use eq. (7). If the value of 023 is desired, use eq. (6) noting 
that a = o, and hence 023 - — 2^24. 

360. Approximate Methods.—An exact solution for a frame of 
many panels under vertical concentrated loads, as shown in Fig. 23, 
is very long and is unnecessary. Sufficiently precise results may be 
obtained by neglecting the effect of the frame beyond one or two 
panels in each direction, as was shown in the case of secondary stresses 
in Chap. VII. 

When the maximum moment in a beam is required for loads in a 
single panel, as in Fig. 23, it will be shown in Art. 361 that a sufficiently 
accurate determination of the required moment may be had by con¬ 
sidering only that portion of the frame shown by hea\y lines. It 
may also be assumed that the terminal joints 17, 18, 26, 32, 31 and 23 
are fixed. The resulting solution is thus relatively short. 

When the maximum moment in a beam or column is desired for 
loads in several panels, these loads being placed so as to give the 
greatest moment at the point, it is also possible to obtain the desired 
result by considering only a portion of the frame. In such cases it is 
often possible to select the proper portion of the structure and to 
determine the boundary conditions from a study of deformation 
diagrams which show the probable shape of the distorted frame. 
Such diagrams are shown by the dotted lines in Figs. 24, 25, and 28. 
These diagrams were constructed by drawing first an approximate 
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rqjresentation of the elastic line for the beams of the several floors 
considered as independent continuous beams. After the elastic lines 
for the several floors have been drawn, the elastic lines for the columns 
are sketched to conform to the twist angles at each floor as determined 
by the elastic curve for the horizontal members. On studying the 


1 2 3 4 B 6 7 



(b) 

Fio. J3. 


sh^>e of the resxilting deformation diagram it is possible to draw some 
conclusions regarding the probable relation between the unknown 
twist angles and the boundary twist angles. This method has been 
adopted in the solution of the problems given in Arts. 362 to 365. 

Results obtained by this method give values which are the 
probable maximiun moments for the case under consideration and 
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assume that the structure is loaded in exactly the right manner to 
give an absolute maximum value. This condition is an improbable 
one but the calculations are greatly simplified by the boundary condi¬ 
tions thus assumed, and as loads on remote panels have little effect 
on the moments in question, the resulting values are not greatly in 
error. 

Values of moments of inertia for beams and columns in a steel 
frame building are generally based wholly on the properties of the 
steel shapes used to form the members. In many buildings, the floor 
panels are formed by incasing the beams in concrete, pouring the slab 
and beams to form a monolithic structure. In such cases the moment 
of inertia for the floor beams should include all or a part of the concrete 
floor beams and slab. When this is done, it will usually be found 
that the moments of inertia of the beams are very large and that the 
moments of inertia of the columns are so small that they may be 
neglected. Under such conditions, the several beams forming any 
floor may be assumed to carry all of the moment due to vertical loads, 
no moment being taken by the columns. The floor may then be con¬ 
sidered as a continuous girder and the moments determined by the 
methods given in Chap. I, neglecting the effect of the columns. 

361. Moments Due to Loads in a Single Panel.—Fig. 23 (*) 
shows a portion of the frame of Fig. 23 (a). It will be assumed that 
panel 1-2 carries a uniform load, and it will further be assumed that 
in the panels surrounding the one in question the columns are all 
alike and the beams all alike. A study will be made as to the varia¬ 
tion in values of moments in member 1-2 at joint i and at point C 
due to a variation in the restraint conditions at the terminal joints 
A, B, and D. 

The terminal joints zi A, B, and D, may be assumed as partially 
fixed or wholly fixed. It will be first assumed that these joints are 
partially fixed and that the remote joints a, b, c, etc., are fixed. These 
joints A, B, and D will later be assumed as fixed and results compared. 

Let Ki and Ke denote the I/I values for the beams and columns 
respectively, then from Art. 344, the equilibrium equation for joint 
A{ 0 at 9 h and o) is 


^KcOa + ^EKiOA + 4EKc9a + 2 EK\,{ 26 a -f- ®i) “ o 
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From this equation, the relation between Oa and is 


Oa^- 


-Oi . 


^Kc -h 4Kb 

A similar analysis, noting that 6b = — Oe and 6d 6e, gives 
. . A' 


4Ac -t- 2>Kb 


61. 


( 2 ) 


(2a) 


Eqs. (2) and (2a) show that the relative values of 6a, 6b, 6t> and 61 
depend upon the relative rigidity of the beams and columns. Suppose 
Kc = 2 and A'» = i. These values are based on beam and column 
sections with equal moments of inertia and a panel length of twice 
the height of a story, a case frequently encountered in practice. 
Then from eqs. (2) and (2d), 6a = — and 6b = 6d — — 
Again suppose Ac = i and Kb = 2. This case assumes a floor which 
is relatively rigid compared to the columns. From eqs. (2) and (2a), 
6a — — ^61 and 6b — 60 — — 

For the two assumed conditions, r of Art. 344 varies from — yV 
to — T*T and the restraint factors for i — A, i — B and 1 — D vary 
from A = 2(2 -f r) = 3.80 for r = — yV, to A = 3.64 for r = — W. 
For Kb = Ac, A = 3.75 for i — ^4 and 3.71 for i — A and 1 — D. 

Following up the analysis into panel 1-2 we will first assume 
Ac = Kb. Then the moment equation for joint i, noting that 
62 = — 61, will be 


S.’j$EKb6i + 2 X s.jiKb6i -f- 2EKb6i + Ci = o 


from which 

and 


Cl 

i^.iTEKb 


Mi- 2 — 2EKb6i Cl 


= Ci(i — 0.152) = 0.848C1. 

If it now be assumed that joints A, B, and D are fixed, the restraint 
factor for I — A, I — 5 , and i — Z) is 4 and the moment equation 
for joint i is 


3 X 4^Kb6i -f- 2EKb6i -f- Cl = o 
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whence 


and 



Cl 


Mi- 2 = Ci(i - 0.143) = o.SsyCi. 


Comparing the two above values of M1-2 it is seen that they differ by 
only one per cent, showing the small effect of the differences in assump¬ 
tions in the two cases. At the center of the beam the bending moment 
Me = hvP — Mi- 2 = fCi — Mi- 2. The values of Me corresponding 
to the two values of Mi 2 given above will be 

(1.5 — o.848)Ci = o.6s2Ci and (1.5 — 0.857)01 = 0.643C1, 


a difference of about 1.4 per cent. 

A similar analysis for two other assumed proportions of Ke and Kb 
gives the following results: 

For A'c = 2Kb 


Joints a, b, c, etc., fixed 


I Mi_2 = O.902C1 

[ Me = O.598C1 


Joints A, B, D, etc., fixed j ^ 0.909C1 

[ Me = O.591C1 

For Ke = IKb 

Joints a, b, c, etc., fixed | 0.789C1 

Joints A,B,D, etc., fixed ( ^ 0.800C1 

•' ' > > I 3,/^^ 0.700C1 

Comparing results in general it is seen that whether the adjacent 
joints A, B, D, etc., be assumed as fixed, or that more remote joints 
be so assumed, makes a difference of only from i.o to 1.5 per cent in 
the values of the center moment Me. We may therefore conclude 
that the bending moments due to loads in one panel only may be found 
with sufficient precisian by assuming that the far ends of all beams and 
columns adjacent to the panel in question arc fixed. 

For the case of uniform load, symmetrical arrangement of beams 
and columns about the panel, and fixed joints at adjacent panel points, 
the general expressions for the moments are 
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.® 

and 

- !C. - M... - C.(o.5 + . (4) 

in which Ci = '^swP, Ki, and Ke are the I/I values for the beams and 
columns respectively. 

For unsymmetrical loading, or variations in size of beams and 
columns, the full moment equations would need to be written out for 
joints I and 2, from which di and dz would be found and thence 
Afi-2, Mz-i, and any desired moments in the beam. 

The foregoing analysis shows that while fixed conditions may 
properly be assumed A, B, D, etc., variations in the values of K for 
the different members have a considerable influence on the results 
and hence their values should be estimated fairly closely. 

Example. —^Assume the frame to have the dimensions shown in Fig. 
23 (b). The moments of inertia of column and beam sections are each 
240 in.'* Then Kh = i and Kc = 2. If the load in panel is 2,400 lb. per ft., 
find M,. 

From Table II, Art. 343, Ci = With / = 20 ft., and w = 2,400 

lb. per ft.. Cl = 80,000 ft.-lb. Then substituting in eq. (4), we have 

Me = Ci(o.5 + T*r) = 0.591C1 = 80,000 X 0.591 = 47,280 ft.-lb. 

The term T*rCi = 7,280 ft.-lb. represents the difference between this case 
and that of a fixed end beam. 

363. Maximum Moment at the Center of a Beam. —Preceding, 
as suggested in Art. 360, it is found that the maximum moment at 
the center, C, of the beam 1-2 of Fig. 24 will be produced by loading 
the structure as shown. The form of the loaded structure is shown 
by the dotted lines. It is evident from the distortion of the frame, 
that the loaded panels contribute to increased positive values of $i 
and negative values of Oi. To show that this condition tends to pro¬ 
duce maximum Me, we note from Mechanics that, due to symmetrical 
conditions, 

- iwf* - 3/1-2. 
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Therefore, to make Me a maximum, M1.2 must be as small as possible. 
From Tables 1 and II, 

iFT 

Mi-2 * —^{261 + 62) + 


Since the loading on the frame of Fig. 24 is symmetrical about the 
panel in question it is evident that O2 — — Oi- Now, as shown in 

Fig. 24, 0\ is negative. Hence the term —^-{261 + O2) is negative, 

V 



and Mi- 2, as required above, will have its smallest value when 9i 
and $2 are as large as possible, which condition is provided by the 
loading shown in Fig. 24. 

As suggested in Art. 360, the entire frame need not be considered 
in calculating the value of Me. We will, therefore, consider the portion 
of the frame bounded by joints 3,4, 5, 6, 7, and 8. Since the frame is 
s)Tnmetrical and the portion under consideration is surrounded by 
other panels it may reasonably be assumed from the dotted lines of 
Fig. 24, that the twist angles at the boundary joints are equal to 
61 and $2 but opposite in sign, as indicated by the shape of the deformed 
frame. Then we have 02=^—Oi; 04=*~0i; 65=—0i and 

6 * *“ 

* This relation would be exact for a frame of indefinite extent. 
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The restraint factors for members 1-4, 1-5, and 1-6 will therefore 
be 2 (see Table III) and hence the moment equation for joint i is 


whence 

and 


2EKit$i -f- 2EK.c6i -|- 2EKcdi -}- 2EKb0i -f* Ci — o 

Cl 


0 i =- 


M, 


2E(2Kb + 2KcY 

Kb 




(5) 

( 6 ) 


Example . —Assuming the same values of Kc, Kb and load as in the 
example of Art. 361, we have 

Me = Ci(o.s + \) 

= 80,000 X 0.667 = 53)330 ft.-lb. 

Comparing this case with the one given in Art. 361 where only a single 
panel is loaded, it is seen that the center moment is increased from 47,280 
to 53,330 by making the extreme assumption that all panels are loaded 
which may contribute to this moment. 

363. Maximum Momedit at the End of a Girder.—Fig. 25 shows a 
frame loaded for maximum moment at joint 2 of girder 2-1. From 
Tables I and II, the moment at joint 2 of girder 1-2 is 


?Ff 

M2-I = —(202 -f 0l) + I'iWP. 


To make M2-1 a maximum, O2 and Oi should be positive angles. 
The loading conditions should then be such that all panel loads will 
either contribute positive values to these angles or will at least increase 
the value of the function 262 -f 5 i. It is quite evident that loads in 
panels i, 2, 4, and 10 contribute to the value of M2 i- A load in 
panel 6 causes a positive 02 and an approximately equal negative 0i 
but adds to the function 2^2 -f- ^1. A load in panel 5 causes a positive 
01 with little effect on 02. In the same way it can be seen that panels 
13 and 14 should both be loaded. Loads in panels 8 and ii tend to 
cause a negative 03, but this negative twist at joint 3 tends to cause a 
positive twist at joint 2, thus increasing the positive value of 02. 

The unknowns to be determined will be taken as 0i, 02, and 03, 
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the twist angles at joints 1,2, and 3. Considering a portion of the 
frame bounded by joints 4, 5, 6, 7, 8, 9, 10, ii as shown in Fig. 26, 
and based on the probable shape of the deformed frame, as shown by 
the dotted lines in Fig. 25, it may be assumed that the relations 



between the boundary twist angles and the unknown twist angles 
Oi, 02, and d:i arc as follows: 

= - Oy, d:> = - ^3; Oa = By $7 = 62; 
ds = ~ Bi] Bit = ^2| Bin = By and = ~ B3. 

From these relations three moment equations can be w’ritten for 
joints I, 2, and 3 and solved for the twist angles at these joints. In 
this case a solution will be given in the form of a numerical example. 

Assuming as in the other examples that Kh = 1, = 2, and that 

the dimensions and uniform load are as-before, whence 

Cl = C2 = = 8o,oc» ft.-lb., 

the several joint equations are as follows: 

Joint I 

2(1 -f 2 -F I -f 2)61 -b + 207 -F 5 s + 2<?9 * + 

E 
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On substituting the assumed values of the twist angles, we have 
finally: 

iitfi + 5 « 2 =+^^.(a) 

JoirU 2 

2(1 -|“ 2 -t* I " 1 * 2)^2 H" ^3 "I" 2^6 “I" ^1 "f" 2 flio ■* O, 
from which 

dl + 12^2 + 5^3 = o. (b) 

Joint 3 

2(1 + 2 + I + 2)03 + O4 + 205 + O2 + 20 n = - 



_ i 

K-2 

2,400 

;___! 

K-2 

b. per ft. 

;___ 

K-2 

8 

1 _ 

iiliiiiiitilimililliliilllilili 

iiniiiiiiiiiiniiniinyiiniiii 

K'l 8 

K-1 « 

K-i 1 

K-1 

1 


K-2 

K-2 

K“2 

v' 





_L 

1 ^ —-- ^20^- Jj<- - 20I- V 

^ -20^-> 



Fig. 26. 


from which 


O2 + 7^3 = “ 


40,000 

E 


(c) 


On solving these equations we have 

+ and 

From Tables I and II 


Ms-l — 2EK{202 d" Oi) 

With K * 1,02 and 0 i as given above, and = 80,000 we have 

M2.1 = 2[2(+2,302.3) + 2.589.9] + 80,000 = +94,389 ft.-lb. 

Fig. 27 shows the moment and deformation diagrams for the frame. 
By omitting loads in panels 6 and 13, symmetrical conditions will 
' result with » tfe ** o. Also, approximately. 
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Then the moment equation for joint i is: 

— Cl 2EK.c9\ -|- 2EK(,0i -|- 2EKc6\ — o, 

C, 


whence 

and 


2E{iKi, + 2X)’ 
Mz-i ~ 2Kb0i -|- Cl 


= Cl 



iK, + 2 K 



(7) 




Fig. 27. 


For Kt » 2Kh, as in the foregoing example, 

Mi-i = Ci(i + I) = 80,000 X 1.143 =• 91,440 ft.-lb. 

This value is somewhat smaller than previously found but it would 
appear to be a satisfactory value for practical purposes. 

If only loads in panels i and 2 be considered and joints 7, 8, and 9 
be assumed as fixed, as in Art. 361, there results 


2E{/^h + 
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For K, = 2K1, 

Mz-i = Ci(i -f tV) “ 80,000 (1.083) “ 86,670 ft.-lb. 

Comparing the several results it is seen that the effect of loads in 
remote panels is not great. The last value is probably smaller than 
should be used in practice. 

364. Maximum Moment in an Interior Column.—Fig. 28 shows 
the loading conditions for maximum moment in an interior column. 
From Table I, the moment at joint i of member 1-2 is: 



Fig. 28. 


To make M1-2 a maximum d\ and 62 should be of the same sign. 
Member 1-2 must therefore be of reversed curvature, as shown by the 
dotted lines in Fig. 28. Loads in panels i, 2, and 3 cause positive di 
and loads in panels 4, 5, and 6, cause positive 02. Loads in panels 7 
and 10 contribute directly to positive values of di and O2 and loads in 
panels 8 and 9 contribute to negative twist angles at joints 3 and 4 
and thus indirectly to positive twist angles at joints i and 2. 

On studying the shape of the deformed frame, as shown by the 
dotted lines of Fig. 28 it seems reasonable to calculate M1-2 by con¬ 
sidering the portion of the frame bounded by joints 2, 4, 5, 6, 7, and 8, 
as shown in Fig. 29. The following boundary conditions will be 
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assumed, based on symmetry and the deformations shown by dotted 
lines in Fig. 28; 

62 — 9 ^ = — 0\‘, 64 = dz = — Oi; $5 — — O3 = $i', 

9 z = — 0z — 9 i', 07 = — Oii and 0 s = — 0i. 



The moment equation for joint i is then 

2EK,0i + 2EK,0i + 6 EK,0i + 2EKi0i - Cuz = o, 

whence 


2 E{2 k, + 

and 

Mi-z = 6EKc0i 


= C 3A% 

^'^2Ki + i\Kc 



( 8 ) 

(9) 


Assuming, as in the preceding examples, = 2; = 1 and 

Ci-3 “ 80,000 ft.-lbs. we have 

Ml 3 »= X Ci-3 = 48,000 ft. lbs. 

Fig. 30 shows the moment diagram for the various members. 
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If the loadihg assumed in the foregoing analysis is considered as 
too improbable, a more reasonable assumption would be to consider 
the loads on two floors only, that is, panels i to 6, inclusive. Under 
this condition we have again = 02 , 03 = Oh — — 0 i, and 07 may be 
taken at some small value, say — i^i, midway between hinged and 
fixed end conditions, making the restraint factor for 1-7 equal to 3.5 
(see Table III). Then the moment equation for joint i is: 


whenpe 

and 


^.^EKcOi "f" 2EKh0i "b (iEcOi H" 2EKk0i — Ci _3 = o, 

Cl 3 


01 = 


Mi-3 = Ci-3 


^EKb + 9-5^c 

6A'. 


4£A'& + 9.5 A', 


(10) 

(11) 



Applying this to the same example as before we have 
Mi-3 = M X Ci-3 = 41,700 ft.-lbs. 

This is about 13% less than the moment based on extreme assump¬ 
tions. It would appear to be sufficiently high for any ordinary case. 

365. Maximum Moment in an Exterior Column.—Fig. 31 shows 
panel loads in position for maximum moment at joint 2 in an exterior 
column 2-1. As in the case of an interior column, maximum moment 
occurs when the curvature of the member is reversed, as shown in 
Fig. 31. To determine the desired moment, it will be assumed that 
the portion of Fig. 31 bounded by 1,3, 4, 7, and 6 may be removed, 
as shown in Fig. 32. Based on the deformation of the frame, as 
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shown by the dotted lines of Fig. 31, it will be assumed that the boimd- 
ary conditions in Fig. 32 are as follows: 

63 — ~ 62', 64 = — 65', O7 — — 6r>', Ba = ^5; and 0i = 62. 

The unknowns to be determined are $2 and Using the numerical 
data shown in Fig. 32, and writing joint equations for joints 2 and 5, 
we have: 

Joint 2, 

2(2 + I + 2)02 + 203 + 05 + 201 %5. 

Jcj 

With 63 - — 62 and 6i = 62 and €2^5 = = 80,000 ft.-lbs., 

this equation becomes, 

- , . 4o»ooo , >. 

1002 + ^5 =-^—.W 



Joint 5 

2(1 + 2 + I + 2)05 + 02 + 204 + 07 + 206 = + ^, 
from which 

02 +=+^—^. (b) 

Solving eqs. { a ) and (6), 

and 

Then 

3/2-1 = 6 EKc 02 = — 12 X 4,403.7 = — 52,844 ft.-lbs. 

Fig. 33 shows the moment diagram. 

If 0.5 be assumed equal to 02 the following values would result: 

^2 « _ and A/2-1 = - 53.333 ft.-lbs. 
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SBCTIOn VL—BxnLDIKG FRAMES UNDER HORIZONTAL LOADING 

366. General Methods of Analysis of Building Frames Under 
Horizontal or Wind Loading.—Moments, shears, and direct stresses 
in the members of a frame such as shown in Fig. 34 under horizontal 
loading may be determined by an extension of the methods used in 
Sec. Ill for the analysis of quadrangular frames. In the frame of 
Fig. 34, the shearing strains due to the horizontal forces will be differ¬ 
ent for each story, giving rise to a different a for each. However, 
since the deformation of members due to direct stresses is neglected. 


'U 






6 

Story ^ 8 

6 

7 

^ 1 

1 


Story ^2 


!■* 

9 

10 

11 

12^ i R 

/ 

Story ^ 1 


1 ', 

13 

14 


1 

Jt 


Fic. 34. 


the a's for the several vertical members in any one story will be 
equal. 

In the frame of Fig. 34, the unknowns to be determined are twelve 
twist angles for joints i to 12, and three deflection angles, one for each 
story. At joints 13 to 16, the twist angles depend upon the condition 
of the column base. If the bases are fixed, these ^’s are zero; if the 
bases are hinged these ^’s are also unknowns, but as explained in 
Art. 343, they are def>endent upon the 0 *s at joints 9 to 12 respectively. 
To determine the unknown ^’s and a’s, independent equations equal 
in number to the imknowns must be provided. These equations may 
be obtained by writing an equilibrium equation after eq. (26) Art. 346 
for each joint. There is also required an additional equation for each 
story in which there is an unknown a. This equation is obtained by 
equating the total shear in that story, times the story height, to the 
sum of the moments at the top and bottom of all verticals of that 
Story. 



BUILDING FRAMES UNDER HORIZONTAL LOADING 547 


Joint equations may be written out after the manner of eq. (26), 
Art. 346. Thus for joint 6 of Fig, 34, we have 

+ Me-io + Afe-s = o. 

Substituting values of these moments, using eqs. (2) and (3) of Table I, 
t h i s equation becomes 

2EK^2{i6o + ^2 — 3 * 3 ) + + Ot) 

+ lEKa^ioiiBa, + ^lo — 302) + 2EK^^{2d^ + ^s) = o. 

Collecting terms, and omitting 2E, which is common to all terms, the 
equilibrium equation takes the form, 

2{K^2 + Ao _7 + Ao-io + + K&.262 + Ks-jOj 

+ Ka-iodio + K(i-5$5 — iK(i-2az — ^K6-I00t2 = o. . (i) 

Eq. (i) may be written directly from Fig. 34 by noting that the first 
term of the equation is Be,, the twist angle at the joint under considera¬ 
tion, multiplied by a term which is equal to twice the sum of all the 

K’s Rvalues of for all members entering the joint. Next come in 

order the twist angles at the far end of each member entering joint 6, 
each twist angle being multiplied by the K value for the member. 
Finally, we have the values of a for vertical members entering joint 6, 
each a being multiplied by three times the K for the member. Note 
that these a terms have a minus sign, while the B terms have plus 
signs. After a little practice, this equation may readily be written 
out from a diagram of the frame like Fig. 34 without reference to 
eq. (1). 

In addition to joint equations like eq. (i), there are required 
additional independent equations for the determination of the a values, 
one equation being required for each a value to be determined. These 
additional equations may be written by considering the equilibrium 
of a portion of the frame formed by cutting sections across the frame 
just below the top and just above the bottom of all columns in any 
story. Thus, for the second story of Fig. 34, we have the system shown 
in Fig. 3$. 

On taking moments about a horizontal axis through the foot of 
ihc columns, noting that the sum of the shears F8-i2, F7-11, etc., at 
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the top of the columns is equal to the total horizontal shear above 
story No. 2, which from Fig. 34, is P3 -f P-z, we have from Fig. 35: 

il/j-g - 1 - Mft-10 + M7-II -f Af8-12 + 

-|- Afio-e + Mii-7 H” M 12-8 + (P 3 + P^hz = o. 



Mu M,j.j M11.7 Mi}.j 


Fic. 35. 

Writing out the values of these moments, using eqs. (2) and (3) of 
Table I, we have 

2 £^&. 9(205 + — 3«2) + 2 Ko-Io(206 + ^10 — 302) 

-F 2 K 7 -ii( 20 ii -i- Ot — ^az) 2 A’s- 12(2^12 -|- — 3a2) 

-f- 2Kz-h{20'i -f- ^5 — 3“2) + 2Ku}-o{2Bio -|- ^0 ” 3a2) 

-f- 2 A^U- 7 ( 2 ^n -|- ^7 — 3^2) + 2A^I2-s(20I2 + ^8 — 3«2) 

+ (iPz + P'^hz — O. 

Collecting terms, noting that iCa-s = -Ka-o, Kio-e = Ko-io, etc., we 
have finally 

Ki-zifih + <>») + K&-io{0ii -|- ^lo) + K7-ii{07 -1- tfn) -f- K»-iz{dH -1- ^ 12 ) 

— 2{K6-z -f- K^io + Kr-it -1- Kn-iz)az = — ( 2 ) 

0/1 

This equation may readily be written out directly from Fig. 34 by 
noting that the left-hand member consists of the sum of the tf’s at 
both ends of each member multiplied by the K for that member, 
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minus the a for the story multiplied by twice the sum of the K’s for 
all verticals in the story, and that the right-hand member of this 
equation is a negative term equal to the sum of the horizontal loads 
above the story in question multiplied by the story height and divided 

P h 

by 6£. Thus for story No. 3, the right-hand term is —and for 

blL 

story No. i this term is — 

Solving the system of equations like (i) and (2) will give all values 
of $ and a. Moments at the ends of the members may be determined 
by the formulas of Table I. Shears and direct stresses in the members 
may be determined by the methods explained for the example of 
Art. 356. 

In determining values of 0 and a for a frame under horizontal 
loading, all joints of the frame must be taken into consideration. If 
theoretically correct results are desired, based on the assumed con¬ 
ditions, it is not possible to limit the portion of the frame included 
in the calculations to members adjoining the one in which the stress 
is desired. However, the calculations are somewhat reduced in the 
case of symmetrical frames. Thus in Fig. 34, if the structure is 
symmetrical about a vertical center line with respect to dimensions 
of panels and cross sections of members, there will be two unknown 
^’s and one unknown a for each story. For the first story, dg will 
equal O12 and 0 io will equal The unknown a will be ai, the same 
for all verticals. 

367. Calculations of Wind Stresses in a Five-story Building 
Frame.—In the problem which follows, it has been assumed that the 
entire resistance to wind forces is provided by the columns and beams, 
as represented by the combinations of rolled shapes which form these 
members. This is the usual assumption made in practice. No 
account is taken of the resistance of the floor slabs, which are usually 
rigidly fastened to the floor beams, or of the stiffening effect of parti¬ 
tion and exterior walls. Under the usual assumptions, the calculated 
stresses in the frame are thus in many cases much giCAter than the 
actual stresses. 

In view of the amount of work required in the solution of such 
problems, and the approximate nature of the results obtained, it 



SLOPE-DEFLECTION METHOD OF ANALYSIS 


SSO 

would seem best to adopt one of the shorter methods suggested in 
Art. 368. 

As will be noted in the problem which follows, the sectional areas 
of all members must be known before the wind stresses can be deter¬ 
mined. A preliminary design must be made, based on vertical load¬ 
ing conditions. The adopted sections must be based on these pre¬ 
liminary calculations, modified to provide for the final stresses. These 
modifications can be made correctly only by an experienced calculator. 



Example: Determine the stresses in the frame of Fig. 36 due to a 
horizontal wind pressiue of 30 lb. per sq. ft. Assume that the columns 
are fixed at the base. 

Considering a strip of the building one foot wide in a direction 
perpendicular to the plane of Fig. 36, the loads applied at each story 
are proportional to the area tributary to each joint. Thus for joint i, 
the area is 6 sq, ft., and the load is 6 X 30 » 180 lb. For joint 7, 
the area is K12 + 14) =“ 13 SQ- lt-» and the load is 13 X 30 - 390 lb. 
To obtain the full panel loads, multiply these values by the panel 
length perpendicular to the plane of Fig. 36. 
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Values of It = Ijl are shown in Fig. 37. 

Symmetrical Conditions. —As stated in Art. 366, from symmetry, 
it can be seen that the following relations exist between the twist 
angles. 


6^2 

= 62 


e'l 

= Oi 

eU 

= 64. 


fl'3 

= fl 3 


= Sci 

and 

fl's 

= ^5 

^ 8 

= ^8 


fl'7 

= fl 7 

^^0 

= ^10 


<>'9 

= flg 



Fig. 37. 


Also, since the columns are fixed at the bases, flu = o; fl'u = o; 

= o; fl'i2 = o. 

Unknowns to be Determined.—The unknowns to be determined 
are the ten twist angles fli to flio inclusive and five a’s for storys 1 to 5, 
a total of fifteen unknowns. 

Formulation of Equations.—Equations for each joint of the frame 
may be written after eq. (i). Art. 366, giving ten ind^ndent equa¬ 
tions. Additional equations required for the five a values may be 
written after eq. (2), Art. 366. 
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The joint equations after eq. (i) are as follows: 

Joint No. I 

2(6.25 + 12-5)®! + 6.25^2 -1- 12.5^3 - 3(i2.5)a5 = O 

37-5^1 + 6.25^2 -1- 12.5^3 - 37-S«5 == o . . (i) 

Joint No. 2 

2(10 -+• 12.5 + 6.2S)d2 + ioe'2 -f 12.5^4 + 6.25^1 - 3(12.5)05 = O 
But 62' - 62 

6.2561 -f 67.5^2 + 12.5^4 - 37 S«5 = o- ... (2) 

Joint No. 3 

2(12.5 + 6.25 + I2.5)d3 -f- 12.501 -f- 6.2504 + 12.505 

-3(12.5)05 - 3(i2.5)a4 = o 

12.501 -I- 62.503 -f- 6.2504 -f 12.505 - 37.504 - 37 S«s == o. (3) 

Similar equations may be written for the other joints of the frame. 
All equations, numbered (i) to (10) are given in Table A. 

Equations written for values of o after the manner of eq. (2), 
Art. 366, are written as follows: 

5th Story. The term P5A5 = 180 X 144 = 25,920 in.-lb. 

Then 

6[l2.5(01 -|- 02 -I- 0^2 + O'l -H 03 + ^4 + O'i + ^^3) — (2)(4)(l 2.5)05] 

_ 25,920 

E ' 

Noting that 0'i == 0i; 0'2 = 02; 6'3 = 63; and OU = 04, 
we have 

75^1 + 75^2 -I- 75^3 + 7 $6* - 300«5 = - . (n) 


4th Story. The term (P5 + ^4)^4 = (180 -|- 360)144 = 77,760 


6[i2.5(^3 + ^4 + ^'4 + + ^5 + ^0 + ^'5 + ^^0) — (2)(4)(l2.5)af4] 


Also 

hence 


= ^4; o'g as J3J ^'5 = ffg* and O'o =® ®o, 
75^3 + 75^4 + 75^8 + 75^6 - 300«4 =* - 


77.760 
E ' 


(12) 


Equations for o values, numbered (ii) to (15), are given in Table A. 



SUMMARY OF EQUATIONS 
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Eqs. (i) to (15) are the indepiendent equations from which the 
fifteen unknowns may be determined. In solving these equations, 

the term of the right-hand members of eqs. (ii) to (15) will be 

omitted. All values of 0 and a are then 2E times their true values. 
This is done to facilitate the calculation of moments, for it will be 
noted from Table I, Art. 343, that all equations for moments contain 
the term 2E in the numerator. 

Table A gives a summary of eqs. (i) to (15) arranged in the order 
in which they are encountered in the solution of the equations. 

Solution of Equations. —Eqs. (i) to (15) may be solved by the 
method used in Art. 299, Chap. VII, for Secondary Stresses. The 
resulting values of 6 and a are as follows: 

Oi = -I- 198.68 as = + 386.35 

$2 =-f 126.92 04=-}- 900.96 

$3 =-\- 499-57 03 =-1-1535.9 

9 * =+ 374 -35 02 = -I- 2360.9 

tfs *+ 978.18 ai=-1-2259 .3 

06 =+ 714-98 

07 =+ 1565 -b 
flg =+ 1159-2 

^9 = -f 2224.6 

= + 1459 -o 

As stated before, these results are all 2E times their true values. 

Moments in Beams and Columns .—These moments may be deter¬ 
mined by substituting values of 0 and o in eqs. (2) and (3) of Table I. 
It is to be noted that for the beams all o values are zero. The general 
equation for i^oments is therefore Mi = 2EK(20i -j- O2). Thus for 
member 6-5, for which K - 6.25 (see Fig. 38), 06 = 714.98, 
^6*= 978.18, we have 

Mft-s = (6.2 s)[2(7I4.98) + 978.18I = -f 15,051 in.-lb. 

Moments for other members are calculated in a similar manner. 
These moments are shown on Fig. 38. Arrows at the ends of each 
member show the direction of the moment, and the figures give the 
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amount of the moment. Fig. 38 also shows the character of the 
deformation of the frame. 

Shears in Beams and Columns .—Shears at the ends of beams and 
columns may be determined from eqs. (22) and (23) of Art. 345. 



Positive moment shown thus 
Bending Moments in Beams and Columns 
Fig. 38. 


Noting that there are no loads between joints of the frame undei 
consideration, these equations may be written in the form, 


= - Fa = 


Ml -|- Mi 

I ‘ 
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Thus for member 5-6, 

Af6-5 =+15.050-9 and Af5-6 =-|-16,695.9, 

Then 

7^5 = 15. 0 50.9 + . 1^695.9 ^ ^ ^ 

192 

Shears for other members are calculated in a similar manner. 
Fig. 39 shows the calculated shears in position on the frame. Arrows 
indicate the direction of the shears as acting on the joints and the 
figures state the amount of the shear. 

Direct Stresses in Beams and Columns .—Direct Stresses in the 
members are shown on Fig. 39 by the figures in parentheses. Thus 
for members 5-6, 6-6' and 6'-5', the stresses may be determined by 
considering the equilibrium of each joint. For member 5'-6' at joint 5', 
we have: 

Stress in 5'-6' = 138.02 — 84.42 = 53.60 compression. 

For member 6-6', at joint 6', we have: 

Stress in 6-6' — 53.60 -|- 185.57 ~ 312.40 = 180.43 compression. 
For member 6-5 at joint 6, we have: 

Stress in 6-5 = 180.43 ~ *85.57 + 3*2.40 = 307.26 compression. 

As a check on the calculations, the shears in the columns above and 
below joint 5 and the stress in member 5-6 must equal the joint load 
at 5. In the case imder consideration we have: 

307.26 -t- 138.02 — 84.42 = 360.86, 

which indicates that there is a slight error in the calculations, for the 
load at joint 5 is 360 lb. Stresses in other members were determined 
in a similar manner. 

Determination of Reactions .—Reactions at joints ii, 12, 12' and 
ii' are equal to the stresses in the lower story of the columns. On 
Fig. 39, these reactions are shown in amount and direction at the 
several joints. 

368. Approximate Solutions. —^The solution for stresses in a build¬ 
ing frame imder horizontal or wind loading, presented in Art. 366, 
is based on the assumption that the steel frame of the building acting 



BUILDING FRAMES UNDER HORIZONTAL LOADING 557 



Kote«> Shear in memberi ihown thus(872.77) 

Direct Streu in members shown thus (-174.81) 
•l-ac Tension 
_ ■■ Compreasioa 

Shears and Stresses given in pounds 

Shears and Direct Stresses 
in Beams and Columns 

Fig. 39. 
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alone resists the wind forces. No account is taken of the stiffening 
effect of walls and partitions. This stiffening effect is likely to be 
very great and therefore the method of Art. 366 does not represent 
true conditions. In fact, it is impossible to express mathematically 
the stiffening effect of walls and partitions. 

It will be noted on examining the problem given in Art. 367, that 
the solution is very long and involved. In view of the fact that the 
results obtained by this method are only approximate, it is usual, in 
practice, to calcxdate wind stresses in building frames by approximate 
methods based on assumptions which will result in an economical 
design wherein the sections provided have been found by experience 
to provide for all possible stresses. 

Approximate methods for the determination of stresses in building 
frames under wind loading may be divided into two general cases. 
The first case will include frames which are formed of beams and 
columns which are relatively flexible. Bending stresses are to be 
calculated for both beams and columns. This case will cover buildings 
with steel frames in which it is assumed that all wind forces are resisted 
only by the frame, no account being taken of the stiffening effect of 
the floor system. A second case will include building frames in which 
the-floor system consists of concrete slabs and beams which provide a 
very rigid system, all of which may reasonably be assumed to act as 
horizontal beams. In this case, the beams are very rigid as compared 
to the colxunns. 

a. Frames with Flexible Beams and Columns .—In general, it will 
be foimd that the important stresses in a building frame under hori¬ 
zontal loading are those due to the bending moments in the beams and 
columns. For maximum economy in material, the moments at both 
ends of all beams in any floor should be equal, and also, the moments in 
both ends of all columns in any story should be equal. This con¬ 
dition requires that the points of inflection in all beams and columns 
should be located at their respective mid-points. Again, in order to 
resist the overturning effect of the wind on the building, the reactions 
on the outside columns should be large, the greatest resisting effect 
being obtained when all of the vertical resisting forces are provided 
by the outside columns. 

Conditions approximating those stated above may be secured by 
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assuming a proper division of the horizontal shear between the 
columns of any story. Then, based on this assumed distribution of 
shear, all moments and direct stresses may readily be calculated. 
If proper provision is made for these calculated stresses, the frame 
will be found to provide adequate resistance to the wind forces. If 
any portion of the frame is overstrained by the actual loading, these 
overstrains will result is a slight increase in deflection which will dis¬ 
tribute more of the load to nearby portions of the frame which are 
understressed. 

In Proceedings of the American Society of Civil Engineers for 
January, 1929, pages 189 to 199, Mr. David A. Molitor has proposed 
an approximate solution of the type mentioned above. This solution 
gives results which agree fairly well with those given by the more 
exact method of Art. 366. In applying this approximate solution, 
it is not necessary that the sizes of all members be known. Also, any 
portion of the frame may be separated from the rest of the structure 
and the stresses may be determined for this portion of the frame. 
Thus the amount of work required for the calculations is greatly 
reduced. 

This approximate method is based on the following assumptions: 

(1) Colunms have points of inflection at mid-story heights. 

(2) Beams have points of inflection at mid-span points. 

(3) Wind loads are divided so that interior columns have equal 
shears of twice the amount taken by each exterior column. All 
beam moments of the same floor are equal. 

In a building frame with bays or panels of equal length, all beam 
shears on any floor will be equal. Hence only the exterior columns 
will carry direct loads due to wind. If the bays are unequal in length, 
the shears in the several beams at any floor level will differ; they will 
be inversely proportional to the lengths of the bays. In this case the 
interior columns will also carry direct loads, but in general these loads 
will be smaller than those on the exterior columns. 

Fig. 40 (a) shows a portion of a building frame in which the hori¬ 
zontal shears are distributed as assumed above. On a line a~a the 
total shear is IF = IFi -f W2. If there are n columns at any stoiy 

W 

level, the shear on an interior column is zF = -and the shear on 

n — I 
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an exterior column is F = -7-r. In Fig. 40 there are shown 

2(n — i) 
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To determine the vertical shear V2 in beam AB, remove the portion 
3f the frame shown in Fig. 40 (b) and take moments about A, from 

which V2 = jjjg shear v'2 is foimd by 

taking moments about B of Fig. 40 (c), from which 

f V\hi + F2A2 „ bi 

V 2 = -r-= V2^. 

O2 U2 


From Fig. 40, moments M2, which are equal for all beams at the 

floor level A, B, C, D, are found to be M2 = = -{Vihi + F2A2). 

2 2 

h h 

For an exterior column wi = Fi—; W2 = F2—, etc., and for an 

2 2 

interior column, the moments are twice the values for the exterior 
column in the same story. 

Direct stresses in exterior columns are equal to the sum of the 
beams shears for aU floors above the column in question. Thus from 
Fig. 40 (6), 52 = -Si + V2. But 5 i = vi. Hence S2 = t’l + V2- For 
an interior column, we note from Fig. 42 (c) that 

S2' = + v'2 -V2 = (v\ + v'2) - (vi +1'2) = - I 



Hence for equal bays, ^'2 = o. Similar values may be obtained for 
other columns. 

Direct stresses in beams are determined in a similar manner. Thus 
from Fig. 40 (b), 


S2 = F2 


Vi 


W2 

2{n — i)' 


From Fig. 40 (c) 


5'2 


3 ^2 

2 {n - lY 


Values for the other beams may be determined in a similar manner. 

Applying this approximate method to the problem solved by the 
slope-deflection method in Art. 367, we have for the third story 
columns of Fig. 37, 

W = (180 -f 360 -f- 360) = 900 lb. 
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Then 2 Va = ss 300 lb. shear for interior column 6-8. For 

4-1 

exterior column 5-7, the shear is F3 = 150 lb. For the second story 
columns, 2V2 — 180 lb. and F2 = 90 lb. The shear in beam s'~^' 

^ _ F2A2 + V3A3 _ 90X124-150 X12 _ 

and the shear in the center panel beam 6'-6 is t>2 ^ = i8o(i-J) == 240 lb. 
The moment in the exterior column 5-7 is 

fns-7 =•—— = 150 X 72 = 10,800 in.-lb., 

2 


and for the interior column 6-8 the moment is wto-s = 2W3-7 = 21,600 
in.-lb. All beam moments are equal. For beam 5'-6' the end 
monlent is 

Jlfs'-G' = Ks X 96 = 180 X 96 = 17,280 in.-lb. 

On comparing the values calculated above by the approximate 
method with those calculated by the slope-deflection method and 
given in Figs. 38 and 39, it will be found that the results agree fairly 
well. The calculated values are as follows; 



Member 

Slope Deflection 

Approximate 

Column Shears. 

3 '- 5 ' 

84.4 lb. 

90 lb. 


5-7' 

138.1 lb. 

1501b. 


4 '- 6 ' 

185.4 lb. 

180 lb. 


6'-8' 

312.4 lb. 

300 lb. 

Column Moments. 

5 '- 7 ' 

Top 13,600 in.-lb. 

Base 6,270 in.-lb. 

10,800 in.-lb. 


6'-8' 

Top 25,300 in.-lb. 

Base 19,700 in.-lb. 

21,600 in.-lb. 

Beam Moments. 

S'- 6 ' 

16,700 in.-lb. 



6 '-S' 

15,1*00 in.-lb. 

17,280 in,-lb. 


6'-6' 

21,400 in.-lb. 

17,280 in.-lb. 


It will be noted that the column shears agree very well. Column 
moments calculated by the approximate method are very nearly an 
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average of the two end moments calculated by the slope deflection 
method. The difference in the moments calculated by the two 
methods is due to the fact that the true points of inflection are not 
located at the column centers, as assumed in the approximate solution. 
From the values given above for the slope deflection method, the 
true position of the inflection point for column is found be at 
the 0.683 point, measured from the top of the column, and for column 
6'-8', the true inflection point is at the 0.562 point. Hence the 
moments at the tops of the columns are respectively 0.683/0.50 = 127 
per cent and 0.562/0.50 =112 per cent of the average of the top 
and bottom moments. Similar calculations made for columns in 
other Storys will show that these constants vary with the position of 
the story, being smaller for lower storys and higher for upper storys. 

It would therefore seem possible from a study of building frames 
analyzed by the slope-deflection method, to arrive at some conclusion 
regarding the probable change in position of inflection points and the 
corresponding increase of maximum over average moment for the 
columns in the several storys of typical building frames. Then 
moment values calculated by the approximate method of this article 
could be taken as representing average moments which, when modified 
by the assumed percentages, would give a fairly accurate estimate of 
true moments. 

h. Structures with Rigid Floors .—As stated in Art. 366, many 
modem buildings are so constructed that the entire floor may be 
considered as a single member, for the beams and slabs are poured as 
a unit in concrete buildings, and in a steel frame building, the beams 
are encased in concrete poured at the same time the floor slabs are 
formed. Under such conditions, the floors are very rigid as compared 
to the columns. 

Observations made on steel frame buildings * partially wrecked 
during the hurricane which swept over southern Florida in September, 
1926, seem to indicate that the above statement is true. It was noted 
that the floors were practically uninjured while the steel columns 
were bent sharply above and below each floor. This distortion seems 
to indicate that the floor acts as a unit and that it is so rigid, compared 

• See article by Mr. F. E. Schmitt in Engineering News-Record for October 14, 
1926, pages 624 to 626. 
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to the columns, that the twist angles at the joints may be taken equal 
to zero. 

When the twist angles may be taken equal to zero, the a angles in 
each story are dependent only upon the horizontal shear due to loads 
above that story. Hence a values may be determined separately 
for each story. 

Placing all fl’s = o in eq. (2), Art. 366, we have for the second 
floor columns of Fig. 34, 

__ (P3 + P‘^h2 _ 

I2£(/!l 5_9 -t- Ao-io + A7-II -|- A8-I2) 

Then from eq. (2), Table I, we have for any column, as 8-12, Fig. 34 


Ms .12 = 2£A(—302) = — 


_ {P‘i + P2)h2Kn..l2 _ 

2 {K^g ■+• Kii-io + K7-II + Ag-12) 


From this equation, it can be seen that the top and bottom moments 
in any column are equal, and the total moment on any column is to 
the total moment carried by all columns at any story level as the 
for the column in question is to the sum of the K’s for all columns 
• at that story level. It follows also that the shears in the columns 
of any story are proportional to the value of K for the column. 

Applying this approximate method to the third story of the frame 
of Fig. 37, we note that the K’s for all columns are equal; that the 
shear above the section is 360 + 360 + 180 = 900 lb., and that the 
story height is 12 ft. or 144 in. Then 

M&s' = Ms'-t' = 5(90o)(i 44) = 16,200 in.-lb. 

Note that this moment is an average value for the moments in these 
two members in the preceding calculation. The moments for all 
columns in the third story will be the same. This even distribution 
was not indicated by the approximate solution first stated, nor by 
the slope deflection method. 

Under the assumptions here made the maximum moment in the 
floor beam will be at its junction with an exterior column and will be 
equal to \(yihi -f- F2A2) when Vi and V2 are the assumed shears in 
the columns above and below the beam in question. 
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SECTION vn.— OPEH WEBBED GIRDERS 

369. General Methods of Analysis for Open Webbed Girders.— 

Open webbed girders, or frames without diagonal bracing, as shown 
in Fig. 41, are often used in building construction and occasionally 
in concrete highway bridges. Frames of this type are analyzed by 
an extension of the methods used in Sec. Ill for Rectangular Frames. 
It will generally be found best, in solving problems concerning this 
type of frame, to write out the joint equations, substituting numerical 
values of K. On solving these equations values of 0 and a may be 
determined. General values for B and a are not readily determined 
as the expressions involved become too cumbersome for practical 
purposes. The following problem illustrates the method of procedure 
in the case of a simple general problem. 

370. Example.—Calculate and draw influence lines for moments in 
the chords and vertical members of the open webbed frame of Fig. 41. 
Assume that the panels are square and that all members have the 
same cross section. Hence, one may write K = i ior all members, 
as shown on Fig. 41. Since the frame is symmetrical ^2 = Bi] Bi = Bi\ 
Bo = Sa] and B-; = B^. Neglecting the longitudinal deformation of 
the members, the a values for all vertical members, which will be 
denoted by ai, are equal. Value of « for the chord members will 
differ for each panel, but the a’s for top and bottom members will be 
equal. Fig. 41 shows the values assigned to these a’s. In this frame 
all values needed for the construction of the influence lines may be 
determined by placing a one-pound load at Joint 5. 

There are eight unknowns to be determined, as follows: Bi, B4, Bo, Bs, 
ai, 02, aj and 04. To determine these unknowns, eight equations 
are required. Four of these equations may be obtained by writing 
joint equations after the manner of eq. (22) for joints i, 4, 5, and 8. 
These equations are as follows: 

Joint I 

5^1 + ^4 - 3 «i - 3«2 = o. ... (i) 

Joint 4 

Bi + 7^4 + ^5 - 301 - 302 - 303 = o. ... (2) 

Joint 5 

B* + 7^5 + ^8 — 3 «i ~ 3“3 — 3“4 “O' • • • (3) 

Joint 8 

Bs + sBs — 3ai — 304 = 0. ... (4) 



7 ^ « 
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Four additional equations are required for the determination of the 
a values. Three of these equations may be obtained in the manner 
used in deriving eq. (6) of Art. 352. For the case imder consideration 



Fig. 42. 


vertical sections are cut at each end of the panels. Fig. 42 shows 
the conditions for panel 1-4. Note that the total shear in panel 
1-4 is §. If the panel length of 20 ft. is taken as unity, the several 


equations are as follows: 

Panel 1-4 

^1 + ^4 — 202 = + ^.(5) 

Panel 4-5 

04 + 05 — 203 = + Tff.(6) 

Panel 5-8. Noting that the shear in panel 5-8 is — f, we have 

05 + 08 — 204 = — tV.( 7 ) 


A fourth equation may be written by noting that the deflection of 
joint 8 with respect to joint i is zero. This condition may be stated 
in terms of o values by multiplying each panel length by its o value 
and adding these products. Again assuming panel lengths equal to 
unity, we have 

02 + as + «4 = o . (8) 

On solving these eight equations, the following value of 0 and o are 
obtained. 

Oj =s — o .013212 01=4-0.0017400 

(?4 = — O .019598 02 = — o .030293 

05 =-l- 0.012656 03=— 0.017360 

SB -f O .027104 04 = -f O .047652 
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Fig. 43. 
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On substituting these values in eqs. (2) and (3) of Table I, the 
moments at the ends of the several numbers are as follows: 

Joint I Joint 5 

Af 1-2 = —o .089712 M5-4 = +o .115588 

A/i-4 = + o .089714 Afs-6 = + o .065496 

Ms-s = — o .181080 

Joint 4 Joint 8 

Mi-z = — o .128028 Afg-5 = — o .152184 

M4-5 =+o .051080 Afg-T ==+o .152184 

Mi-i = + o .076942 

Moments at the upper chord joints will be the same as for the 
corresponding lower chord joints. Fig. 43 shows the deformed frame. 

Influence lines for the several members, plotted from the above 
moments, as shown in Figs. 41 {b) to {£). 

SECTION Vin.— SECONDARY STRESSES 

371. General Methods of Analysis for Secondary Stresses.—In 
applying the general method of analysis of the present chapter to the 
determination of secondary stresses in trusses, equilibrium equations 
after eq. (26), Art. 346, may be written for each joint of the frame. 
These equations will contain as unknowns the twist angle 0 for each 
joint of the truss and the deflection angle for each member. However, 
by assuming that the deflection of the structure is due only to the axial 
distortion of the members under their primary stresses and in no part 
due to the secondary stress bending moments in the members, and 
assuming further that the primary stresses are unaffected by the second¬ 
ary bending moments, the deflection angles a for all members may be 
determined algebraically by the application of the formulas of Art. 
279, or graphically by means of Williot Diagrams. On substituting 
the numerical values of a in the joint equations, there results a system 
of simultaneous equations equal in number to the unknown ^’s. A 
solution of these equations gives all B values from which the secondary 
bending moments or stresses are readily determined. 
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In the articles which follow, general methods will be given for the 
determination of a values by algebraic and graphical methods. An 
example will then be worked out in detail to illustrate the application 
of the Slope-deflection Method to secondary stress analysis. The de¬ 
termination of a values will first be made by the algebraic method. 
Then the a values will be determined graphically. In general, it will 
be found that more precise results can be determined by algebraic 
methods, as the accuracy of the results obtained by the graphical 
method depends upon the precision with which the necessary quanti¬ 
ties can be scaled from a Williot Diagram. It is recommended that 
the algebraic method be adopted as the standard. 

372. Determination of a Values by Means of Angle Changes.— 
Fig. 44 shows two consecutive triangles of a truss with the several 

angle changes S/li, etc., determined by the 
methods given in Art. 276. The a values 
for the several members are as indicated. 

If any member, as 1-3, be chosen as a 
reference member, and its deflection angle 
ai_3 be taken as zero, or any assigned or 
calculated value, it is evident that the a 
value for any other member, as 2-3, can 
be determined as soon as the value of 5 Z 3 
is known. Assuming positive as to be coxmter-clockwise and assuming 


the S Z values to be positive, we have 

a2-3 = ai-3 -1-5^3.(l) 

Then with 02-3 known, we have 

«U2 = 02-3 + dZ 2 .(2) 


In order to assist in keeping track of signs it will be found conven¬ 
ient in determining a values to begin with the reference member and 
take the members in order as they are encoimtered in going around the 
triangle in a clockwise direction. This order was adopted in deriving 
eqs. (i) and (2). 

For the next triangle, B, Fig. 44, the values may be obtained in a 
similar manner, using the value of 02-3 as determined from triangle A 
as the reference a. The method is fully illustrated in the problem 
of Art. 375. 


t 
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By arbitrarily selecting a particular member as a reference mem¬ 
ber, in the manner explained above, it is obvious that the a values thus 
determined will not be the true deflection angles of the various truss 
members, and hence the resulting twist angles 0 will not be the true 
twist angles. They will be, however, correct relative values and for the 
case of the simple span truss, hinged at supports, the bending moments 
resulting from the use of these a and 0 values will be correct. Where 
the true a and 0 values need to be known, for any reason, as in the 
case of fixed ends or an arch or continuous girder, the true values may 
be obtained by applying a constant correction equal to the actual 
deflection angle of the reference member, and determined by the con¬ 
dition that the deflection angle of a line joining the joints at the 
supports is equal to zero. This point is illustrated in Art. 380. 

From a study of the effect of a values on the twist angles as deter¬ 
mined from the joint equations, it will be found that the variation in 
magnitude between the twist angle values is greatly affected by the 
choice of the initial a angle. In general, the twist angle values will 
differ least in magnitude when the member selected as the reference 
member is one whose true deflection angle is small. While the selection 
of the reference member has no effect on the resulting moments and 
stresses, it will be found that the calculations involved can be carried 
out with greater ease, for any desired degree of precision, if the a and 
0 values are fairly uniform in magnitude. In the case of a symmetrical 
structure symmetrically loaded, a chord or web member whose actual 
rotation is known to be zero should be chosen as the reference member. 
In a case of unsymmetrical loading conditions, some member near the 
truss center should be selected as the reference member. For a Pratt 
truss, select the center vertical and for a Warren truss, select the center 
chord member. 

373. Determination of a Values by Means of Williot Diagrams.— 
To apply this method, a Williot Diagram is drawn for the truss and 
the arcs through which the ends of the members move are scaled from 
the diagram as explained in Art. 221, Part I. On dividing these arcs 
by the lengths of the corresponding members, the a values are deter¬ 
mined in amount and the direction of rotation is determined from the 
Williot Diagram. 

If the bending of the truss is symmetrical about some member, as 
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in the case of a truss symmetrical in form and loading conditions with 
respect to a member near the truss center, or if it is known that some 
member moves parallel to itself during the deflection of the truss, this 
member may be chosen as the reference member and the Williot Dia¬ 
gram drawn as explained in Art. 219, Part I. All a values determined 
imder these conditions represent true values of the rotation of the 
members. When the bending is unsymmetrical, so that there is no 
member whose direction is unchanged, any member may be selected 
as the reference member for the construction of the Williot Diagram. 
However, the selection of the reference member should be governed by 
the conditions stated in Art. 372. In Art. 379 this method has been 



appli^ to the solution of a problem. If the true values of 0 and a are 
desired in any case, they may be determined by means of a Mohr cor¬ 
rection diagram as explained in Art. 221, Part I, or by the method 
explained in Art. 380. 

374. Determination of Secondary Stresses in a Pratt Truss.—De¬ 
termine the secondary stresses in the truss of Art. 291 using the loading 
conditions of Case II. Fig. 45 shows the truss and its loading and also 
on each member is shown the imit stress in pounds per square inch. 
These values were taken from Fig. 16, Chapter VII. Values of K for 
each member, taken from Table A, Art. 291, are also shown on 
Fig. 45. The quantity E will be omitted from the calculations as 
usual. 

375. Determination of a Values by Means of Angle Changes. —Fig. 
46 shows the angle changes for the given loading. These values were 
taken directly from Table B 24>f Art. 292. Following the method out- 
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lined in Art. 372, taking member 6-7 as a reference member with 
06-7 = o, we have for Triangle F Fig. 46, 

ae-s = «6-7 + (— 43-64) = ~ 43-64 

08-7 = ae-s + 37-26 = — 43.64 -f 37.26 = — 6.38 

Triangle G: 

08-9 = 07-8 + 60.10 = — 6.38 + 60.10 = + 53.72 

09-7 = 08-9 + (- 119-30) = + 53-72 - 119-30 = - 65.58 


3 a— 118.87 6 a— 86.06 6 a— 43.64 8 a-+ 150.77 10 



Proceeding in a similar manner for all triangles successively, the 
o values are as shown on Fig. 46. Values of o, K, and K a are given 
in Table A. 

376- Formulation of Equations ,—Writing the general equilibrium 
equation for any joint as given by eq. (26), Art. 346, in general form 
for a member m-n entering joint w, we have 

2 (2 ii:) 0n + 2 {K = 3 2 ^nm) 

That is, the general joint equation is composed of a left-hand term 
consisting of the 6 for the joint in question multiplied by twice the 
sum of the A’s for all members entering the joint, and the sum of 
such terms as the 6 at the far end of each member entering the joint 
multiplied by its K value. The right-hand term of the equation con¬ 
sists of a term equal to three times the sum of such terms as the product 
of the a angle for each member entering the joint and its K value. 
Thus for any joint, as for example Joint 9, the general equation is 
found in the following manner, using the K a values given in Table A. 
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TABLE A 


Values oj a, K, and K a 


Member 

a 

K 


K a 

Member 

■H 

B 

K a 

1-3 

- 86.39 

9 IS 

— 

790.5 

3-5 

-118.87 

B 

-1477.6 

2-3 

- 64.13 

0-255 

- 

16.35 

5-6 

- 86.05 

Bill 

— 1069.6 

3-4 

- 70.87 

1.64 

- 

I16. 2 

6-8 

- 43 64 

12.43 

- 54 * 5 

4 -S 

- 37 - 4 S 

2.02 

- 

75-65 

8-10 

4-130-77 

12.43 

4-1874.1 

5-7 

- 48.78 

0.731 

- 

35 66 

1-2 

- 99 50 

3-80 

- 378.1 

7-6 

0 

0.774 


0 

2-4 

- 96 93 

3-80 

- 368.3 

7-8 

- 6.38 

0-731 


4.66 

4-7 

—108.0 

5-96 

- 643.7 

8-9 

.+ 53-72 

2.02 

+ 

108.5 

7-9 

- 65.58 

s-96 

- 390.9 

9-10 

-1-120.57 

1.64 

4 - 

197 7 

9-11 

4-172.69 

3-80 

4 - 656.2 

lO-II 

10-12 

4-107.09 

0.2SS 

9 IS 

4- 27.3 

-Fi387-2 

II — 12 

4-177-83 

3.80 

4- 675.8 


2 (5.96 -I- 2.02 -f- 1.64 + 3.80) do 

-I- 5.96 67 + 2.02 es + 1.64 ^10 + 3.80 Oil 
= 3 ( - 390-9 + 108.5 -f 197.7 + 656.2) 

Collecting terms: 

5.96 87 + 2.02 ds + 26.84 + 1.64 810 + 3.80 8lt — -H 1,714.5 

Equations for other joints, formulated in the same manner, are given 
in Table B. 

377. Solution of Equations .—On comparing the equations given in 
Table B with those given in Table D, Art. 294, it can ^ seen that they 
differ only in the values of the absolute terms. Hence a solution of 
these equations may be made by means of a tabulation similar to that 
shown in Table E, Art. 295, the only difference being m the column of 
absolute terms. Values of 8 determined in such a manner are given in 
the lower line of Table B. 

An approximate method of solving equations like those of Table B, 
based on successive approximations, will be found to provide a much 
shorter and fairly precise method of solution. This approximate solu¬ 
tion is carried out by assuming first that all 8 values are equal. Based 
on this assumption, an approximate value of 81 may be determined 
from eq. (1); 82 from eq. (2); etc. Having these first approximate 
values, a more exact value of 61 may be obtained from eq. (i) by sub- 
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stitution of values of 62 and fls, as determined by the first approxima* 
tion, and solving for 0i. A similar procedure is adopted for all other 
equations. This process may then be repeated for successive approxi¬ 
mations until it is found that further substitutions cause little change 
in the 0 values. 

It is to be noted that this approximate method can not be applied 
to any set of simultaneous equations, but that it is applicable to any 
set of equations where one of the unknowns in each equation has a co- 
eflScient much larger than any of the other unknowns. On examining 
Table B, it will be noted that the coefficient of 6 for the joint for which 
the equation is written is much larger than those of the other d's (equal 
to twice the sum of all the others). Hence these equations are readily 
solved by the proposed method. It will be found that where the 6 
values are of about the same magnitude, satisfactory results may be 
obtained after about three successive approximations. Where the &’s 
vary considerably in magnitude, more than three approximations may 
be required. 

This proposed method of solution will be illustrated by solving the 
equations of Table B. Assuming first that all 0’s are equal, we have 
from eq. (i). Table B; 

(25.90 + 3.8 -I- 9.15) = - 3,505.8 

38.85 fli = - 3,505.8 
01 = - 90.3 

Values for the other 0’s, determined in the same manner are given 
in Table C in the column headed First Approximation. 

To determine the second approximate values, we have from eq. (i), 
using values of 02 and 03 from Table C, 

25.90 01 + 3.80 (- 97.2) + 9.15 (- 102.3) = - 3,505.8, 
from which 

=- 85.1. 

Values of the other ^’s, determined in the same manner, are given 
in Table D in the column headed Second Approximation. 

For the third approximation, we have from eq. (i) 

25-90 + 3-8o (- 101.5 + 9.15 (- 107.8) = - 3,505.8 

= — 82.4 
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TABLE C 


Approximate Solution of Equations 


Exact Value 

B 

Approximate Values 

First 

Approximation 

Second 

Approximation 

Third 

Approximation 

Fourth 

Approximation 

— 81.92 

61 

- 90.3 

- 85.1 

— 82.4 

- 82.4 

-103.4 

O2 

- 97-2 

-lOl.S 

— 102 . I 

-103.6 

—108.4 

Ot 

— 102.3 

— 107.8 

— 107.0 

— 108.1 

- 83 51 

Si 

- 89-7 

- 89.s 

- 83.6 

- 83.1 

- 97.18 

Bs 

- 96 3 

—IOI.8 

- 97.6 

- 96.7 

- 83.07 

Bt 

— 62.9 

— 81.2 

— 84.2 

— 84.2 

—101,9 

Bi 

— 76.0 

— 100.6 

-103.2 

— 102.2 

+ 36.74 

B, 

+ 32-0 

+ 62.5 

-h 61.0 

+ 37.3 

+ 41-37 

B, 

+ 42-s 

+ 47.7 

+ 43-4 

+ 419 

+ 176.8 

^10 

+148.8 

+137-6 

+174-2 

+176.5 

+ 210.7 

^ii 

+173-1 

+206.5 

+ 209.0 

+ 210.5 

+ 143-3 

Bn 

+139-2 

+133-1 

+ 146.8 

+ 143-3 


In Table C four approximations have been made. On comparing 
the results of the fourth approximation with those given in the first 
column of Table C, taken from Table B, we find a very close agreement 
between the two sets of values. In fact, the results obtained on the 
third approximation are exact enough for all practical purposes. 

378. Moments and Fiber Stresses. —Moments at the ends of the 
members may be determined from eq. (2), Table I. Thus, for member 
1-2, omitting E, 

,, 2 7 , . 

Mi-2 = —(2 01 + ^2 — 3 ai_2) 

Fiber stresses are given by the equation 
, M c c , 

f = -j- = 2 ^ (2 01 + 02 — 3 ai-2) 

For member 1-2 of the terms under consideration, we have, with 
01 = - 81.92, 02 = -103.4, ai_2 == - 99.50, and K = 3.80 

Mu = 2 (3.80) [2 (- 81.92) - 103.4 - 3 (- 99.50)], 
from which 

Mu = (7.6 o)(3i.3i) = + 238.0 in.-lb. 
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With c = 0.0285, 3 .S given in Table A, Art. 291, we have 
/ = + (2) (0.0285) (31.31) = + I-79- 

These values check those given in Table F, Art. 296. Other values 
may be calculated in a similar manner. 

379. Determination of a Values by Means of a WUliot Diagram .— 
The graphical method mentioned in Art. 371 differs from the algebraic 
method, as presented in Arts. 372 to 378, only in the determination of 
the a values. Hence the discussion relative to the graphical method 
will be limited to the determination of the a values by means of a 
Williot Diagram. Fig. 47 shows such a diagram drawn for the truss 
of Fig. 45. This diagram is drawn for values of /> / as given in Table D. 

TABLE D 


Distortion of Members 


Member 

Len^h, 

Inches 

p. 

Pounds 

per 

Square 

Inch 

PI 

Member 

Lenrth, 

Inches 

P, 

Pounds 

per 

Square 

Inch 

PI 

3-5 

■■ 

-16.43 

- 5,260 

1-3 

490.7 

— 11.28 

“ 5,535 

5 -^ 

■IS 

-24.65 

- 7,890 

3-2 

372 

0 

0 

6-8 

320 

-2465 

- 7,890 

3-4 

490.7 

+**43 

4*11,010 

8-10 

320 

-32.86 

-10,520 

4-5 

372 

-18.88 

— 7,020 

1-2 

320 

4-14.60 


S -7 

490.7 

+ 3 * 07 

+1S.740 

^4 

320 

4-14 60 

+ 4.670 

7 -^ 

372 

0 

0 

4-7 1 

320 

4-18.90 

4- 6,050 

7-8 

490.7 


-15,740 

7-9 

320 

4-37-80 

4-12,100 

8-9 

372 


4- 7,020 

9-11 

320 

4-29.20 

+ 9 . 34 S 

9-10 

490.7 


4-22,010 

11-12 

320 

4-29. 20 

+ 9.345 

10- II 

11- -I2 

372 

490.7 


0 

— 11,070 


Table E gives all data necessary for the determination of the a 
values. Column 2 gives the movement of one end of a member with 
respect to the other end, which is named in Colunm 3 as the pivot. 
This information is determined in the manner explained on page 329, 
Part I. Thus for member 9-10, with joint 9 assumed as a pivot, the 
Williot Diagram of Fig. 47 shows that joint 10 moves 59,200 units 
to the left of joint 9. On referring to the truss diagram of Fig. 47, 





















SECONDARY STRESSES 


579 



8 -6.260 5 “7.890 6 -7,890 8 -10,615 10 


y o 


X 

*/ 

X + 



/ >4.670 

+ 4.670 \ 

+ 6.060 \ 

/M2.100 

/+9.846 

+ 9.346 \ 


1 2 4 7 9 U 12 


Truss Diagram 


Fig. 47 . 


58 o 


SLOPE-DEFLECTION METHOD OF ANALYSIS 


it can be seen that member g-io rotates in a positive direction. This 
information is recorded in Column 4 of Table E. On dividing the 
movement given in Column 3 by the length of the member given in 
Column 5, we have the value of a as given in Column 6. 

TABLE E 


Values of a. Williot Diagram Method 


Member 

I 

Movement 

2 

Pivot 

3 

Direction of 
Rotation 

4 

Length 

S 

a 

6 

1-3 

41,900 

3 

— 

490.7 

oi_a =— 85.2 

2-3 

23,Soo 

3 

— 

372 

02_s = — 64.0 

3-4 

34,500 

4 

— 

490.7 

03-4 =— 70.4 

4-5 

13,800 

5 

— 

372 

04-6 =- 37.1 

S-7i 

23,600 

7 


490.7 

06-7 = 48.2 

7-6 

0 



372 

a7_« = 0 

7-8 

3,100 

7 

+ 

490.7 

07-6 = *+" 6.32 

8-9 

20,000 

8 

-h 

372 

06_» =4- 53.8 

9-10 

59,200 

9 

-h 

490.7 

09.10 — "1“ 120.6 

la-n 

40,000 

10 

-h 

372 

010-11= +107.5 

10-12 

74,800 

10 

-h 

490 7 

010-12= -hi 5 2. 6 

• 3-5 


5 

— 

320 

Oj_6 =—119.0 

5-6 


6 

— 

320 

06-6 =- 85.3 

6-8 

14,000 

6 

1 


320 

oe-g = — 43.8 

8-f 0 

48,200 

8 


320 

og-io =+150.8 

1-2 

31,600 

2 

— 

320 

oi-t =— 98.7 

2-4 

31,000 

4 

— 

320 


4-7 

34,400 

7 

— 

320 

04-7 = — 107.6 

7-9 

21,100 

7 

— 

320 

07-9 = — 65.9 

9-11 

SS.200 

9 

+ 

320 

09-u =+172.6 

11-12 

56,800 

II 


320 

011-12= +177 • 8 


N 7'6 taken as Reference Member. 


On comparing these a values with those given in Table A, Art. 375, 
it will be found that they are in close agreement. 

380. Determination of True Values of Deflection and Twist Angles. 
—^The correction to be applied to the calculated values of a and 6 in 
order to determine true values, should they be needed, is found by 
calculating the rotation of a line joining the joints at supports, as i 
and 12 in the preceding example. As this line does not actually move, 
the calculated angular movement will be the correction desired and 
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will be equal to the actual angular movement of the reference member 
7 - 6 . 

Algebraically, this movement is found by summing up the a values 
for all members of the lower chord and dividing by 6. Or 

ai-12 = (- 99.50 - 96.93 - 108.0 - 65.58 + 172.69 + 177.83) -i- 6 


That is, the calculated deflection angle of the line 1-12 is — 3.25. In¬ 
asmuch as this line actually stands fast, it follows that the true deflec¬ 
tion angle of the reference member 7-6 is -1-3.25, and hence this value 
of -f 3.25 is the correction to be applied to all calculated a and 6 values 
to get their true values. 

Graphically this correction is obtained from the Williot Diagram 
by measuring the movement of point 12 with respect to a horizontal 
line through point i and dividing by span length. A Mohr correction 
diagram is unnecessary. 

If the various members of the truss connecting the joints at the 
supports (i and 12 in the problem here considered) do not form a 
straight line, as in the case of a truss with broken lower chord or an 
arch truss, the calculated rotation of the line joining the end joints is 
found, algebraically, by the general expression 

S / a cos <t> 

= - 7 -, 


where oab is the desired rotation of the line joining the end joints A 
and B ; / a cos is the product of length /, deflection angle a, and angle 
^ between the member in question and line AB; 'Ll a cos 4> repre¬ 
sents a summation for all members of the chord connecting A and B ; 
and L is the length of line AB. 

Graphically, the desired rotation is determined directly from the 
Williot Diagram in the same manner as in the example given. 

381. Comparison of Methods of Secondary Stress Analysis. —On 
comparing the method of secondary stress analysis given in Chapter 
VII, which is due to Prof. Winkler, and the method of the present 
Section, which is due to Prof. Mohr, it will be found that both methods 
result in the same kind and number of equations. In the Winkler 
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method, the unknowns are the r angles of Fig. 5, Art. 282, while in the 
Mohr method, the unknowns are the twist angles at the joints. From 
a comparison of the equations given in Table D, Art. 298, for the 
Winkler method and those given in Table B, Art. 376, for the Mohr 
method, it will be foimd, that the coefficients of the t’s and d’s for any 
joint equation are identical but that the absolute terms are different 
for the two methods. 

In the formulation of equations, the Mohr method has certain ad¬ 
vantages over the Winkler method. The absolute terms for the Mohr 
method involve only the K a values for the members entering a joint. 
These values are readily obtained from a truss diagram on which the 
necessary information is arranged as shown on Fig. 46. In the Winkler 
method, the absolute terms are formed from the A 2 5 Z values given 
in Table C, Art. 293. Considerable time is required for the selection 
of the'proper values from Table C. Hence at this stage of the work, 
the Mohr method is somewhat shorter. 

Since the joint equations are similar for the two methods, differing 
only in the absolute terms, a solution of equations takes the same 
amount of time when the solution is made by means of the method 
used for Table E, Art. 295. However, in the Mohr method, as men¬ 
tioned in Art. 372, a properly selected reference member will yield 
equations from which the resulting 6 values will be quite imiform in 
value. A solution of the equations by the approximate method of 
Art. 377 is then readily made after only three or four approximations, 
even for cases of unsymmetrical loading, when the greatest variation 
in 6 values will occur. In this respect the Mohr method has a decided 
advantage over the Winkler method, as the t values differ in magni¬ 
tude much more than the 6 values. As a rule four or five approxima¬ 
tions are required when the method of Art. 377 is used in order to 
secure a precision equal to that given by the Mohr method for identical 
conditions: 

After the imknown t’s and d’s have been determined, the solution 
for moments is somewhat more readily carried out by the Winkler 
method, for the moment equations involve only two r values. In the 
Moh/ method, the moment equations involve two d’s and an a value. 

In general, it can be said that for an experienced computer the 
total time required for a solution by the Winkler and Mohr methods 
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is about the same, although there is probably some advantage in favor 
of the Mohr method when the approximate method of Art. 377 is used 
for the solution of the joint equations. For the beginner the Mohr 
method is advantageous by reason of the more obvious and simpler 
process used in the formulation of the joint equations. 

382. Secondary Stresses in the Top Chord of a Pratt Truss.— 
Determine the secondary stresses in the riveted top chord of a pin- 
connected truss, the effect of the weight of the members being included. 
Use the truss and loading of the problem of Art. 306. 



Fig. 48. 


Fig. 48 shows the truss and its loading, the unit stresses in the mem¬ 
bers, and the K values for each member. As in Art. 306, the problem 
will be solved for direct and eccentric application of the axial stress. 

(a) Without Eccentricity .—Since the top chord is hinged at joints 
3 and 10, the chord is essentially a continuous beam on yielding sup¬ 
ports, where the settlement of the supports is equal to the deflection of 
the top chord joints under the applied loads. As soon as the deflection 
of the top chord joints is known, the a values may be calculated and 
substituted in the joint equations as known quantities. 

As shown in Fig. 48 the truss and its loading is symmetrical about 
joint 6. Hence, the twist angle at joint 6 is zero. Due to the presence of 
hinges at joints 3 and 10, the moments at these joints are zero. Hence, 
the only unknowns are the twist angle 65 at joint 5, and Os at joint 8. 
But, because of symmetry, these may be taken as a single unknown, 
which will be assumed as Os- Therefore only a single joint equation 
for joint s is required for a solution of the problem. 



5*4 


SLOPE-DEFLECTION METHOD OF ANALYSIS 


The a values may be determined by the method outlined in Art. 
372. Fig. 49 shows the left half of the truss with the angle changes in 
position. These angle changes were taken direct from Table M of 
Art. 306. Using the center vertical 6-7 as a reference member because« 
its rotation is known to be zero we have, from Fig. 49 and eq. (i), 
Art. 372, 

«&-6 = 016-7 - 9.63s = o - 9,63s = - 9,635 

05-3 = 05-6 -t- 2,795 - 2,815 - 16,090 = - 25,745 
For equilibrium of joint 5 we may write 


A/s- 3 -|- = o 

3 = - 25.746 6 - 9.635 6 



Substituting values of these moments in terms of d and a, as given 
by eqs. (15) and (10) of Table i. Art. 343, we Have 

3 A3-5 ( 0 s — a3_5) — Z?2 -t" 2 Ks -6 {2 0 s -{■ 06 ~ s as-e) H- Ci =0, (a) 

From Table II, for uniform loading, 

D2 = iwP and Ci = 

As stated in Art. 306, the top chord member weighs 178 lb. per ft. 
and the top chord panel length is 320 in. Then 

D2 = iwP = i (W) (320)2 _ iQo,ooo in.-lb. 
and 

Cl = Art'/* = Ar ("W) (320)2 _ 126,600 in.-lb. 

With 03-6 =-25,745; 06-6 =- 9,636; Kz-s = As-e = 12.43; and 
06 = o, we have from eq. (a) 

3 (i243)(^5 + 25,745) - 190.000 + 24.86 [2 ^6 - 3 (- 9,636)1 
. -f 126,600 = o 


from which Os = — 18,570. 
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From eq. (15), Table I, 

Ms-e = 2 {2 65 + $6 — s as-e) + Ci 

= 2 (12.43) [2 (- 18,570) + o - 3 (- 9,636)] + 126,600 
= — 78,050 in.-lb. 


Since this moment is negative, the top fiber of member 5-6 is com¬ 
pressive, and its fiber stress, using values of c and I given in Table A, 
Art. 291, is 


= 78,050 


919 

3.897 


180 lb. per sq. in. 


This checks the value given in Table N, Art. 306. 

(b) With Eccentricity .—Assuming that the axis of the top chord 
member is one inch above the center line of the truss. Fig. 50 shows 



Fig. 50. 


the conditions at the top chord joints. Noting that counter-clockwise 
moments are positive, 

M3 = -h 258,000 in.-lb. 

M3 = -f- (291,000 — 258,000) X I = + 33,000 in.-lb. 

Me = o 

Since there is an eccentric moment at joint 3, this joint is partially 
restrained and an equilibrium equation must be written for joint 3 as 
well as for joint 5. The equilibrium equation for joint 3 is 

M3-5 = + 258,000 

For joint 5, the equilibrium equation is 

Ms-a + -iWs-e = + 33.ooo- 

From eq. (10), Table I, 

2 ii: (2 ^3 + - 3 «3-5) + Cl = -I- 258,000, 

and 

0 

2 /Sl (2 ^6 + 3 ^3-5) Cl + 2 JSl (2 ^6 + ^6 3^3-^) "h Cl = + 33)^^^) 
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with 03-5 =- 25,74s; 05-6 =- 9.636; K = 12.43; Cl = 126,600; 
and = o, these equations become 

49.72 h + 24.86 Ss = — 1,787,600 
and 

24.86 6 z + 99.44 9 z 2,605,000. 

Solving these equations 

tfs = - 19.650; h= - 26,075. 

Then 

M5-6 = 2 (12.43) [2 (- 19.650) - 3 (9.636)] + 126,600 
Mzjz = — 131,900 in.-lb. 

Fiber stress = 131,900 ~ 3^5 P®*" sq- in. compression. 

Moments and fiber stresses at other points may be calculated by 
the same methods. 
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Arch bridges, advantages of, 124 
definition of, 116 
deflection of, 126, 140, 179, 193 
kinds of, 116 
loads for, ii8 
masonry, 117 
reactions, 118 
secondary stresses in, 316 
Arch ribs, general analysis, 120 
Arches of three hinges, 133 
dead-load stresses, 133 
deflection of, 140 
equivalent uniform loads for, 140 
influence lines for, 136 
lateral trusses, 145 
live-load stresses, 135 
reaction lines for, 135 
reactions and stresses, 133 
temperature stresses, 144 
wind stresses, 143 
Arches of two hinges, 148 
braced arch, 160, 174 
circular arch, 156 
deflection of, 179 
general formulas, 148 
influence lines for, 165 
lateral trusses, 180 
parabolic arch, 153 
plate girder, 169 
reaction lines for, 145 
ribs, 158 

stress calculation, 164 
temperature stresses, 155, 173 
wind stresses, 180 
Arches with fixed ends, 183 
advantages of, 199 
braced arch, 189 
deflection of, 193 


Arches with fixed ends, formulas for ribs, 
183 % 

influence lines tor, ^93, 194 
lateral trusses, 196 
parabolic arch, 187, 189 
reaction lines, 190 
temperature stresses, 186, 198 
wind stresses, 198 

B 

Baltimore truss, counter stresses in, 309 
secondary stresses in, 450 
Beams, curved, 120, 126 
deflection angles of, 385 
deflection of, i, 120, 495 
moments and deflections, 20, 499, 502, 
533 

on multiple supports, 371, 360 
restrained, 50 
table of moments, etc, 20 
Bridge floors, analysis of, 360, 368, 371 
stresses in I-beam floors, 369 
Building frames, 530 
lateral stresses in, 546 
stresses in beams, 533 
stresses in columns, 542 
Buildings, lateral bracing in, 348 

C 

CaBle of suspension bridge. See Suspen¬ 
sion bridges. 

Cantilever bridges, 106 
advantages of, 106 
analysis of, no 
arrangement, 106 
deflection of, 113 
divided support for, 113 
economy of, 108 
lateral trusses, 115 
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Cantilever bridges, partially continuous, 
114 

secondary stresses in, 430 
wind stresses, 115 
Catenary cable, 204 
Circular arch, 156 

Collision strut, effect on secondary stresses, 
416 

Columns in buildings, 542 
Columns, secondary stresses in, 459 
Combined stresses, 477 
Compression members, effect of lacing, 459 
stresses due to weight, 477 
Continuous girders, 29, 507, 508 
effect of settlement of supports, 32, 55 
of several spans, 48 
of three spans, 44 
of two spans, 38 
reaction^ for, 37 
theorem of three moments, 30 
use of, 55 

variable moment of inertia, 51 
Continuous trusses, 54 
Counters, stresses in, 308 
Curved beams, analysis of, 126 
Cufved-chord trusses, lateral stresses, 317 

D 

Deflection due to secondary stresses, 468 
of arch bridges, 126, 179, 193 
of beams, i, 126, 495 
of cantilever bridges, 113 
of continuous girders, 32 
of curved beams, 126 
of suspension bridges, 235, 239, 252 
of swing bridges, 80, 83, 85 
Double intersection trusses, 284 
secondary stresses in, 445 
use of, 307 

Double triangular truss with verticals, 297 
E 

Eccentricity of joints, effect of, 420 
Elevated railroad bents, 339 
Equivalent uniform loads for Cooper’s 
jE-So, 67 

for swing bridges, 79 
Expansion suspenders, 476 


Eye-bars, friction on pins, 422 
secondary stresses in, 477 

F 

Floorbearas of suspension bridges, 274 
secondary stresses in, 463, 465 

Floor members, maximum load on, 367 

G 

Girders, open webbed,, 565 
in buildings, 533 

H 

Hangers, plate, stresses in, 476 

I 

Impact formulas, 485, 49 i» S23, 529 

Impact stresses, 484, 522 

Influence lines, for arches, 136, 165, 193 
for cantilever bridges, 111 
for continuous girders, 41, 47, 49 
for multiple intersection trusses, 304 
for suspension bridges, 231, 234, 246 
for swing bridges, 73, 84, 07 

L 

lateral bracing, deflection of, 354 
effect of portals on, 324 
for arches, 145, 180, 198 
for cantilever bridges, 115 
for curved chord trusses, 317 
for skew bridges, 325 
for suspension bridges, 273 
for swing bridges, 104 
for towers, 315 
for viaducts, 342, 348 
general analysis of, 312 
proportions of, 317 
rigidity of, 317 
secondary stresses in, 453 
stresses due to settlement, 320 
transverse bracing, 326 
transverse bracing, rigidity of, 330 
vertical loads, 325 
See also Quadrangular frames. 
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M 

Manhattan suspension bridge, 241, 268 
Moment of inertia of a truss, 55 
Moments, in beams, table of, 20 
in continuous girders, 33 
Multiple intersection trusses, 2S0 

P 

Parabolic arches, 153, 187 
Pettit truss, stresses in counters, 309 
Pin-connections, friction in, 322 
secondary stresses in, 322 
Pins, friction of, 422 
Plate-girder arch, 169 
Plate-girders. See Continuous girders. 
Portals, stresses in, 324, 33i» 522 
See also Quadrangular frames. 

Pratt truss, secondary stresses in, 398, 437, 
572 

stresses in counters, 308 
Primary and secondary stresses, 423, 498 

Q 

Quadrangular frames, 331, 512 
deflection of, 354 
inclined posts, 346, 351 
lateral stresses in, 342, 518 
multiple stories, 348 
partially trussed, 344 
posts fixed at one end, 337 
hinged at one end, 338 
symmetrical frames, 334 
temperature stresses in, 340 
Queen-post truss without counters, 358 

R 

Redundant members, stresses in, 280 
Restraint factor for beams, 502 

S 

Secondary stresses, 381 
approximate calculation of, 415 
due to eccentric joints, 420 
fixed supports, 430 
lateral members, 454 
rigid joints, 381 
transverse loads, 426 
weight of members, 428 
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Secondary stresses, effect of collision strut, 
416 

lacing in columns, 459 
pin connections, 422 
effect on primary stresses, 460 
exact method of calculation, 469 
in Baltimore trusses, 450, 455 
columns, 459 

double intersection trusses, 445 
floor systems, 463, 465 
K-truss, 455 

Secondary stresses in Pratt trusses, 398, 

437 , 453 , 572 
transverse frames, 463 
types of trusses, 436, 453 
Warren trusses, 443, 454 
influence lines for, 412 
slope-deflection method of analysis, 493 
Shear, deflection due to, 19 
Skew bridges, stresses in laterals of, 325 
Slope-deflection method of analysis, 493 
Stringers, secondary stresses due to, 465 
Sub-struts, use of, 450 
Suspension bridges, 200 
classification of, 200 
cable, analysis of, 200 
deformation of, 211, 214 
V ^ form of, 200 
" length of, 206 
stresses in, 208, 213, 222 
floorbeam stresses, 274 
lateral stresses, 273 
stiffened bridges, 219 
approximate analysis, 222 
cable length, 206 
cable stress, 222 
deflection of, 235, 239, 252 
deflection of tower, 239 
exact analysis, 250 
examples, 241, 268 

//-component of cable stress, 222, 223, 

257 

influence lines, 231, 234, 246 
kinds of, 219 

Manhattan bridge, 241, 268 
methods of analysis, 221 
moments and shears in, 222, 230, 252 
saddle ^ovement, 239 
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Suspension bridges, stiffened bridges, shears 
in, 222, 234, 252 

temperature effects, 229, 233, 249, 258 
tower stresses, 276 
towers, deflection of, 239 
stresses in, 276 
Unstiffened bridges, 213 
cable stresses in, 213 
deformation of, 214 
wind stresses in, 273 
Swing bridges, $7 
centre-bearing bridge, 60 
deflections of, 80, 85 
end conditions, 62 
equivalent uniform loads for, 79 
graphical analysis, 82 
plate-girder, 64 
reactions for, 60, 80 
temperature effects, 86 
true reactions, 80 
truss bridges, 72 
unbroken loads, 72 
uplift required, 8$ 
continuous girder, formulas for, 59 
double swing bridges, 103 
md support for, 59 
general arrangement, 57 
lateral trusses, 104 
lift swing bridges, 102 
loads for, 59 

partially continuous, 94, 96 
rim-bearing bridge, 87 
centre diagonals of, 93 
continuous over four supports, 87 
three supports, 93 
partially continuous, 94, 96 


Swing bridges, rim-bridges, reactions for, 
88, 91, 100 

true reactions for, 91,100 
T 

Temperature stresses in arches, 144, 155, 
173, 186, 198 

in suspension bridges, 229, 249, 258 
in swing bridges, 86 
in viaduct bents, 340 

Tension members, secondary stresses in, 477 
Three moments, theorem of, 30 
Top-chord, secondary stresses in, 424, 477, 
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Towers, stresses in, 276 
Transverse bracing, stresses in, 326 
secondary stresses in, 463 
Trestles, stresses in, 313, 451, 457 
Trussed beams, 356 

V 

Viaduct bents, 339, 347, 351 
See also Quadrangular frames. 

Vibration of trusses, 488 

W 

Warren truss, secondary stresses in, 443 
A^Tiipple truss, 293 

Williot diagrams in secondary stress 
analysis, 571, 578 
Wind bracing in tali buildings, 348 
Wind stresses in arch bridges, 180, 198 
in buildings, 546 
in cantilever bridges, 115 
in suspension bridges, 273 
in swing bridges, 104 
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